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PREFACE 


The trend of modern industrial development is more and more 
towards the free acceptance and application of the teachings of pure 
science. ‘Today those countries which have made the greatest indus- 
trial progress in the last decade are those which, having accepted 
these principles, are now characterized by the intensive application 
of scientific thought. 

This tendency is making itself felt also in the field of education by 
the stimulation of the development of technical instruction. It has 
furthermore been influential in the founding of special institutions for 
undertaking and applying scientific research. The time was when it 
was generally considered that an engineer required principally a 
practical training without a very deep scientific education. This, 
however, is past and gone, and now it is necessary for him to have a 
training in the branches of science nearest to his specialty and the 
curricula of modern technical institutions are so arranged that provi- 
sion is now made for studying those subjects. On the other hand, 
pure scientific institutions no longer consider the real problems as out- 
side of their interest. For example, two famous Universities, Cam- 
bridge in England, and Géttingen in Germany have created chairs of 
engineering for the study of the applications of pure science. This 
attempt to bridge over the gap between pure science and engineering 
can havea high practical significance, and good results must be expected 
to accrue from such an understanding. In a word, the importance of 
scientific research in the solution of technical problems has been gen- 
erally accepted by industry, and not only do we see in existence large 
central laboratories, such as the Bureau of Standards in this country, 
but private research laboratories as well, and we firmly believe that 
the rol: of such research establishments will become more and more 
important, as the years go by, in the dissemination of knowledge 
beneficial alike to industry and to science. 

The reason for the increased recognition of the importance of pure 
science lies in the rapid development in modern industry itself. The 
engineer of the past had sufficient time to arrive at a solution of tech- 
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nical problems in an empirical manner by a slow step by step progress. 
In such a manner the engineer of old used his structure as an example 
for experiment, and this may have been justified by the very slow 
development of the industry; but this is not adequate now where there 
is not sufficient time to get the necessary data and where this kind of 
experiment would become very expensive. It is clear that in such 
cases the development of experimental laboratories for obtaining the 
necessary data for solving design problems is of first importance. 
New branches of industry developed principally during the last 25 
years such as, for example, electro-technique, electric traction, aircraft, 
steam turbines and internal combustion engines are characterized by 
the intensive use of the weapon of science and owe to it their very 
existence and meteoric progress. 

This general tendency can be seen also in the increased use of the 
mathematical theory of elasticity for solving technical problems. 
The importance of preliminary analyses in structures and in modern 
machine design continues to increase. In many cases of modern design 
the elementary solutions given by the strength of materials are insuffi- 
cient and recourse has to be made to the mathematical theory of 
elasticity in order to obtain a more fundamental solution. Take, for 
instance, such important questions as concentration of stresses 
produced by holes, notches or sharp variation in cross-section of bars. 
Many failures in machines can be attributed to these high localized 
stresses, especially in cases where variable forces and vibrations are 
encountered, Elementary theory is useless in providing a method for 
calculating these stresses and only by using the general theory of 
elasticity is it possible to find a solution for this kind of problems. 

Another type of problem where mathematical analysis becomes of 
practical importance is that where dynamic stresses are produced. 
In the cases of high speed machines where vibrations and impact are 
encountered it is not possible to obtain good results by a mere increase 
in dimensions. In these cases analysis alone can contribute toward 
finding a satisfactory solution. In this way solutions of problems on 
stress distribution in rotating discs, drums, or flywheels, critical 
speed for rotating shafts, torsional vibrations in shafts and in geared 
systems can be obtained. Not only can the application of theory 
assist in finding a solution of practical problems, but the continued use 
of such theory contributes to the progress in the theory itself by the 
development of approximate methods. Great progress has been 
made in recent times in developing these methods for solving the differ- 
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ential equations encountered in elasticity. Special graphical and 
numerical methods of solving these equations have been developed. 

In cases where analysis is insufficient to procure an adequate 
solution, experimental methods of studying stress-distribution have 
been found. For instance, the photo-elastic method of determining 
stresses by experimenting with models of transparent material has now 
attained great practical importance. The determination of stresses 
in twisted bars by using the so-called ““membrane analogy”’ represents 
another conspicuous example where success has been obtained by the 
application of scientific methods to the solution of these problems. 
Furthermore, the convincing results obtained by using the known 
hydrodynamical analogy in the solution of complicated problems of 
local stresses occuring in twisted prisms are well known. All this 
shows us what advantages can be expected from cooperation between 
the pure and applied sciences. 

What is true for analysis is also true for experimental work in 
elasticity. There was a time when plain carbon steels were the only 
ones used in construction. Now there are a great variety of special 
materials employed and these can be intelligently applied only by a 
careful study of the characteristics of each. That this has been fully 
appreciated can be seen at once by considering the progress of metal- 
lurgical science and testing of materials during the last two decades 
and contrasting this with the fact that the first Congress on testing 
materials was held only about 50 years ago. Today all good technical 
institutions have a well developed laboratory for the testing of 
materials. Not only do the above facts make it essential to know 
the characteristics of the materials being used but also industrial 
establishments are being compelled to face greater and greater 
competition. This drives the designer to higher stress values and 
renders it still more imperative for him to have a knowledge of the 
materials he uses. 

There is again the factor of weight. In the olden times the designer 
of stationary steam engines was not troubled about the total weight of 
the prime mover. This is not true today with regard to the design 
of aircraft or submarine engines. Here the consideration of weight is 
of prime importance. Development in the testing of materials has 
also shown that the static test does not tell the whole story and that 
recourse has to be made to dynamic forms of testing for material 
selection. 

Following the general tendency about which we have spoken we 
have decided to give a contribution in this direction. In the first 
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part of this volume we give some advanced chapters on the analy- 
sis of stresses and in the second part some on the mechanical properties 
of materials, principally metals, used in modern construction. The 
work was divided in such a manner that the analytical part was done 
by S. Timoshenko and the experimental part by J. M. Lessells. 
During the development each chapter was jointly discussed with the 
object in view of having complete continuity between the two parts 
of the book. Whether this work will be satisfactory we will leave to 
our readers to judge, but of this we are certain, the time is here when 
the analysis of stresses and the study of the mechanical properties 
of materials has become a positive necessity as an initial step in 
design work. 

S. TimosHENKO. 

J. M. LEssE zs. 

Researcu Drpr., WesTINGHOUSE 
Execrric’& Mra. Co., 
East PirrspurGu. 


PREFACE TO PART I 


Following the general idea outlined in the preface, the intention is 
to develop in the analytical part of the volume, some advanced chapters 
devoted to the theory of strength of materials, which may be of prac- 
tical interest to the designer in mechanical engineering. It is also the 
intention to bring to the attention of engineers, some solutions based 
on the mathematical theory of elasticity for those cases of stress dis- 
tribution where elementary methods cannot give satisfactory results. 
New methods such as application of trigonometrical series in obtaining 
deflexion curves and application of Raileigh-Ritz method in considering 
vibration problems, are also discussed in this volume. In order to 
simplify the use of the book, a short review of the usual elementary 
theories is given in the first chapters, and several numerical examples 
with complete solutions. In developing this book, the author has fol- 
lowed very closely, the content of his previously published book on the 
strength of materials. * 

The contents of the book in general are as follows: 

In Chap. I the general formulae for tension and compression of 
prismatical bars are developed and afterwards, the more complicated 
problems are discussed, such as tension of non-prismatical bars, con- 
centration of stresses produced by holes and notches, stresses in thin 

- vessels submitted to internal pressure, and local stresses at the surface 
of contact of balls and rollers submitted to compression. 

Chapter II includes a review of the usual theory of circular shafts, 
torsion of shafts of non-circular cross sections, a detail discussion of the 
method of applying the hydrodynamical and membrane analogies to 
the solution of such problems. The important problem of twist of 
shafts of variable cross section and the consideration of the effect of 
fillets on stress concentration have likewise found a place in this 
chapter. 

Chapter III contains a recapitulation of the usual theory of stresses 
in beams. Comparison is made of the usual formulae for the normal 


*“Strength of Materials’ first edition, Kieff, 1911, Russia. 5th edition, 


St. Petersburg, 1923. 
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and shearing stresses with exact solutions based on the theory of 
elasticity. 

In Chap. IV various methods are developed for obtaining deflection 
curves. The grapho-analytical method combined with the principle 
of superposition, are discussed in detail. This method is usually much 
shorter and clearer than the analytical method. Its importance in the 
solution of beam problems cannot be over emphasized. The deflection 
of beams of variable cross section and the deflection due to shearing 
force, are discussed in the latter part of the chapter. 

Statically undeterminate cases of bending are discussed in Chap. V. 
The principle of superposition and general theorems such as Castigliano 
theorem, theorem of least work, and reciprocal theorem, are used in 
the solution of this kind of problems. 

Chapter VI contains the theory of bending of bars on elastic 
foundation. This theory can be applied to the solution of many 
practical problems such as deflection of railway tracks, stresses in 
circular tubes when the deformation is symmetrical about the axis, 
rotating drums, thermal stresses in thin cylinders, and many others 
of a similar nature. Several problems of this kind are considered in 
detail in this chapter. 

In Chap. VII the theory of bending combined with longitudinal 
loading is developed. Such problems as struts and tie-rods having 
lateral loads are discussed in detail. The application of trigono- 
metrical series to the solution of these problems is analyzed and simple 
approximate formulae for deflections are given. The latter part of the 
chapter is devoted to the column theory. A new approximate method 
for solving column problems is developed and applied in many 
important cases, such as column theory of bars uniformly loaded in 
axial direction, column theory of latticed bars, and bars of variable 
cross section. 

Chapter VIII contains the theory of combined bending and torsion. 
After reviewing the usual theory of circular shafts, the theory of 
bending and twist of crank shafts on many supports is developed. 
The problem of deformation of open coiled helical springs is placed in 
this chapter. 

In Chap. IX the general theory of bending of curved bars is 
developed and several applications of the theory in the solution of 
practical problems are explained. Such problems as those dealing with 
the deformation of circular rings, deformation of thin cylinders sub- 
mitted to internal and external pressure, the collapse of cylindrical 
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tubes submitted to external pressure, and the bending of curved tubes, 
are considered in detail. 

Chapter X deals with the theory of bending of plates. The bending 
of rectangular plates when deflected under the action of uniformly 
distributed load, is considered in detail. Several numerical tables 
facilitating the determination of deflexions and stresses are given. 
Subsequent to the discussion of a common theory on the bending of 
circular plates, some new data on the buckling of plates under pressure 
and shear in their middle plane is given. 

The important problems on dynamical stresses produced in moving 
machine parts by inertia and vibrations are considered in the last 
chapter. After a review of the general theory of vibration of elastic 
systems several practical problems are discussed such as stresses in 
rotating turbine discs, critical speed of shafts, torsional vibrations of 
shafts, and stresses produced during impact. 

The author takes this opportunity of thanking numerous friends 
who have assisted him by suggestions, reading of manuscript, or 
checking examples; particularly his co-author John M. Lessells who has 
read over the complete manuscript. Credit is also due to Mr. R. H. 
Bailey of Metropolitan Vickers, Manchester, for reading over the 
manuscript of Chap. XI and to the members of the Mechanical Design 
School of the Westinghouse Elec. & Mfg. Co. (1924), for assistance in 
checking a part of the work. 

S. TIMOSHENKO. 


PREFACE TO PART II 


In presenting this work on the experimental side of the subject of 
elasticity the author has not only given his own views, supported as 
far as possible by results obtained by him, but has made reference in 
the text to the results obtained by other investigators in that particular 
sphere. These references cover publications made in this country, 
England, Germany, and France. Some of the points, while not new, 
are brought into a text book for the first time, while others, on the other 
hand, are new. 

In Chap. XII the author has tried to give a clear conception 
of definitions realizing to the fullest extent how important these are to 
the engineer. It is conceivable that paradoxial situations may arise 
due to the fact that an interpretation is put on a particular physical 
value not intended by the definition. The importance of the reduction 
of area value is discussed and some new methods of measuring this on 
particular geometrical shapes are given. A paragraph on the effects of 
chemical analysis contains data presented in such a way that it can be 
easily interpreted by the designer. Other important points such as 
speed of testing and temperature effects are also given. 

In Chap. XIII a discussion with numerical results is made of 
the effects of cold work and overstrain. A general consideration is 
also made here on the factors which tend to influence the shape of the 
tensile test diagram and certain theories are advanced regarding the 
effects of internal stress. 

Chapter XIV is devoted to the dynamic form of testing by 
impact. An endeavor is made here to explain just what the designer 
can expect of high impact values. A certain amount of space is given 
to the discussion of the results obtained from repeated impact tests 
and certain conclusions are made regarding their value. 

Hardness, a rather indefinite term, according to our modern 
conceptions comes under review in Chap. XV. In addition to 
discussing the importance of being able to measure certain forms of 
hardness a review is made of new literature on the subject which 
includes the more recently developed pendulum method. 

X1u 
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The next chapter is devoted to the subject of fatigue. Since this 
is the phase in which the author at present is most interested, there zs 
much data given, certain of which 7s new on the fatigue properties of a 
variety of steels, including cast material. A considerable portion of 
the chapter is devoted to a discussion of the value of short time 
methods for determining the endurance limit, especially the one involv- 
ing the measurement of deflection of the test bar. Experimental data 
is given, showing in a manner what may be expected from such tests. 

Chapter XVI is devoted to the theory of strengths. This is 
possibly the first time that a full chapter has been given to such a 
subject in an engineering text book. The discussion of the various 
theories will be of value to the engineer in dealing with the solution of 
combined stress problems. 

The culmination of the whole experimental part of the work appears 
in the final chapter on working stresses. Here the numerical data 
obtained for commonly used and special steels, presented so that it 
can be immediately used, together with the various methods of so 
proportioning the limiting stress values in design, forms a fitting 
conclusion to this work. 

In presenting this work the author has been ably assisted by his co- 
author, S. Timoshenko. Not only does this refer to the critical survey 
made of each chapter especially Chap. X VIII but also to the help given 
in reviewing German publications. The author wishes to record his 
appreciation of this assistance. Mr. R. H. Bailey of Metropolitan 
Vickers, Manchester has also read over this part of the work and his 
suggestions have been very helpful. Acknowledgment must also be 
made to Dr. L. Aitchison for his review of Chap. XIII, to Sir Robert 
Hadfield for reviewing Chap XIV and XV and to Prof. H. F. Moore 
for his criticisms of Chap. XVI. Mr. P. Irwin and Mr. R. Wilhelm 
also have the authors thanks for the experimental data they have 
contributed. To the latter worker especial thanks are due for his eriti- 
cisms in general. The best thanks of the author are also extended to 
the following Technical Societies from whose proceedings the author 
has obtained many figures: The Institution of Mechanical Engineers 
London, The Institution of Automobile Engineers London, The Iron 
and Steel Institute, The American Society for Testing Materials and 
The American Society for Steel Treating. 

J. M. LessEuzs. 
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APPLIED ELASTICITY 


CHAPTER I 
TENSION AND COMPRESSION 


1. Tension and Compression of Prismatical Bars.—Considering 
the simple extension of a prismatical bar of homogeneous material 
caused by forces acting along the axis of the bar as in Fig. 1, let: 


P = tensile force 
in lbs. 

A = area of cross 
section in sq. inch. 

L = length of the 
bar in inches. 

6 = extension of 
the bar in inches. 
€x, €y = unit elonga- 
tion in the direction 
of the X axis and of 
the Y axis respect- 
ively. 


Fig. 1.—Stress distribution in simple tension. 


= stress in lbs. per sq. inch. 
= pressure, in lbs. per sq. inch. 


Poisson’s ratio. 


E = Modulus of Elasticity. 

Cross-section Perpendicular to Load.—On the assumption that every 
cross-section of the bar remains plane and perpendicular to the axis 
of the bar after extension, it can be concluded that the unit 
elongations of all longitudinal fibres are the same. Therefore the 
stresses are uniformly distributed over every cross-section of the bar, 
such as mn, and are determined as follows: 

pr (1) 
1 


Biro v 
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The extension of the bar within the elastic limit is represented by the 
well-known Hooke’s law, 
Py 
=, 2 
and the unit elongation becomes 
ree 
Plane Inclined at 0° to Load.—For any inclined section such as 
ee A 
s-r (Fig. 1 (b)) the area of the section is A, = caro and the correspond- 


Os 6 
ing stress in the direction of tension, 


=—- = p os 0. (4) 


Resolving this stress into two components at right angles as shown in 
Fig. 1 (c), the following expressions for the normal and the tangential 
stresses across the section under consideration are obtained: 


Pn. = pcos” O (5) 


sin 26 


from which it will be noted that the maximum normal stress acts 
across the section perpendicular to the axis of the bar and the maximum 
tangential stress acts across the section inclined at 45° to the axis of 
the bar. 

Lateral Contraction—From experimental evidence, it is well known 
that a longitudinal extension of a bar is always accompanied by lateral 
contraction. This contraction is only a fraction of the longitudinal 
extension and can be calculated from the formula 

1 


Yate ae (7) 


Dp, = p cos 6 sin 0 = 


in which 1/m is a constant (Poisson’s ratio), depending on the elastic 
property of the material. In the case of steel, 1/m is usually taken as 
380. The minus sign would show that e, is contraction. 

In the case of compression, the foregoing formula ean be used 
by considering the force and its corresponding deformation as negative. 

Thermal Stress. 

When a bar is heated from a temperature fy to ¢, the unit elongation 
is € = a(t — to), where a@ denotes the coefficient of expansion of the 
material. If this expansion is prevented by fastening the ends of the 
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bar, compressive thermal stresses will be produced. The magnitude 
of these stresses can easily be determined from the equation 


The application of this equation is shown in some numerical examples 


below. 


Example 1.—Referring to Fig. 2, if a steel cylinder 
A and copper tube B are compressed between the blocks 
M and N, determine the stresses in steel and copper and 
also the unit compression, if P = 100,000 Ibs., d = 4 ins., 
D = 8ins., Esteel = 30 X 108 lbs. per sq. inch, Heopper = 
15 X 108 Ibs. per sq. inch. 

Solution.—Assuming that original cross-sections of the 
cylinder and of the tube remain plane, the unit compres- 
sion in the steel and in the copper will be equal, there- 
fore the stresses of each material will be in the same 
ratio as their moduli (Eq. 3, p. 2), i.e., the compressive 
stress in the steel will be twice as great as the compres- 
sive stress in the copper. ‘The stress p in copper will be 
found from the equation of statics: 


2 
P =" op + "(D? — d%)p 


Substituting numerical values: 


compressive stress in copper, p = 1,590 lbs. per sq. inch; 
compressive stress in steel, 2p = 3,180 lbs. per sq. inch; 


unit compression 


NANANANAANNSNAANIANANS 
RRS SA ASS 


Fie. 3. 


from which, 


(() | eae 


xX = 


ee 

Ecopper 
Example 2.—Referring to Fig. 3, what stresses will be produced 
in a steel bolt A and in copper tube B by 14 of a turn of the screw, 
if the length of the bolt 1 = 30 ins., pitch of the bolt thread h = 
lé ins., area of the cross-section of the bolt A; = 1 sq. inch, area 
of the cross-section of the tube A, = 2 sq. inches? 

Solution.—The moduli are the same as in example 1. By turn- 
ing the screw, tension in the bolt and compression in the tube will 
be produced. 

Let X denote the unknown tensile force in the bolt and the 
compressive force in the tube. The magnitude of X will be 
found from the condition that the extension of the bolt plus the 
compression of the tube are equal to the displacement of the nut 
along the bolt. In our case, 


Le eee 
HA, “1A, @A 


= .000, 106. 


hA-Es 1 <<a 0 a8 


= 15,600 lbs. 


EA 39x30 1 +1) 
ai(1 ae at) 
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The tensile stress in the bolt is ps = RL bye 15,600 Ibs. per sq. inch. 


i 
; : : 15,600 : 
The compressive stress in the tube is p- = om 7,800 Ibs. per sq. inch. 


Example 3.—What change in stresses calculated in Example 2 


I? : 
will be produced by tensile forces P = 5,000 lbs., applied to the 
BES ends of the bolt as shown in Fig. 4? 
s | im 2 os Solution—Let X denote the increase of tensile force in the 


bolt, and Y the decrease of compressive force in the tube. Then 
from the condition of equilibrium, 
XS ees (a) 
The second equation can be written down on the consideration 
that the unit elongation of the bolt and tube under the applica- 
tion of the forces P, must be equal, L.e., 
XG A XC AlelBe 


SANAANNAANENAAANNARRRNRR 
ISSA AAMAS 


| eee a i? 


ToT Adee, phos VA (b) 
In this case, A;sH, = A-H,, therefore 
P Xe) Yoel —s2 5 00nlbss 
Fia. 4. The increase of tensile stress in steel is 2,500 Ibs. per sq. inch. 


The decrease of compressive stress in copper is 1,250 lbs. per sq. 
inch. From (b) it can be seen that in the case when A, is small in comparison 
with A., the forces P produce only a small change in the stresses initially pro- 
duced in the bolt. 

Example 4.—Referring to Fig. 5, a steel rod A is screwed 
into a copper tube B at room temperature ¢ = 15°C. Deter- 
mine the stresses which will act across the cross-section mn if 
the temperature be increased to 215°C. 

Take the coefficient of expansion of copper a, = 165 X 1077, 
and that of steel as = 125 X 1077. 
The area of the cross-section of the bolt, A, = 1 sq. in.; 
and that of the tube, A, = 3 sq. in. 

Solution.—Due to the fact that a. > as, the increasing 
temperature produces compression in copper and tension in 
steel. Assuming that cross-sections distant from the ends of 
the copper tube remain plane under increase of temperature, 
the unit elongations of the copper and of the steel become Fria. 5. 


equal. If X denotes the tensile force in the bolt and the 
compressive force in the copper tube, the equality of unit elongation will be 


represented by the equation 


Ww 


xX xX 
as(t i to) = A.E. = a(t cae to) ze ALE. (a) 
from which 
PXares (ae — aaa, (b) 
1+- 
A.E, 
or substituting numerical values, given previously, 
40 <X 107? X 200 X 1 6 
X = eae 


le Oe lS 
< a 
13 x 15 X 108 
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which gives a tensile stress in steel, 


ES 14,400 lbs. per sq. inch 


Ds = A 
and a compressive stress in copper, 
De = es = 4,800 lbs. per sq. inch. 


Example 5.—What change of stresses will be produced in the case represented 
in Fig. 3 by increasing the temperature from 15°C to 115°C? 

Solution.—This can easily be obtained by using 
equation (b) of Example 4. 

Example 6.—Suppose a copper tube is fitted over 
a steel tube at a temperature of 365°C., (Fig. 6) the fit 
being such that no pressure exists between tubes at 
this temperature. Determine the stresses which will 
be produced in the copper and in the steel when 
cooled to room temperature, 15°C., if the outer dia- 
meter of steel tube, d = 4 in., the thickness of the 
steel tube, ts = 1 in., and the thickness of the copper 
tube, t = 346 in. 

Solution.—Due to the difference in coefficients of Fia. 6. 
expansion a, and as, the outer copper tube will pro- 
duce, when cooled, a pressure on inner steel tube. Let x denote this pressure, then 
the tensile stress in the copper tube will be given by* 


_ vd 
pone 
; : : ad 
The stress in steel is ps = oF 
The pressure x will be found from the equation 
xd xd 
ac(t > to) a 2.E, = as(t aa to) = 


2i.E. 
from which 


_ad (ae — a)(t — to)Be _ 40 X 10-7 X 350 X 15 X 108 _ 
eer eee 1.75 = 
ith 


= 12,000 lbs. per sq. inch. 


Example 7.—Refer to Fig. 7. The weight W is supported by a vertical steel 
bar OA and two equal copper bars OB and OC. Determine the stress in these 
bars if the cross-sectional area of the steel bar is As and that of each copper bar 
is Ac, 

Solution.—Let 6 denote the displacement (O01) of the point O produced by 
the weight W, then the extension 6:(=D0O1) of the copper bars is approximately 
equal to 6 cos ¢. The unit elongation of the steel bar and the tensile force pro- 
duced are 6/1 and 6/lH;As, respectively; while the unit elongation of the copper 
bars and the tensile force produced are 6 cos? ¢/l and 6 cos? ¢/lH#.A., respectively. 

* The thicknesses of tubes are considered as very small in comparison with the 
ciameter. 


6 APPLIED ELASTICITY 


The sum of the vertical components of these tensile forces in the three bars must 
be equal and opposite to W, Le., 
2G 
eh 


Wea Boal 2 enone 


from which 


Example 8.—What stresses will be produced in the bars of Fig. 7 if the tem- 
perature be raised from ty to ¢? t = assembly temperature. 

Solution.—Let X denote the tensile force produced in the steel bar by an 
increase in temperature. Then from the condition of equilibrium, it can be seen 
that in the copper bars compressive forces act, equal to X/2 cos ¢; consequently 
the elongation of the steel bar becomes 

X/ 
5 = as(t — to)l + E.A. 
and the elongation of copper bars is 
Xl ’ 
cos ¢ 2cos¢cos¢:F,: A,’ 


61 = a(t = to) 


furthermore from previous consideration (see Example 7), 
6:1 = 6 cos ¢; 


therefore, 
XI = l Xi 
cos? @ 2 cos’ dE.A- 


from which 


1 EAs, 
2 cos’ ¢ H.A- 
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Example 9.—Referring to Fig. 8, determine the form of the copper nut so that 
the force P will be uniformly distributed along the thread of the bolt throughout 
the distance a. 

A, = area of the cross-section of the steel 
bolt. NEV 

A, = variable area of the cross-section of NV Gz 
the nut. 

Notations are as shown in Fig. 8 

Solution.—Assuming that a uniform dis- 
tribution of the force P along the distance a 
has been obtained, the tensile force in the bolt 
across any section mn will be 


and the tensile force in the same cross-section of the nut will be 
12a 
a 
The unit elongation for copper and steel must be the same;* therefore 


ge (G ae Pz 
E.A; a) aE Ae 


ie E, 
oe emt as 8 
It will be seen that the theoretical magnitude of the area of the cross-section of 
the nut increases indefinitely as x approaches a. 
Example 10.—Referring to Fig. 9, two equal horizontal bars AC and BC 
attached to end supports by pins A and B and connected between them with 


from which 


Fia. 9. 


a pin C are subjected to the action of a vertical force P. Determine how the 
vertical displacement 5 changes with the force P. 
Solution.—If a be the very small angle of inclination of the bars after deforma- 
tion, the vertical displacement of C will be represented by CC = 6 = al, and 
= yh 
* It is assumed that stresses are uniformly distributed over the cross-sections 
of the bolt and of the nut. 
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The unit elongation of the bars will be 


l 


and the tensile force in the bars will be 


or 


BC: —BC _cosa — _a@ 
BC l 2 
TEA. 
These forces must be in equilibrium with P as shown in Fig. 9 (b); therefore 
2 
2a - HA = P, 
3) P 
Phe Ee 


and 


Dio 
P 
$= le = INET 


2. Tension and Compression of Bars of Variable Cross-section.— 
The formula (1) page 1 given for prismatical bars is applied frequently 
to the consideration of stresses in bars of variable cross-section. This 


Via. 10.—Extension of 
asymmetrical wedge. 


gives sufficiently accurate results for all cases where 
a rapid variation of cross-section does not occur. 
Otherwise, the results obtained in such manner are 
entirely misleading. In order to show the limits 
of the application of formula (1) page 1, some results 
are given below which have been deduced from the 
mathematical theory of elasticity. 

Tension Member of Uniformly Varying Cross- 
sectton.—For the extension of a symmetrical wedge 
(Fig. 10), the exact solution based on the theory 
of elasticity shows that the normal stresses across 
any cross-section mn are not distributed uniformly, 
as assumed in formula (1). The maximum stress 
takes place at O and the minimum at the edges in 
points m and n. The difference between the max- 
imum and minimum stress across any cross-section 


increases with the increase of the angle ¢. When ¢ = 10°, this differ- 
ence is about 1.3% of the average stress as obtained from formula 
(1). When ¢ = 30°, this difference is about 13%. From this it can 
be seen that formula (1) is accurate enough in cases of wedges or 
conical bars provided the angle ¢ is not large. 
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Tension Member with Sharp Variation in Cross-section—As an 
example of the effect of a sharp variation in cross-sec- 
tion the standard tensile test specimen for concrete 
will now be considered (Fig. 11). In this case stress 
distribution across the cross-section mn is very far 
from uniform. Measurement by the photo-elastic 
method* shows that the maximum stress occurs at 
points m and n and that this stress is 1.75 times the 
average stress obtained from equation (1) page 1. 

Another example of similar nature is met in con- Te Lee ee 
sidering stress in bolts (Fig. 12). Due to the sharp distribution for 
variation in sections near the head of the bolt, concen- a ee bar 
tration of stress takes place at the points m and n, the 

beginning of the fillet. This concentration of stress 
increases as the radius of the fillets is decreased. 
Tension Members with Holes or Notches.—The effect 
nf n of holes and notches on stress concentration will now 
be considered. 
A circular hole of small radius p in a thin plate pro- 
duces a very high stress concentration at points m and 
n (Fig. 13). The maximum stress becomes three times 
_ the stress calculated from formula (1). The normal 
Seed i stress p, at any point of the cross-section through the 
centre of the hole may be obtained from the formulat 


in which p denotes the average normal stress neg- 
lecting the hole and the distance of the point con- 
sidered from the centre of the hole. The stress 
distribution over the cross-section considered is 


shown in Fig. 13. 
In the case of an elliptical hole the maximum 
stress at points m and n (Fig. 14) is 
ay t 
Pmax = r(A + 2 )) Fic. 13.—Stress dis- 
tribution in tension 
*See E. Coker, Proceedings of International Assoc. for member with circular 
Testing Materials, New York Congress, 1913. hole. 
+ Kirsch, Zeit. d. Ver. Deutsch. Ing., 1898. 
{G. Kolosoff, Dissertation (1910) (Petrograd); see also, C. E. Inglis, Engi- 
neering, Vol. 95, p. 415, 1913. See also Transaction Inst. of Naval Architects, 
Meeting, March, 1913. 
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A semi-circular groove in a strip subjected to tension (Fig. 15) 
also produces very high stress-concentration. The experiments 
made* show that at points m and vn the stresses are about twice as 


Fic. 14.—Stress dis- 
tribution in tension 
member with elliptical 
hole. 


great as the average stress calculated from formula 
(1), provided that the radius of the groove is small 
in comparison with the width of the strip. All the 
conclusions on stress distribution made above assume 
that the maximum stresses are within the elastic 
limit of the material. Beyond the elastic limit, 
stress distribution depends on the ductility of the 
material. In the case of a ductile material, a con- 
siderable extension beyond the elastic limit can 
be obtained without great increase in stress. Due 
to this fact, the stress distribution beyond the elastic 
limit becomes more and more uniform with increase 
of extension. This explains why, in the case of 
ductile materials, holes and notches do not affect 


the ultimate strength when the notched piece is tested statically. 
On the other hand, in the case of a brittle material, such as glass, 
the high stress concentration remains right up to the point of breaking 


This causes a substantial weakening effect, as will be 
observed by the decreased ultimate strength of any 
notched bar of brittle material. 

It will be seen, therefore, that the adoption of 
notches in design work isa matter of judgment. They 
may have no effect on constructional work where soft 
steel is used, but for harder materials this considera- 
tion may become of great importance. 

For the case of members subjected to repeated 
variation of stress, the effect of stress concentration 
becomes more severe for such cases as have been con- 
sidered here. Under stress fluctuations and with high 
stress concentration, cracks are liable to develop, 
and, while with static members a certain stress con- 
centration may not be accompanied with serious results; 
it will readily be seen that with members subjected 


Fie. 15.—Stress 
distribution in ten- 
sion member with 
groove. 


to such stress variation the case is entirely different due to the possi-+ 
bility of these cracks being propagated through the entire section. 
This explains why holes, notches, and sharp variations of cross-section 


* Preuss, Zeit. d. Ver. Deutsch. Ing., p. 664, 1913. 
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are so frequently the cause of failure in machine parts submitted to 
reversal of stress and vibration. * 

3. Combined Stress.—The extension of a rectangular parallelo- 
piped in the direction of the X and Y axes will now be considered 
(Fig. 16). Let P, and P, denote the tensile forces and A, and A, the 
corresponding cross-sectional 
areas perpendicular to the X 
and Y axes, respectively. Then 
the stresses across these cross- 
sections are 


te 7 ates 
The stresses over any section 
perpendicular to the plane cy 
and inclined at the angle 6 to a) 
the Y axis, 7 (Fig. 16 (b)), can ‘Fic. 16.—Stress distribution for combined 
easily be obtained by considering pba ay 
the action of the forces P, and Py separately and using the principle 
of superposition. The stresses produced by P, are given by formulae 
(5) and (6) page 2. In order to determine the stresses produced by 
P, it is only necessary to insert in the same formulae —(90 — @) 
instead of 6. Combining the effects of P, and P,, the following for- 
mulae for normal and tangential stresses are obtained: 


8 =1 1 COS" 0 = py. cin 0) 
= Ps ao sin 26 (9) 


| 


By using formulae (3) and (7) and combining the effects of P, . 
and P,, the formulae for unit elongation in X and Y directions can be 
obtained as follows: 


Pt 


* Some experimental data on the effect of notches on the endurance limit at 
fatigue test—see University of Illinois Bulletin #124, 1921, paper by H. F. Moore 
and T. B. Kommers. See also A. Foeppl, Mitt. aws dem Mech. Techn. Labora- 
torium, Muenchen #31. Several methods for determining the stress concentration 
produced by fillets and holes are discussed in a paper by the writer and Mr. W. 
Dietz, read before the Spring Meeting of A.S.M.E., May 20, 1925. 

The effect of scratches on the ultimate strength was considered by Griffith, 
see Philosophical Trans., V. 221 (1920). See also W. N. Thomas, Engineering, Vol. 
CXVI, p. 483, 1923. 

+ The angle is taken as positive if the external normal n to the cross-section 
considered is moving from X to Y in a clockwise direction as shown in Fig. 16 (b). 
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Pies Ege sg 
DEY 2) ge fo at 
, stv oe) 
TSE, m ee 
from which 
| (¢ + e,)B 
, pie z m ” 
e il 
Ye 
1 
(ey + —es)E 
Digi ce ; 
it 
Le 


(10) 


(10a) 


These expressions can also be used for cases where one or both of the 


stresses p, and py, are compressive. 
cases it is only necessary to consider compres- 


sion as a negative tension. 


In such 


Example 11.—Determine what must be the mag- 


nitude of the stresses p, distributed along the edges 
of a strip abed (Fig. 17) in order to prevent lateral 
contraction. Determine also the unit elongation in 
the direction of X axis. 

Solution —From equation (10) 


=i 
Py = on, P# 


and also, from (10a), 


ue 


 &# 


Erg. 17. 


Cx 


m2 


Example 12.—A steel ring while hot is assembled on a copper dise (Fig. 18). 


Determine the unit compression in the disc and the tensile 
stress in the ring, if d = 10ins.,b = 1in. and the shrinkage 
0.001 in. per inch of diameter d. 

Solution.—Due to shrinkage, a pressure x lbs. per sq. 
inch will be produced between the ring and the dise. The 
tensile stress in the ring will be ad/2b. The increase in the 
internal diameter of the ring will be 


\ 
athe | | 


ad? 
2bE, 
The decrease in the diameter of the disc, from equation (10), opper 
will be Steel 
ad 1 
ae _ =) Fia. 18. 


The pressure x can be now calculated from the equation 
a aa *) = oold. 


9b, un. 
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Putting 1/m = .3 and substituting the numerical values given above, 
Sy lie 
E, a6 oii OOL 
from which 


.0018, _ 30,000 
Has OVA 
Ne ied 


=4,690 lbs. per sq. inch. 


Tensile stress in the ring is given by a = 5x = 23,450 lbs. per sq. inch. 
and unit contraction in the dise by 


(4 ie 
ci m) _ 4,690 X .7 
BE. 15 X 108 


= .000,219 


4. Graphical Representation of Combined Stress, by Mohr’s 
Circle.—So far, combined stresses have been considered in a purely 
analytical manner. Since a diagram gives a clearer conception of the 
results of combined stresses, we shall consider Mohr’s diagram by 
which problems involving combinations of stresses can be solved in a 
graphicalmanner. LetOA 
and OB represent stresses 
pz and p, (Fig. 19). Then 
the circle having AB as a 
diameter represents varia- 
tion of stresses p, and p, 
with variations in the angle 
ee (ig, 16). It is only 
necessary for a given @ to 
draw radius CD, making 
with the X axis the angle equal to 20. This angle is measured from 
X inacounter-clockwise direction. It is easy to show that the abscissa 
OF of the point D of the circle represents the normal stress p, and 
the ordinate DF represents the shearing stress p;. From Fig. 19, 


Fria. 19.—Mohr’s circle for combined tension. 


OF = 0C + CF = oe ae Pa cos 20 ] 


='0,.C0s 0-1 py sin". 
DF = CD sin 26 = ap sin 26 
which is in agreement with equations (9) page 11. Therefore, OF 
represents the stress normal to the section, and DF represents the 
corresponding tangential stress. This graphical representation gives a 
complete picture of variation of stresses with the angle 0. The maxi- 


mum normal stress is represented by the point A of the circle and is 
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equal to p,. Maximum tangential stress, corresponding to the point 


E, is equal to — and acts across the section, corresponding to 


20 = 90°, or 6 = 45°. 
Simple Tension (py = 0).—In the case of a simple tension, (py = 9) 
the circle of Mohr is as shown in Fig. 20. It is easy to see that the 


coordinates of any point D represent equations (5) and (6). 


Fia. 21.—Mohr’s circle for sim- 


Fre. 20.—Mohr’s circle for simple 
ple compression. 


tension. 


Simple Compression (pz = 0).—Figure 21 represents the case of 


simple compression in the direction of the Y axis. 
Pure Shear.—The case of a tension in the x direction accompanied 


by an equal compression in the y direction is represented by the 
circle in Fig. 22. 


Fig, 22.—-Graphical representa- Fria. 23.—Case of pure shear. 
tion of pure shear. 
In this case p, = —p, = p and equations (9) page 11 give p, = p 


cos 26, pr = p sin 20 
These equations represent the codrdinates of the point D. The 
stresses over the cross-section for @ = 45° are represented by the point 
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E. It is seen that the normal stress over this section is equal to zero 
and the tangential stress is equal to the stress p. 

Consider a rectangular parallelopiped with square base abcd as 
shown in Fig. 23. From the explanation given above it follows at 
once that over lateral faces of this element tangential stresses alone 
are acting. This state of stress is known as pure shear. The corre- 
sponding strain consists in angular distortion. After deformation 
the square abcd becomes the rhombus a,b:c;d;. The angular change 
6 (angle abe — angle abic,:) determining the distortion of square 
abcd is taken as a measure of the shear. This shear can be found from 
the unit elongations e, and e, as follows. The angle of rhombus 


aibicid; at b, is 5 — 8, and from the triangle 0c,b1, 
ola) erm y 
In this case, from equation (10) page 12, 
apt Ets) 
= -B- A B=- B42) 


Substituting in (a) and noting that 6 is a small quantity, it therefore 
follows, 


pial 

aaa 

and . 

pee sn ey) 

1+ 2 14+2(1+-) 

or i 1 
pee Ut a) 0) 


i.e., the shear is proportional to the shearing stress p, and depends on 
the magnitude of the quantity given below: 


ee (11) 


2(1. + 2) 


The value G is known as the modulus of rigidity. 
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Substituting (11) in (b), 


bees 


5. General Case of Stresses.—In general the state of stress at any 
point in a body can be represented by tension or compression in three 
mutually perpendicular directions (Fig. 24). 
The normal stresses over all cross-sections 
perpendicular to X, Y, and Z axes are 

* respectively : 
ie ee le 
Pz A > Py AS Pz A, 


x 


a 


It is assumed below that pz > py > Dz. 

Combining the effects of the forces P., Py 
Fic. 24—Representation of and P,, it can be concluded that over a sec- 

po ey perpendicular tion through the Z axis only the forces P, 

oe and P, produce stresses and therefore these 
stresses may be calculated from equation (9) and represented graphi- 
cally in the way as described in the preceding paragraph. In Fig. 25, 
Mohr’s circle with a diameter AB represents these stresses. In the 
same manner the stresses over any section through the X axis can be 
represented by a circle having BC asa_ 
diameter. The circle with the diameter 
AC represents stresses over any section 
through the Y axis. The three circles 
of Mohr represent stresses over three 
series of sections through the X, Y, and 
Z axes. For any section inclined to 
X, Y, and Z, the stress may be repre- 
sented by the coordinates of a point 
located in the shaded area of Fig. ORE Bre 25.—Graphical representation 
This conclusion is very important and of sie th 
will be used later in the consideration of the different strength theor- 
ies (Chap. XVII, Part II). 

The equations for calculating the unit elongations in directions of 
X, Y and Z axes may be obtained by combining the effects of P,, 
Pay andee;; 


* The proof of this statement can be found in the book by A. Foeppl, “Technische 
Mechanik,”’ Vol. 5, p. 18, 1918. 
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apes ale 
GE mE\P» + Ps) 


p 1 . 
ey = at = mB? AR Dz) (13) 


pty ee 


i| ; 
Cz E mE? a Dy) 


By adding these equations an expression for calculating the unit 
volume expansion A is obtained: 


‘Ae 


A = 6s + ey + ee = ag (Ds + Py + Be) (14) 


Example 13.—Determine the decrease in the volume of a solid steel sphere of 
10 inches diameter submitted to a uniform hydraulic pressure p = 1,000 Ibs. per 


sq. inch. 
Solution.—From Equation (14), 
: 2 
one (i=in) sx 1oox4 4 
- E 50 Oh er oh Ee A10® 
The decrease in the volume is, therefore, 
4 wd? ae: 
—.""~ = 0.020.9 cubic inches. 
105 6 0.020.9 cubic inches 


Example 14.—Referring to Fig. 26, a rubber cylinder A is compressed in the 
steel cylinder B by aforce P. Determine the pressure between 
the rubber and the steel if P = 1,000 Ibs.,d = 2ins. Poisson’s 
ratio for rubber, 1/m = .45. 

Solution.—Let p denote the compressive stresses over any 
cross-section of the cylinder and qg the pressure over the sur- 
face of the cylinder. Neglecting extension of the steel cylinder 
and using formula (13), page 17, 


q 1 


0 = iat mE? =i q); 
from which 
a ees OOO Ae roan en ene 
(ara iicie 2 261 lbs. per sq. inch. 


6. Vessels Subjected to Internal Pressure.— 
General Consideration.—The vessels having the form 
of solids of revolution and subjected to internal 
pressure distributed symmetrically with reference 
to the axis of symmetry 0-0 (Fig. 27) will be considered here. For 
this case the deformation consists substantially of extension, (bending 
of the wall can be neglected) and the tensile stresses cangbe considered 


Fia. 26. 
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as uniformly distributed over the thickness of the wall. Imagine a 
small element mnrs of the wall contained between meridians mn and 
sr, and two sections ms and nr normal to these meridians. Let 


dx and dy = small dimensions of the element mrs, 
P,-dxandP,-dy = the tensile forces acting on the edges of the element, 


p, and py = the radii of curvature of the meridian and of the 
section normal to the meridian, respectively, 


q = the internal pressure, 

y = weight per unit volume, 

t = thickness of wall, 

Other notation, see page 7. 

Due to the curvature 1/ps, 
the tensile forces P,-dx, acting 
on the edges mn and sr, produce 
a resultant normal to the element 
mnrs and equal to 
= (a) 
p2 
In the same manner it can be 
shown that the forces P, - dy pro- 
duce a resultant 


Py dee 


a 
P,-dy- = (b) 


The forces (a) and (b) balance 
the pressure distributed over the 
element mnrs, therefore 


Fig. 27.—Vessel having a generated form. 


P ; 
— dady + P. dxdy = qdxdy, (c) 
p2 PL 
from which 
Peak 
q = alee 
Pi p2 


Dividing this equation by the thickness of the wall ¢ the following 
equation is obtained: 

q Px Py 

“= + = 

t PL p2 (15) 
which represents the relation between the tensile stress p, in the direc- 
tion of the meridian and tensile stress p, in the direction perpendicular 
to the meridian. Some applications of this equation are now to be 
considered. 
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Cylindrical Boiler with Spherical Ends Submitted to Uniform Internal 
Pressure (Fig. 28).—Using equation (15) page 18 and remembering 
that, for a cylinder, 1/p, = 0 
and 1/p2. = 2/d, it follows that 
2p,/d = q/t, from which 

qd 

Va = or (16) 
In calculating p, it has to be 
borne in mind that these ten- 
sile stresses, uniformly dis- 
tributed over the cross-section 
of the cylindrical wall, are in 
equilibrium with the pressure distributed over the ends; therefore 


Fig. 28.—Cylindrical boiler. 


2 
rdtp« = & q, 
from which 
d 
Va = i (17) 


In calculating the tensile stresses in the spherical ends of the boiler 
it is observed that 


then from (15), 
(18) 


Conical Tank.—A_ tank, 
conical in form, containing 
liquid will now be considered 
(Fig. 29). In this case the 
curvature of the meridian 
1/p:1 = 0, and the stress py, 
perpendicular to the meridian 
sections, can be calculated 
from equation (15). Con- 
sidering section mn, distant 
h — y from the level of the 
liquid the internal pressure is, 


Fic. 29.—Conical tank. g=(h— y)y 
the radius of curvature is 
_ ytana 
COS a 
where y denotes weight per unit volume of the liquid. 


p2 


20 APPLIED ELASTICITY 


Substituting in equation (15), 


_ 9x _ (h—y)y y tana 
4 t t COS a 


The maximum value of this stress occurs when the product (h — y) X 
y becomes maximum. Thus, making the derivative of (h — y)y 
equal to zero, we get 


h-y=yory = a 

and this stress is given by 
h?y tan a 
(Py)max = At cos a 


In calculating the stress p, at the points m, n, and noting that these 
stresses balance the weight of the volume rmOns of the liquid, it follows 
that 


2ry tan atp, COS a = Ty” tan? ah — Ye aie 


from which 


y tan ay 2 
Px = pean — 54), 
2t cos a 
Example 15.—Determine the increase in the volume of the cylindrical boiler, 


considered above (Fig. 28), produced by an internal pressure q. 
Solution.—Taking 1/m = .3, the unit elongation of the length 1 is 


bo we DE UE eee \ ee 
¥ En ES Ae m te 
and the unit elongation of the diameter d is 
Dele Earn ge ag on 9d 
aaah eatin 9 5 2tE Qn) Geary 


The expansion of the volume of the cylindrical part of the boiler, neglecting the 
extension of the spherical ends, is 


11 + ex)rd2(1 + ey)? wd2l dl a 
4 ees fg (eo a 
md? qd te eas. Ue! 
a ie (1 + .85) = .95 “at Ge 
Example 16.—Determine the internal pressure in a spherical steel boiler of 
radius R, if unit expansion of volume produced by this pressure is .001 and t/d 
=). 0): 
Solution.—From equation 18, page 19, 


_ ah _ o- 
De op oe 
Extension of the wall is 
(ia a ee 
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The expansion per unit volume is 
25q . 3 
3é=3 XK 1X “yo which 


q will be found from the equation 


8X7 x=! = .001, 
from which 
_ AUOIFER So ye 
~~ SS 571 lbs. per sq. inch. 


Example 17.—Determine the stresses 
in a tank represented in Fig. 30. 

Solution.—Using the notation shown 
in Fig. 30, for any point m on the spherical 
part of the tank, equation (15) gives 


Pe + Py _ ye 
Tae 6 (3) 


Noting that stresses pz are in equilibrium 
with the weight of the volume srmon of 
the liquid, the second equation can be 
obtained as follows: 

rt oe hiya l Si? ia *) 


Bae es Gosh a 


Substituting in (a), 


Fig. 30. 
yR (* —R 4 Fsin? a + 3 sin @ cos? @ — *) 


Py = i 


7. Compression of Balls and Rollers.—The continued widening of 
the field of application of ball and roller bearings makes it necessary 
to consider certain aspects of the theory of balls and rollers subjected 
to compressive forces. A general solution of the problem of pressure 
distribution over contact surfaces of two compressed elastic bodies 
was obtained by Herz.* Some of these results having a practical appli- 
cation will now be considered. 

General Case—Let 1/ri and 1/r,! denote the principal curvatures 
of one body, and 1/r2 and 1/rz! of another bodyj at the point of con- 

* H. Herz, Gesammelte Werke, Vol. 1 (Leipzig), 1895. 

Further development of the theory on stresses in ball bearings, see in papers: 
K. Sundberg, Teknisk Tidskrift, afd. Mekanik, Vol. 4, 1919. 

A. Palmgren, Engineering, February 12, 1919. 

A. Palmgren, The Inst. of Automobile Eng. Proc. V. XVII, p. 385, 1922-1923. 
8. Fuchs, Physikalische Zeitschr. p. 213, 1921. 

See also F. Heerwagen, Zeitschr. d. Ver. D. Ing. Vol. 45, p. 1701, 1901. 

+ The curvatures of the body consider as positive if the corresponding center 
of curvature is within this body. 


2 3 COs? a@ 
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tact, @ the angle between the sections containing curvatures 1/7; and 
1/re. The surface of contact for the general case is an ellipse, the 
mi-axes of which can be calculated by the following formulae: 


Pi 


= ala (19) 
3IP6 
os NE 
where P = compressive force, 
4 E 
3 1y? 
VG) 
m 
se + 


i heres in Seis: wml 
+5 454+5 
ite (ital T2 ai 


2 


The constants a and 6 are given in Table I. The angle @ in the first 
column of the table can be calculated as follows: 


B 
cos 6 = =: b 
i (b) 
Taste I.*—ConstTants FOR CALCULATING SEMI-AXES OF THE ELLIPSE OF 
Contact 
6 degrees a B 6 degrees a B 
30 PRT EN .493 65 1.378 759 
35 2.397 .530 70 1.284 . 802 
40 2, 136 567 75 1.202 846 
45 1.926 . 604 8O LDS: 893 
50 1a 754 641 85 1.061 944 
55 1.611 .678 90 1.000 1.000 
60 1.486 Be ialige 


* The table was taken from the paper Friction and Carrying Capacity of Ball and Roller Bearings, 
by H. L. Whittemore and S. N. Petrenko. Technical Papers of the Bureau of Standards #201, 
1921, 
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The expression for the maximum stress at the center of the contact 
surface is, then, 
ie 


Pmax = 1.5 ch (20) 


where a and 0 are calculated from (19). 

Compression of Balls.—In the case of two balls compressed by forces 
P, Fig. 31, the pressures are distributed over a small circle of contact 
mn. From general formulae (a) and (b) @ = 90° P 
and from the table above a = 8 = 1. Then from 
(19) the radius of the circle of contact is 


SRL, wie Pee 
p= ssiy/e Pas (c) 


Substituting in (20), a = 6 = p; the following for- 
mula for maximum pressure at the center of the contact 
circle will be obtained, 


= 210 2 dy + do\? ; 
jae 616,)PE (Gee 5 ) (d) 
Considering one of the diameters as indefinitely 2 
large, the following formulae are obtained: Fra. 31.—Two ballsin 
contact. 
3/Pd 
p = 881 Va (21) 
3/P EB? 
Pmax = 616 4] a (22) 


These determine the compressive stress on the surface of contact 
of a ball of diameter d when forced against an elastic body having a 
plane surface. It is easy to see from (22) that Pmax remains constant 
if P varies in the same ratio as d?. 
' The experiments madet+ show that for the case of a ball and a plane 
surface of hardened crucible steel the safe limit for compressive force P 
is expressed by the following: 
Pamest = 4000? (23) 


in which d is in inches-and P in pounds, 


* Here it is taken 1/m = .30. 

+ Stribeck, Zeitschr. d. Ver. Deutsch. Ing. p. 73, 1901. 
Schwinning, Zeitschr. d. Ver. Deutsch. Ing. p. 332, 1901. 
A, Bauschlicher, Zeitschr. d. Ver. Deutsch. Ing. p. 1185, 1908. 
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For the case of a ball in a spherical seat, the sign of dz in formulae 
(c) and (d) must be changed and the following is obtained: 


sions dy 
sale ds — dy 


616,| PE? (254) 


| Tee | Compression of Rollers—In the case 
| of rollers in compression, Fig. 33, the 
eee aee DS Ses Se 


P p 


max 
Pp 


contact area becomes rectangular and the 
width 6 of this strip is determined by 


Fia. 32.—A ball and seat. equation* 
: Bo dee 


Pp 


Fig. 33.—Two cylinders in contact. 


Where P’ denotes the compressive force per unit length of the roller, 
the maximum pressure at the middle of this strip is 


max — + 1 P ie eS es 
ee. er? (25) 
If one of the diameters be taken as infinitely large as in the case 


of a roller in contact with a plane surface, the following expressions 
are obtained: 


Pid 
Pe 
Pmax = soi (27) 


* A. Foeppl, Technische Mechanik, Vol. 5, p. 351. 
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It will be seen that the maximum stress remains constant if P’ 
varies in the same proportion as d. The safe limit for P’ for the case 
of steel rollers can be obtained from equation 


P’ =150n (28) 


Example 18.—Determine the maximum pressure at the point of contact C 
of a single row ball bearing, shown in Fig. 34. The dimaeter of ball d = 1.5 in., 
radius of the grooves r = 1 in., diameter of the outer race 8 in. and compressive 
foree P = 5,000 lbs. 


Solution.—By using equations of paragraph 7 and taking SS 
into account that m = 7! = 1.5/2 in., re = —1 in., ry = —4 MUG = 
mye il | 

4 yg 
ea = 2.82 
5 ae eae 2.823 Wt; 
1.5 1.5 1 4 8" 
4 30 x 10° 
ee hs i 
DAS aly 
il ae 
2B = ey ae 750 
eee 
cos 6 = 1.417 == faP49) 
GQ =a RS 
Then from Table I, page 22, by interpolation, 
a = 1.536, 6 = .701. Fie, 34, 


The semi-axes of the ellipsis of contact are 
3/P6 5 
a = 1.536 V —= ,105 in. 
H 


pS rol ° = 048 in. 


ar 
pmax = 1.5 ae 475,000 Ibs. per sq. inch. 
mab 


Such high stresses can be sustained due to the fact that at the center of the circle 
of contact the material is compressed not only in the direction of the force P but 
also in a lateral direction. 


CHAPTER II 
TORSION 


8. Shafts of Constant Circular Cross-section.—Elastic Stage.— 
When a cylindrical circular shaft is twisted by a couple the well 
known solution can be obtained by making the following assumptions: 
1. Cross-sections of the shaft originally plane and perpendicular to the 


(c) 


Via. 35.—Twist of a shaft of circular cross section. 


axis of the shaft remain so after torsion. 2. Radii of circular cross- 
sections remain straight lines. 

On these assumptions, torsion consists of rotation of circular 
cross-sections about the axis of the shaft. From the arrangement 
shown in Fig. 35, assume that the shaft is fixed at the upper end and 
that a twisting moment M, is acting at the bottom, 

26 
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Let: 
@ = angle of twist. 
¢, = twist, in length I. 
M, = torque moment. 
G = modulus of elasticity in shear. 
6., 8, = shear at distances a and r from axis. 
p. = shearing stress. 
r = radius. 
d = diameter. 
I, = polar moment of inertia. 
A = area of cross-section. 
C = torsional rigidity of the shaft. 


Let ¢ denote the angle of rotation due to twist of any cross-section 
mn distant x from the fixed end of the shaft; then for a section myn, 
distant dz from mn, the angle of rotation will be 


¢ + dd. 


It is easy to see that, due to the twist, an element bcdf included 
between the two cross-sections mentioned above, and two straight lines 
fd and be originally parallel to the axis of the shaft, will be in a state 
of pure shear.* The magnitude of this shear will be as follows: 

ed dd 
= de" de (@) 
Now from the assumption (2) above, it follows at once that for any 


other element taken on the cylindrical surface of radius a, the shear 
will be 


B; 


d¢ 

Ba =a ae 
and the corresponding shearing stress, from equation (12) page 16, 
will be 
dp 
dx 
The stress is proportional to the distance a from the center of the 
cross-section, as shown in Fig. 35 (b). 

In determining the magnitude of d¢/dz in equation (b) the condi- 
tion of equilibrium will be used. Thus, the shearing stress must be of 
such magnitude as to cause the moment of all shearing forces dis- 
tributed over any cross-section of the shaft, to equal the torque moment 


*The dimension of the element in the radial direction is considered as very 
small one. 


pr = Ga (b) 
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M,. The shearing forces distributed over any elementary ring at 
radius a and of thickness da (Fig. 35) give a torque moment 

dM, = 2radap.a (c) 
By varying a from 0 to r and integrating all moments such as given 
in (c), the equation becomes 


Me=_f 2radapa = 651, (a) 
fs x 


r yt 
i = i 2radaa? = = 
0 


and denotes the polar moment of inertia of the cross-section. 
By integrating (d), the angle of twist ¢, of the shaft will be 
obtained: 


in which 


_ Mi 


= : D) 

gi G i, ( 9) 

By using (d), the equation (b) for shearing stresses becomes 

— Ma, 

Pt = rey (30) 

and maximum shearing stress will be 
| Mr 2M, 16M 
nie = — i * (31) 

Pp 


ers ed 
in which d denotes the diameter of the shaft. 

From the consideration of equilibrium of the element focd in Fig. 35, 
it follows at once that stresses of the same magnitude as given by 
equation (30) are acting in axial sections of the shaft, as well as in 
cross-sections, and are distributed as shown in Fig. 35 (c). To these 
stresses must be attributed the longitudinal splitting during twisting 
of some materials such as wood. 

Torsion beyond the Elastic Limit.—It will be appreciated that equa- 
tions (30) and (31) have been obtained on the basis of Hooke’s law 
and can only be used within the proportional limit. Beyond this 
limit, stress distribution depends largely on the ductility of the 
material. In the case of ductile materials, such as mild steel, the 
torsion test curve has a shape similar to that of the tensile test curve 
(Fig. 268, p. 479). The portion where the curve becomes parallel to the 
strain axis indicates that the material over the entire cross-section 
is in a state of yielding and that the corresponding stresses are, more 
or less, uniformly distributed over the cross-section, If (p.)y.p. 
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denotes the magnitude of these stresses the following equation, instead 
of equation (d) above, will be obtained: 


i; (p.)y.p.27adaa = M, (e) 
from which | 
3M 
(Pi)y.p.= Bai (32) 


The same formula must be used in calculating also the ultimate 
strength for shear of ductile materials. In this case p; becomes the 
ultimate strength at shear. 

Potential Energy of Twist.—It will be un- Tie 
derstood from elementary consideration that Mr A 
the torque moment during twisting is doing 
work on the shaft. Within the limits of elas- 
ticity, this work will be transformed into poten- 
tial energy of deformation. Let the line OS 0° B 
(Fig. 36) represent the elastic stage of a torsion 4. 36 work denoaany 
test curve in which twisting moments are twist. 
plotted as ordinates on a base of angular defor- 
mation. The work done on the material up to any point A is repre- 
sented by the area of the triangle OAB and will be equal to 

Mig1 

ae 
Substituting (29) for ¢, the following expression for the potential 
energy of twist is obtained: 


ae 


_ Ml 
Bree: 


Example 19.—Determine the shaft diameter d of a machine of 200 h.p. if the 
speed » = 120 R.P.M. and the working stress = 3,000 lbs. per sq. inch. 

Solution.—The torque moment is 

12 X 33,000 X< 200 
“t 2x X 120 


U (33) 


M, pound inches 


Then from (381), 
3° 16M, 3116 x 12 X 33,000 x 200 ; 
Oh ee = \ on? X 120 X 3.000 = 5.6 inches. 
Example 20.—Determine the horse-power transmitted by a propeller shaft if 
= 6ins., n = 120 R.P.M., G@ = 12 X 10° lbs. per sq. inch, and the angle of twist, 
as measured between two cross-sections 25 ft. apart, is equal to }75 of a radian. 
Solution.—From the equation (29), 
giGI, _ 12 X 108 XK x X 64 
l 15 X 32 XK 25 X 12 


M; 
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The power transmitted is 
M:X2an _ 12 X 108 X a X 64 XK Qn K 120 
12 < 33,000 12 X 33,000 X 15 XK 32 X 25 X 12 
Example 21.—Determine the outer diameter D and the internal diameter d 
of a hollow propeller shaft transmitting 8,000 h.p. if m = 100 R.P.M., D/d = 2, 
and the working stress is equal to 4,500 Ibs. per sq. inch. 
Solution.—Torque moment 


Mi 


= 646 h.p. 


_ 8,000 x 12 X 33,000 
2x X 100 

mD*, ad* 5 a D4 

S32) e228 1682 

Maximum stress is determined by the equation | 

M.D _ 16 16M, 

SI, = 1s ae 


In = 


(pt) max = 


from which 


3116 16 X 8,000 X12 < 33,000 
15 * 25 xX 100 Xm X 4,500 
Example 22.—Figure 37 shows a circular shaft AB with clamped ends sub- 

mitted to the action of a torque moment M;,, applied in an intermediate cross- 

section mn.* Determine the angle of twist if the working stress (pr) is known. 


D= = Se2 ine 


HiGy ove 


Solution.—For both parts of the shaft the angles of twist are equal, there- 
fore the twisting moments will be inversely proportional to the lengths of these 
parts. If a> b, the greater twisting moment will be in the right part of the 
shaft and its magnitude is 

Mia 
rey (a) 
Substituting this for torque moment, and (p:)» for (p:)max in equation (31), the 
following equation for d is obtained: 
ay TEST he 
16aM;, 
a 
: (a + b)a(pt)w (b) 
Now the angle of twist can be obtained by using equation (29) page 28. 


9. Helical Spring, Close Coiled. {—Assume that a close coiled helical 
spring of circular cross-section is submitted to the action of axial 

* Such a problem may be encountered in considering the twist of driver axles 
for electric locomotives. 


+ A more detailed consideration of stresses in helical springs will be given below 
in par. 54. 
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forces P (Fig. 38), and that any one coil lies nearly in a plane perpen- 
dicular to the axis of the helix. The stresses over any axial section of 
the coil can be reduced to a shearing force P and to a torque moment 
PR as shown in Fig. 38. Neglecting the 
stresses produced by the shearing force and 
using formula (31) the following equation 
for maximum stress is obtained: 


16 PR 


rd? 


(8) max — (34) 
The extension 6 of the spring can be obtained 
from the consideration of the potential energy 
of deformation. 

On the assumptions made above, any coil 
may be regarded as subjected to torsion only. 
Then, by using equation (33), the potential 
energy of the spring will be 
Docla Pht or lin 
eG = aw aad ir 

2G 39 
in which n denotes the number of coils. 
Equating (a) to the work done by the force P 
in extending the spring, the following equation yg. 38-—Close coil 


U 


(a) 


ed helical 


‘is obtained: spring in tension. 
Po _ P?R?-2nRn 
DO 5 set rita 
AED 
from which 
64nPR3 ; 
= Og e (35) 


This formula can be used in the approximate calculation of the stiffness 
of a helical spring.* 


Example 23.—A conical spring (Fig. 39) is submitted to the action of axial 
forces P. Determine the safe magnitude of P if the working stress (p:)max = 
45,000 lbs. per sq. inch; the diameter of the cross-section, d = 1 in.; the radius of 
the cone at the top of the spring, 71 = 2 in.; and at the bottom, rz = 8 in. Deter- 


* Experimental work on extension of helical springs: see Zacharias, Mitteil- 
ungen tiber Forschungsarbeiten, #106 (Berlin). 
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mine the extension of the spring if the number of coils = 7 and the horizontal pro- 
jection of the center line of the spring is a spiral given by the equation 
(To = 71)0. 

20n 

Solution.—For any point A of the spring 
determined by the magnitude of the angle 6, the 
distance from the axis of the spring is 


i (rz — 11)0 
p ta le Don 
and the corresponding torque moment 


Vigne P(r + ee a) 


2rn 


Di ya 


The maximum torque moment, at 9 = 27n, is 
Pr,. Using equation (31), the safe limit for P 
will be determined by the equation 
16Pr 
(Pt) w = ae 
a2 2 from which 
_ 45,000 X r 
~16xX8 
In calculating the extension of the spring the 
expression for the potential energy of deforma- 
tion will be used. The length of an element of 


the spring is 
coke E = (8 Va. 
TIL 


The potential energy of deformation of this ele- 
ment is 


= 1,100 lbs. 


I Me *ds 16P2 (72 — 71)0 3 
Fie. 39. esas 2GT» = Gal” 27rn | ~ 


Now the extension of the spring 6 will be determined by the equation 


P5 ¥ 2an a 2rn16P2 (%2 5 — 71)0 
2 =f, dU = iF @ man ca orn nu: a 


16P (72? +r2)l 


Gd 


from which 
16Pn 


o = tase 


2+ r)(r2 +71) = 


in which 


PS oe ae 


and denotes the length of the spring. 


When 7 = 7, the result obtained is the same as that of equation (35). 


10. Shafts of Non-circular Cross-section.—When non-circular 
shafts are subjected to twist, cross-sections originally plane become 
distorted and the stress distribution can not be obtained in an elemen- 
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390 


tary way.* In such cases, however, the fundamental equations of 
elasticity must be used. Some numerical results obtained from such 


are given below. 


Rectangular Cross-section.—It can be shown that, due to distortion 


of the cross-section, the maximum shear occurs at 
the midpoint of the faces of the bar; and at points 
on the corners the stress becomes zero. Let Fig. 40 
represent the cross-section of the bar, then the 
maximum stress will occur at points m-m in the 


middle of the larger sides. The magnitude of (p14) max 
can be calculated from equation 


in which a denotes a constant depending on the 


a ls 
(;) ax = BE (36) 


magnitude of the ratio b/c. A few values of this Fra. 40.—A shaft of 


constant are given in Table II. Sufficiently accur- 


rectangular cross 
section. 


ate results can also be obtained by using the 
approximate relation 


M,(38b + 1.8¢ 
(0D) mas = Mi b2c2 ) 


Tasue IIl.—Tasie or ConsTANTS FOR RECTANGULAR Cross SECTIONS 


Wie = 1 Lior 175 2 2.50 3 4 10 © 
OF S26 ieee ae eee 208menzolee 200) 246702208 9.267. W282) 9-312) 3385 
SVM PN Me ie iat s)-oile Vol clre + < 141 (196 .214 2229 .249 2.263 .281 .312 .3338 
The angle of twist can be obtained from the equation 
Mi 
= 37 
vs yGbe° (37) 


(Pt )max 
2 


m 


in which / denotes the length of the shaft 
and y a constant depending on the mag- 
nitude of the ratio b/c. Numerical values 
of this factor are given in Table II. 
Elliptical Cross-section.—In the case 
of elliptical cross-sections the maximum 
stress occurs at the ends of the minor 
axis m-m (Fig. 41). Along the principal 


Fia. 41.—A shaft of elliptical cross axes of the ellipse the shearing stresses 


section. 


are perpendicular to these axes and vary 


* General solution of this problem belongs to St. Venant. An account of 
his work will be found in Todhunter and Pearson’s “History of the Theory of 


Elasticity,”’ p. 312. 


For new literature on the subject, see paper of Th. Péschl, 


Zeitsch. f. Angew. Math., Vol. 1, p. 312, 1921. 
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corresponding to a linear law as shown in the figure. The magnitude 
of (p,)max is determined by the equation 

2M, 
mab? 


(D1) max = (38) 

In the case of a = b, this equation becomes the well known expression 

for circular shafts. The angle of twist of elliptical shafts is determined 
from the equation 

_ 4n?M Ul, 

sommes CP cau 


(39) 


in which A = zab is the area, and 
mab® , mrba* 
a 
is the polar moment of inertia of the cross-section. 
Other Forms of Cross-sections.—In all the cases considered above, 
the angle of twist can be represented by the expression 
_ Mil 
G1 aa ey 
where the magnitude of C depends on the dimensions of the cross- 
section and is proportional to the modulus of rigidityG. The quantity 
C is called the torsional rigidity of the shaft. In the case of elliptical 
sections, 


Ip = 


(40) 


nels 

~ Ar, 

S. Venant, who gave solutions for various shapes of cross-sections, 

observed that formula (41) could be used as an approximate formula 

for all cases of solid shafts. In other words, that the angle of twist 

for a solid shaft is approximately equal in magnitude to that for an 

elliptical shaft of the same cross-sectional area and the same polar 

moment of inertia. Applying this reasoning, and taking, for instance, 
a square cross-section in which 


(41) 


at 
A-= a then 1, = ro 
From (41), 
Ga‘ 
Y= = hog 
J > Ae 94 TQ . 
6.58 
Then the same quantity, calculated from Table II, for a rectangular 
cross-section would be 


C = yGat = .141Ga', 
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or the error for the approximation would be about 7.8%. For a 
rectangular section, the ratio of sides being equal to 2, the same 
approximate formula gives an error equal to 6.1%. For cross- 
sections such as I beams, the same approximate method can be 
applied in calculating the angles of twist. A more accurate solution 
of the same problem will be shown below. * 

11. Torsion of Circular Shafts of Variable Cross-section.—Graphi- 
cal Solution.—A general solution of the problem shows} that in the 
case where the diameter is not constant, cross-sections originally 
plane remain so after twisting, but the radii of these sections become 


M -lines @-lines 


Fig. 42.—Circular shaft of variable cross section. 


curved and the stresses are no longer proportional to the distance from 
the axis of the shaft. ; 

Solutions so far obtained for a shaft of conical formf and for one 
having the form of a paraboloid of revolution$ show that the simple 
formula for maximum stress obtained above for a shaft having a con- 
stant circular section, is accurate enough for the cases of variable 
section, provided the change in section is not too rapid. In the case 


* Experimental investigation of torsional rigidity of I beams, see A. Foeppl, 
Sitzungsber. d. Bayerischen Akademie d. Wissenschaften, p. 295, 1921. 

+ General solution of the problem belongs to I. H. Michell, Proc. London 
Mathem. Soc. Vol. 31 (1899). In practice the most important case is that of 
torsion of a shaft consisting of two cylindrical parts of different radii. This case 
was considered first by A. Foeppl, see Technische Mechanik Vol. 5, p. 177, 1907. 
The literature on this subject is compiled in an article by Th. Poeschl, Zeitschr. f. 
Angew. Mathem. u. Mechanik, Vol. 2, p. 137, 1922 (Berlin). 

t See the book of A. Foeppl mentioned above. 

§ A. Dinnik, Bulletin of the Polytechnical Inst. in Novotsherkassk, 1912, Russia. 
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of sharp variation of cross-section, high concentration of stresses may 
occur in places, special consideration of such local stresses in these 
regions becoming necessary. The case of a shaft consisting of two 
portions of different radii, a type of construction widely used in service, 
will now be considered. Let Fig. 42 represent the axial section of the 
shaft, r and R denoting the radii of the two sections. 

In solving the problem an approximate method will be applied.* 
Consider first any section m,n, at a considerable distance from the 
section mn where the sharp variation occurs. The stresses in the 
section mn, can be obtained by using formulae for the cylindrical 
shaft previously considered. The shearing stress at any point of the 
cross-section distant a from the axis of the shaft will be given by 


vie ee (a) 
where 
2M 
(p:) max = Re (b) 


The direction of this stress along an axial section will be parallel to the 
axis of the shaft. 

Imagine now a cylindrical surface of any radius a concentric with 
the shaft. It can be concluded from the equation (d) page 28 that the 
moment M, transmitted by the part of the shaft within this surface 
will be 


a 4 
M. = M5) (©) 
Dividing the torque moment in n equal parts and substituting in (c) 
Me = 1 M,,M, = 2M, and so on 
n n 


the shaft can be divided into concentric cylindrical shells transmitting 
equal parts of the torque moment M,;. Some corresponding lines of 
division in axial sections are shown in Fig. 42. In the following 
these lines will be called lines of constant, M, or M-lines. Let AM 
denote the torque moment transmitted by every cylindrical shell and 
Aa the variable thickness of shells, then by differentiation of (c), 
Ri 

a (d) 
or using (a) and (b) 
—— = 2ra*p, (e) 


* This method was developed by F. A. Willers, Zeitschr. f. Mathem. u. Phys. 
Vol. 55, p. 225, 1907. 
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From these results it is seen that the system of M-lines shows how 
the stress distribution varies over an axial section of the shaft, namely: 
(1) the direction of lines coincides with the direction of stress in points 
of these lines; (2) the magnitude of stress is determined by the distance 
Aa between the consecutive M-lines, because, as it is seen from (e), 
the quantity ap, is inversely proportional to the distance Aa between 
the M-lines. 

The angle of twist of any cross-section mn; at a considerable dis- 
tance from the section mn is 
2M a 
GrR* (f) 


in which x denotes the distance of myn; from a reference cross-section 
mon, of the shaft. Dividing the angle of twist ¢ in equal parts A@ 
and tracing the corresponding cross-sections, the system of lines ¢ = 
constant will be obtained. The distances between these lines, as 
calculated from (f), are 


oi 


Reger Ages (h) 


Some of these lines are shown in Fig. 42. An orthogonal system of M 
and ¢-lines divides the longitudinal section of the shaft into small 
rectangles with the ratio of sides equal to 

Aa RA mRIG AM, 1 

ae “Me gipas*4* OM, ~ AG Ina%G (s) 

In the same manner the feces system of M and ¢-lines can 

be traced on the part of the shaft of radius r. Retaining for AM, and 
A@ the same values as above and denoting by a; the distances of 
M-lines from the axis of the shaft and by 2, distances along the shaft 
measured from a reference section on the left hand side of shaft, the 
following equations will be obtained from (c), (d), and (h): 


Lee 
ewe 
ce art pee eee 
oer “4M ,a,3 R 
Grr* rs 


The longitudinal section of the left part of the shaft will be divided 
into small rectangles with the ratio of sides equal to 

Aa, Ay AM, 1 

Ax, oa Ad 27a°G 


cross-section mn is devised. 
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Near the cross-section mn, the M and ¢-lines become curvilinear, but 
remain orthogonal and retain the properties stated above;* which 
properties may be summed: 


1. The tangent to the curved M-line at any point gives the direc- 
tion of the stress p; at this point. ; 
2. The distance between two consecutive M-lines is inversely 


proportional to a2p,, where a, as before, denotes the distance of the 
point considered from the axis of the shaft. 


Aa, 


| 

| 

| 

| 

| 
nfe-=--—- 


see a : AE 


3. All points on the same ¢-line move through the same angle 
during twist. 


4, An orthogonal system of M and ¢-lines divides the axial section 
of the shaft in curvilinear rectangles having the side-ratio given by (g). 
By using this data a method for tracing the M and ¢-lines near the 

In the first place the straight M lines in 

both cylindrical parts of the shaft must be drawn as explained above. 
Then the corresponding rectilinear parts of the M-lines must be drawn 
properly connected by continuous curves. 


In such manner a first 
* See paper by F. A. Willers, mentioned above. 
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approximation for M-lines is obtained. It may be very approximate, 
but by using it together with equation (g) further corrections can be 
obtained as follows: Orthogonal to the M-lines, obtained as explained 
above, the two curves ss and s,s; and the middle curve mn between 
them must be traced as shown in Fig. 43. Now proceeding along mn 
the torque moment M, corresponding to any radial distance a can be 
calculated by using equation (g). This equation gives 


A= 2marGAg no (k) 


The quantities Aa and Az represent distances between the middle 
points of opposite sides of the curvilinear rectangles bounded by ss, 
8,8,, and the M-lines. These quantities are to be taken from the draw- 
ing as shown in Fig. 43. Along the mn line Ad remains constant: a 
represents the distances from the axis of the shaft. 

In the table below all these quantities for points 1, . . . 6, in 
Fig. 43 are given. The units for the measurements may be taken 
arbitrarily. In the case under consideration the unit length in 
measuring a@ was taken equal to 54g inch. In measuring Aa and Ax 
the unit length was equal to 1409 inch. 


1 2 3 4 5 6 
CL eta cone a CEE ere 3.98 4.91 5.90 6.50 6.92 7.13 
NG) Sy axe eee aaa WE 32. 37. 25. 23. 21. 
Nn asite veces | OO 44.0 44.0 48.0 52.5 55.0 
Ome cae seco O8.0 LIS. 205. 275. 331. 062. 
CE NG a Reyne ea ey 1.40 2.68 4.66 5.72 6.30 6.58 


a ae 
Wo = C — da 
(0) Ax 
in which c¢ is a constant. 


In Fig. 44 the quantity a*/Az is represented graphically as a func- 
tion of distance measured along the mn curve. Then the increasing 
of M, along the mn curve can be obtained graphically as the integral 
of the curve a*/Az. 

This is shown drawn in Fig. 44 as follows: The a’/Az curve 
is replaced by the line 1, 2, 3, 4, 5, 6, 7 in such a manner that the 
cross-hatched areas on both sides of verticals 1-2, 3-4 and 5-6 are equal. 
Considering 1-2, 3-4 and 5-6 as forces and taking arbitrary length H, 
as pole-distance, the funicular polygon obcde was obtained. It is 
easy to see that the sides of this polygon must be tangent to the integral 
eurve of the a3/Azx curve at points e, g, f, 0. Now the integral curve 
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desired can be traced through these points. The end ordinate ek 
of the curve obtained represents, to some scale, the complete torque 
moment M,. Dividing this ordinate in parts, as shown in Fig. 44, 
it is easy to locate on the integral curve the points corresponding to 
8M, .6M,,.4M,,.2M,and.1M,. The abscissae of these points give the 
second approximation for the distances Aa, . . . Ade. 

In Fig. 43 the first approximation for the M-lines is shown with 
dotted lines and the second approximation with full lines. It is seen 
that in the second approximation only the distances Aaz and Aa; are 
somewhat changed. Performing similar calculations as described 
above for a number of ¢ curves, enough points can be obtained for 
tracing the second approximation of M-lines. Further approxima- 


tion, if necessary, can be obtained by proceeding with the second 
approximation in the same manner as explained above. The diminish- 
ing of distances Aa near the fillets indicates at once the concentration of 
stresses in this portion of the shaft. A first approximation for these 
local stresses near the fillet can be obtained by measuring distances 
Aa and using equation (e). Further approximations can be calculated 
numerically. * 

Numerical Results —Some results obtained in this manner and 
having a practical application are given below. The maximum 
shearing stress (p;)max in the region of the fillet, Fig. 42, is a function 
of the two quantities: r/R and p/r in which p denotes the radius of 
the’ fillet. The curve in Fig. 45 represents (p;)max calculated for 
r/R = 34 and for p/r varying in the limits 0.05 — 0.25. The stress 


* The method of calculation is shown in the paper of Willers mentioned above. 
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(p.)o calculated for the cylindrical shaft of radius r by using equation 
(31) is given in the same figure. It is easy to see that stress concentra- 
tion increases with the decrease of p/r. For p/r = .25, (p:)max: 
(p:)o = 1.25; and for p/r = 0.05, the same ratio is equal to approxi- 


(Pt)max 


mS: 
A 


Wis 


Fig. 45.—Stress concentration produced by Fic. 46.—Stress concentration pro- 


fillets for the case - = :. duced by fillets for the case © = ily. 


mately 2. The theoretical investigation shows that by further 
diminishing of p/r, (p.)max increases in proportion 1/~/p; and if p = 0, 
it becomes theoretically equal to infinity. The curve in Fig. 46 


Ratio p/r is taken here equal 


represents ():)max aS a function of 


( Dignan 


(Pro 


Fig. 47.—Stress concentration produced by fillets for the case p = 44 (R — 1). 


to .10. It is seen that the stress concentration increases with the 


; ; US Sg eT 
increasing of aes For 


R-r 


= .8, the coefficient of concentration 


is about 1.75, For = .2, the same coefficient is about 1.50. 
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In Fig. 47 values of (p.)max are given for p = }3(R —r). It is 
seen that if wee is constant, only small variations of ratio eee 
take place. 

In Fig. 48 the coefficients of stress concentration produced by a 
groove of semi-circular cross-section (Fig. 49) are given. (p:)max 
occurs in points a. This stress increases with decreasing of the ratio 


R/p. 


(GD) Pray 


on 5 oe ee ee 
wT eo ae 20 40 5 
Fig. 48.—Stress concentration produced by a Fic. 49.—A groove of a semi-cir- 
groove of semi-circular cross section. — cular cross section. 


12. Hydrodynamical Analogy.—General Consideration.—The tor- 
sion problem of cylindrical bars is mathematically identical to that 
of the motion of a frictionless fluid moving with uniform angular 
velocity inside a cylindrical shell having the same cross-section as the 
bar. The velocity of the circulating fluid at any point is taken as 
representing the shearing stress at that point of the cross-section of 
the bar when twisted. By using this analogy, certain conclusions on 
the stress-distribution after twisting can be easily obtained. 

In the case of a circular cross-section, the velocity of the fluid mov- 
ing with uniform angular velocity will be proportional to the distance 
from the center of the circle. This is in complete agreement with the 
stress-distribution for a circular shaft. In the case of an elliptical 
cross-section, the velocities of the circulating fluid at points on the 
minor axis must be greater than those at corresponding points on the 
major axis. This follows at once if the fact be taken into consideration 
that the quantities of fluid passing axial sections of the elliptical shell 
in unit time must be equal. The region of greater velocities for the 
case of the fluid will correspond to the region of the greater stresses 
in the case of the twisted elliptical shaft. 


TORSION 43 


Analogous conclusions can be made in the case of a rectangular 
cross-section, in which maximum stresses must be expected in the 
middle points of the larger sides (Fig. 40). At a corner of the section 
the velocity of the circulating fluid becomes equal to zero. This 
indicates that, when twisted, the tangential stresses at the corners of 
rectangular bars become equal to zero. 

Longitudinal Holes and Grooves.*—The result of boring a small hole 
in a shaft of circular section (Fig. 50) will be to modify the velocity 
system in that neighborhood in the same way as 
a solid cylinder changes the velocities in the stream 
flowing past it. The velocities at the front and 
rear points m and n are reduced to zero, while those 
at the side points m; and n; are doubled. A hole of 
this kind therefore doubles the maximum stress in 
the portion of the shaft where it is located. If 
there is a semi-circular groove on the surface par- ¢ ee ee os 

‘rentration produced 
allel to the length of the shaft (Fig. 50) the effect by circular holes and 
will be the same, in that the shear in the neighbor- “°°""” 
hood of the point n may be nearly twice the shearing stress calculated 
for the points on the surface of a shaft without the groove. 

In the case of a hole of elliptical cross-section or of a groove of 
semi-elliptical cross-section, the same hydrodynamical analogy can be 

used. If v denotes the velocity of the stream, 


n_______ then the velocity at points m-m is zero (Fig. 51), 
4] while at points n-n it is equal to 
a 
: dl oa +5) (@) 


- mm 
| It is seen that the maximum stress produced in 
| this case depends on the magnitude of the ratio 

ms : a/b. The weakening effect of an elliptical hole 

-»-+ will be greater when the major axis of the ellipse 

extends in a radial direction than when this axis 

runs circumferentially in direction. The same 
equation (a) can be used also in the case of a semi-elliptical groove on 
the surface parallel to the axis of the shaft. 

In the case of a keyway with sharp corners (Fig. 52), the velocity 
of the fluid at the corner projecting outwards (points m-m) vanishes 
and therefore the shearing stress in the corresponding torsion problem 
will be equal to zero at [such corners. At points n-n, vertices of 

* Larmour, Phil. Mag. Vol. 33, p. 76, 1892. 


Fic. 51.—Elliptical hole. 
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reentrant angles, the velocity of the circulating fluid becomes theoreti- 

cally infinite. In the corresponding torsion problem the shearing 

stresses become also infinite at points n-n, i.e., a small torque moment 

will produce permanent'set at these points. This concentration of stress 
can be decreased by rounding the corners n-n. 

m From the experiments made,* by using the mem- 
brane-method, (explained, paragraph 13, page 44) the 
coefficients k of stress concentration, given in Table 
III, were obtained. The dimensions of the shaft were: 
outside diameter of shaft 10 in.; inside diameter 5.8 
in.; depth of keyway 1.0 in.; width of keyway 2.5 in.; 

Fig. 52.Stress_ padius of fillet in corner of keyway,ininches = p. The 
concentration pro- E . 
duced by keyways. Maximum stress at the rounded corner will be obtained 

by multiplying the maximum stress in a similar 
shaft without keyway by the corresponding coefficient of stress 
concentration. 


TasLE III.—Strress ConcENTRATION CONSTANTS FOR KEYWAYS 


OMNI CHES tReet ace a a 2S 4 ‘5 6 =e 


| Des covet O oni eiers Cee te OES 3.4 eT 2.3 Pail 2.0 Teo 


In all the cases considered above, the high stresses obtained were of a 
‘local’ character. They decreased rapidly with increase of distance 
from the overstressed points. 

In a static test of such shafts, the weakening effect of grooves and 
cavities may remain unnoticed provided the material of the shaft is 
ductile enough. Different results, however, may be expected, for 
dynamic conditions, when the twisting moment, due to vibrations, 
passes through a large number of cycles per second. Under such 
conditions the fatigue of material at these overstressed portions of 
the shaft may take place, and as a result a gradual development of 
cracks may begin,t which will ultimately lead to failure. 

13. Membrane Analogy.—General Consideration.—Let a homogene- 
ous membrane with outlines similar to the cross section of the torsional 
member, be stretched at the edges with a uniform tension of p pounds 

*See “The Mechanical Properties of Fluids 
1924, D. Van Nostrand Co. 


} Some experimental work in this field was done at the National Physical 
Laboratory, Middlesex, England. 


A Collective Work,” p. 245, 
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per unitlength. If the membrane be subjected to a uniform pressure of 
amount q per unit of area, it will undergo a small deflection, and if 

1 = 26 a (a) 
the equation of equilibrium of the membrane will coincide with that 
of the torsion problem.* This makes it possible to study the stress- 
distribution of shear over the cross-section, in an experimental manner. 

If the curved surface of the deflected membrane be represented by 
its contour-lines the following relations of these lines to the stress 
distribution due to twist can be stated: 

1. The tangent to any contour-line at any point of the membrane 
gives the direction of the shearing stress at the corresponding point 
in the cross-section of the twisted bar. 

2. The slope of the surface of the membrane with respect to the 
plane of its edges at any point gives the magnitude of shearing stress 
at the corresponding point in the twisted bar. 

3. Twice the volume included between the surface of the deflected 
membrane and the plane of its outline is equal 
to the torque moment of the twisted bar. 

On the basis of these statements, certain con- 
clusions regarding the stress-distribution during 
torsion can be easily obtained. Taking for 
instance, a rectangular cross-section, the corre- 
sponding surface of the deflected membrane is 
represented by its contour-lines in Fig. 53. 

1. It is easy to see that the slope of the mem- 
brane at any point on section om will be greater 
than that at a point on the same contour line in 
section on. This indicates that at twist the 
shearing stresses at points on the axis om will ae eee 
be greater than that at corresponding points on cross section. 
the axis on. 

2. The maximum stress, corresponding to maximum slope will act 
at points m-m. 

3. At the corners a, b, c, d, where the surface of the membrane 
coincides with the plane of the contour abcd, the slope of this surface 
becomes equal to zero. This indicates that at these points the shear- 
ing stress is equal to zero. 


* This analogy was developed by L. Prandtl, see Phys. Zeitschr. p. 758 (1903). 
Jahresberichte d. Deutsch. Math. Ver. Vol. 13, p. 31, 1904. See also author’s 
paper Proc. London Math. Soc., Ser. 2., Vol. 20, p. 389, 1921. 
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In his experiments, L. Prandtl used, instead of a membrane, a soap 
film, and measured the slope of the surface by an optical method.* 

Narrow Rectangular Cross-section—By using the membrane 
analogy the stress-distribution for this case can be easily obtained. 
Neglecting the effect of the short sides of the rectangle it 
can be assumed that the sectional outline of the 
surface of the uniformly loaded membrane is parabolic 
(Fig. 54). By this assumption the maximum deflec- 
tion of the membrane can be calculated from the known 
equation for a uniformly loaded flexible cord: 


mis 
iy Ss 8p (b) 
From (a) and (b), 
: 4 c dx (c) 


The volume of the parabolic cylinder formed by 


Fic. 54.—Mem- deflection surface of the membrane will be 
brane analogy for 


,, Ol]=< 3 
a narrow rectangu Ve 2 sch = be’G de (d) 


lar cross section. 3 6 dz 


The slope at points m-m for a parabola is 
46 dd 
A = 6G te (e) 
Now, by using the membrane analogy, the following formulae for 
torque moment and maximum stress will be obtained: 


bc? . dd 
/ =— in eas 
M, = 21 3 G ae (42) 
__,de _ 3M, 
(piles = leer i, “bc? (43) 


These results are in complete agreement with equations (36) and 
(37) page 33 where a and @ of these equations equal 1. 

From the membrane analogy, it also follows that for the case of a 
slotted thin tube (Fig. 55), the equations (42) and (48) can be used, 
substituting 27R for b in equations (42) and (43). Then 


Mya carege® 
3 x 


d 
: _ 3 M, 
(Oy) mies a on Re (44) 


*See Anthes, Dinglers Polyt. Journal, p. 342, 1906. Further development 
of this method was done by A. A. Griffith and G. T. Taylor, London Engineering, 
Vol. 104, 1917. 
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The same membrane analogy shows that in such cases as are repre- 
sented in Fig. 56, the torsional rigidity of the bars can be calculated by 
dividing the cross-sections into component narrow rectangles as 
shown in the figure and applying to these rectangles equation (42). 
Summing the results obtained in this manner for these rectangles, the 
torsional rigidities for the complete sections of Fig. 56 can be obtained. 


e 
Ne (9) e 
(a) (b) (c) 


Fig. 55.—A split circular tube. Fig. 56. 


The maximum stress in such cases usually will occur at the re-entrant 
angles, such as at 0 in Fig. 56 (b). This stress can be represented by 
the equation * ( 

(a) max = 1.74 RE “CG ae (45) 
in which c/p is the ratio of the thickness of the section to the radius 
of the fillet. Comparing (45) and (438) it is seen that the quantity 


174,|¢ represents in this case the coefficient of stress concentration. 


Tubular Sections.j—In applying the 
membrane analogy to the cases of tubular 
sections it is only necessary to imagine 
that the outer and inner boundaries of 
the section are located in different hori- 
zontal planes and that the membrane 
connects the boundaries as at n-m. The 
planes mm and nn are considered as rigid 
(Fig. 57). If the thickness of the tube 
is small the curvature of the membrane 
can be neglected and the slope of its sur- pig, 57—Membrane analogy for 
face assumed constant over the thickness the case of a circular tube, 
of the wall. In this case the shearing 

*See E. Trefftz, Zeitschr. f. Angew. Math. u. Mech., Vol. 2, p. 263, 1922, 

+ R. Bredt, Zeitschr. d. Ver. Deutsch. Ing., p. 815, 1896. 

H. Lorenz, Technische Elasticitdts-lehre, p. 98, 1913, 
J. Prescott, Phil. Mag., Vol. 60, 1920, 
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stress becomes constant over the cross-section of the tube and is given 
by the equation 


(f) 


in which ¢ = thickness of the wall, and 6 = the difference in the 
levels of the two contours. The volume included between the planes 
m-m, n-n, and the surface of the membrane is 

V = ah76 
By using equation (f), the following equation for calculating torque 


moment is obtained: 
M, = 2V- = 2rck?p, 
from which 


Comparing this with equation (44) it can 
be concluded that a longitudinal slot in 
a thin circular tube produces increase of 
stress in the ratio 3R/c. 

The same method can be used in the 
case of a tube of rectangular section (Fig. 
58). In this case shearing stresses for 
thicknesses c; and ce of the wall will 
become : 


6 
 — ise eS 
jOe = Cs Diy =e, 
so that 
Fig. 58.—Membrane analogy for ‘3 CCAS 
the case of a rectangular tubular Pt H re 
section. The magnitude of the torque moment 
will be 
M, = 2V = 2a@28 = Qayaecip'; 
so that, 
C2 M, 
Dp: = p= (46) 


C1 2a102C1 
In calculating the angle of twist the expression for the potential 
energy of deformation can be applied. The potential energy at shear 
per unit volume is p,2/2G; therefore, the potential energy of the twisted 
rectangular tube will be 
pl? 
U=- Co 


in which J = the length of the tube. 


pe ee Ml é 1 : 
aeil + G areal 4G \aya2*ey aaze) 
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The angle of twist will be determined by the equation 


Midi _ 
Sra U 
from which 
_ Mil il 1 
~ $1 ia alas at ai) (47) 


The examples given above emphasize the importance of the 
hydrodynamical and membrane analogies in the solution of technical 
problems of twist. Their use enables us to obtain a picture of stress 
distribution in such regions where analysis alone would be impossible. 


CHAPTER III 
STRESSES IN BEAMS 


14. Pure Bending.—Simplest Case.—A prismatical bar under the 
action of equal and opposite couples at its ends is said to undergo pure 
bending (Fig. 59). Considering the simplest case, where the bar 
has a longitudinal plane of symmetry and the external couples are 
acting in this plane, it is easy to see that bending will take place in 
this same plane. The solution of the problem for stress distribution 
and deflection of the bar can be obtained on the assumption that 
transverse sections of the bar originally plane, after bending, remain 
plane and normal to the longitudinal fibres. Thus the cross-sections © 


Cross-Sections 


Before bending After bending 


Fiag. 59.—Pure bending. 


mm and rr become, after bending, inclined one to the other. The 
longitudinal fibres on the convex side suffer extension and on the con- 
cave side—compression. The line nn represents the layer of fibres 
which does not undergo deformation at bending. This layer is called 
the neutral surface and its intersection with any cross-section is called 
the neutral axis. x 
Let: 


l = length of beam. 


b = width of rectangular beam. 
h = depth of beam. 
p = radius of curvature of beam. 


50 
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ZI = moment of inertia of cross section about the neutral axis. 
S = section modulus. 

y = distance of elementary area from neutral axis. 

E = modulus of elasticity. 

E = Poisson’s ratio. 

m 


_ p = normal stress (tension or compression). 
p. = shearing stress. 
é = unit elongation. 
M = bending moment. 
Q = shearing force. 
q = uniformly distributed load per unit length. 

Drawing ns, parallel to ns, (Fig. 59) the elongation ss, of any fibre ss, 
distant y from the neutral surface, is obtained. From the similarity 
of triangles mss; and onn an expression for the unit elongation of the 
fibre ss can be written as follows: 


Se le 
, gee Naaae (a) 
in which p denotes the radius of curvature of the bent bar. 

The strain in the fibres in a longitudinal direction is accompanied 
by a lateral deformation. Due to this, the shape of all cross-sections 
undergoes some change. For instance, a rectangular cross-section 
such as Fig. 59 (b) assumes, after bending, the form shown in Fig. 
59 (c). From experiments made it has been shown that the lateral 
expansion and contraction have the same ratio to the longitudinal 
strain of the fibres as in the case of simple tension. Therefore the 
stresses can be calculated, from (a), as follows: 

= <1 (b) 
: p 
The position of the neutral surface and the radius of curvature can be 
calculated from the condition that the stresses distributed over any 
cross-section of the bar must give rise to a reszsting couple balancing 
the external couple M. 

Let dA denote the elementary area of a cross-section distant y 

from the neutral axis, then from the condition mentioned above, 


‘fe = 0 (c) 
p 


fu Sl ae (d) 
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It follows at once from (c) that the neutral axis passes through the 
center of gravity of the section. From (d) the following equation 


for the curvature is obtained: 
1 M 
p EI a 
In this expression, J = if y°dA represents the moment of inertia of the 
cross-sectional area about the neutral axis. 
Substituting equation (48) in (b), the following equation for stresses 


is obtained: 


5 (49) 


The extreme values of p occur at points farthest removed from the 
neutral axis. When these points are equally distant from the neutral 
axis, and h denotes the height of the cross-section, the following 
extreme intensities of tensile and compressive stresses can be obtained: 


Mh M 


Ptensile = Pcomp. = ay = Ss (50) 
where : 
2 
poly (51) 
is called the section modulus. , 
M 
(c Sy Cross-Section 
a a Z 
(a) (b) 
Y 


Fria. 60.—Bending of thin strip. 


Bending of Thin Strips.—In the case of bending of a thin strip 
(Fig. 60) the lateral strain takes place only near the edges (Fig. 60 (b)). 


Vi" an 
\—$ rr TP ath tig hat iiimiifdaiova rom 


3 lo 


Fiag. 61.—Combined stress in a thin strip due to bending. 


The middle part of the strip (such as shown by a-a in the cross-section 
view Fig. 60 (b)) becomes bent into a cylindrical form the axis of which 
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is parallel to the Z axis. The state of stress of any longitudinal fibre 
distant y from the neutral axis will be, due to the prevention of lateral 
contraction, as shown in Fig. 61. The equation (b) page 51 will 
then be modified (see equation (10a) page 12, and discussion) such that 


Ey 


mien) 


i.e., the rigidity of the strip, due to the deflection into a cylindrical 
surface, increases in the ratio 


This correction must be taken into consideration when calculating 
the modulus of elasticity from experiments on the bending of strips. * 

General Case.—All the results obtained above for the case of a 
symmetrical beam hold also for unsymmetrical cross-sections. It is 
only necessary that the plane of external couples M (Fig. 59) contains 
one of the two principal axes of inertia Y and Z of the cross-section. 
These two planes XY and XZ will, in all future considerations, be called 
principal planes of flecure; the corresponding quantities HJ, and ET, 
will be called principal flexural rigidities of the beam. When the plane 
of the couples is inclined to the principal planes of the beam, the 
couples can be resolved into component couples acting in the principal 
planes. The deflection and stresses produced by these components 
can be obtained as explained above. By adding these deflections 
vectorially, the pure bending problem for a general case may be solved. 

Potential Energy Due to Pure Bending.—The couples M (Fig. 59) 
produce work during bending, which will be transformed into potential 
energy. Let U be the amount of this stored energy in the bent beam 
and denoting by @ the angle of rotation of one end of the beam in rela- 
tion to the other, then the following equation for the work done by the 
couples is obtained: 


M 
a 


If J denotes the length of the beam, then 
_!)_ Mi 
Sepa ot He 


* See author’s paper in Mechanical Engineering, p. 259, 1923. 
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and the expression for the potential energy produced by bending will 
be | 
rS M?l 
U = oR 
Bending beyond the Elastic Limit.—If bending is continued beyond 
the proportional limit, the stresses in the longitudinal fibres will no 
longer be proportional to the longitudinal strains and the distribution 
of stress will not be as given by equation (49). Experimental data 
so far obtained* shows, however, that in bending beyond the elastic 
limit, the assumption that plane sections remain plane is approximately 
true. Therefore the strains of longitudinal fibres will be proportional 
to the distances from the neutral axis and the normal stresses will 
vary from the neutral axis to the extreme fibres as in the stress-strain 
diagram for direct stress. If 
these diagrams can be ex- 
pressed analytically the posi- 
tion of the neutral axis and 
the bending moment corre- 
sponding to a given value of 
curvature 1/p can be calcu- 
lated from equations (c) and 
Fig. 62.—Stress distribution beyond propor- (qd) page 51. The simplest 
ee case will be that of a rectangu- 
lar beam, the material of which has the same form of diagram for 
tension and compression. For such, the neutral axis will continue 
to pass through the centre of gravity of the cross-section, the distribu- 
tion of tension and compression Deing symmetrical, but the intensity 
of stress will not be proportional to the distance from the neutral! surface 
(Fig. 62). For a given magnitude of curvature, i.e., for a given extreme 
extension and compression, equal to h/2p, the corresponding maximum 
tension and compression can be easily found from tensile and com- 
pressive test diagrams.t These diagrams give the curve ros of stress- 
distribution over the cross-section mn. The moment of the areas mro 
and osn about the neutral axis multiplied by the width b of the cross- 
section gives the magnitude of the corresponding bending moment. 
By repeating this calculation for different values of curvature, the 


(52) 


*See Bach, Elasticitdét und Festigkeit, p. 224, 1905. 
H. Herbert, Diss. Géttingen, 1909. 
} It is assumed that the diagrams of tension and compression, similar to Fig. 
271 and Fig. 280, for the beam material are available. 
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relation between 1/p and M can be established, which must be taken 
instead of equation 48, in calculating the deflection of a beam stressed 
beyond the proportional limit. 


Example 24.—Determine the maximum stress and deflection in a locomotive 
axle if the material be steel and the following conditions be given (Fig. 63): 
1 = length between supports = 59 in. 
L = distance between center lines of W W 
springs = 86 in. 
d = diameter of axle at end of journal = 
10 in. 
W = spring borne load per journal = “ : 
26,000 Ibs. er ee 
Solution.—The transfer of weight from one journal to another under dynamic 
conditions is neglected. The reaction between the wheel and rail is considered 
as a load concentrated at the middle of the rim. If the bending moment pro- 
duced in the axle be M, then 


Ww 
M= oO (L — 1) = (26,000 13.5) lbs. ins. 


The maximum stress pmax then becomes 


M 32WL—]1) 32 X 26,000 X 138.5 : 
pmax = “9 = ond = 7X 103 = 3,580 lbs. per sq. inch. 


The deflection of the axle bent to a slight circular arc = 6 = l?/8p = 
PIM 9 15923626;000) x 13:5 < 64 : 
ee = Sa ~, = .0104 in. 

8 EI iS) DK iW) OY Xe eK OE 
Example 25.—Determine the maximum stress produced in a steel wire of 
diameter d = 145 in. when coiled round a pulley of diameter D = 20 in. 
Solution.—The maximum elongation due to bending is 


iil es 
De 32520 
and the corresponding tensile stress becomes 
30 < 105 3 
p=eH = 3220 7 47,000 lbs. per sq. inch. 


Example 26.—A steel rule having a cross-section 145 in. X 1 in. and a length 
1 = 10 in. is bent by couples at the ends into a circular are of 60°. Determine 
the maximum stress and deflection. 

Solution.—The radius of curvature p is determined from the equation, 1 = 
162rp, from which 


and the maximum stress will be given by 
_ MoE - 30 X.106 
fe Ip a2 C2010 
The deflection calculated as for a circular are will become 
= p(1 — cos 80°) = .134p = 1.28 in. 


= 49,000 Ibs. per sq. inch. 
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Example 27.—Determine the width z of a cast iron beam having the section 
as shown in Fig. 64, such that the maximum tensile stress will be one-third of 
the maximum compression stress. 


Fia. 64. 


Solution.—In order to satisfy the conditions, it is necessary for the beam to 
have dimensions such that the distance of the center of gravity from the extreme 
bottom edge will satisfy the equation 

c = 4h. (a) 
Now, referring to Fig. 64, the position of the center of gravity is calculated by 
the equation 
h t? 


Ts as (b) 


therefore from (a) and (b), : 6 
tet Ppa Lr pee = ae 

Example 28.—Determine the curvature produced in a freely supported beam 
of rectangular cross-section by non-uniform heating over the depth h of the cross- 
section. The temperature at any point distant y from the bottom of the cross- 
section of the beam being given by the equation ¢ = t + (t: — to)y/h, where 
to — t; = 45°C. and the coefficient of expansion as = 125 X 107-7. What stresses 
will be produced if the ends of the beam are clamped? 

Solution.—The difference between the unit elongation in the top and bottom 
fibres of the cross-section is a(t) — 1). Therefore the curvature due to non- 
uniform temperature distribution can be determined from the equation a(t) — ¢;) = 
h/p. The maximum stress in the case of clamped ends, 


h adh — th 125 45 5<3 , 
Pmax = 5° Eee Ss 5 Laeig 7 = 8,450 lbs. per sq. inch. 
Equivalent aoe 
Cross-Section 20 
b } 
M M 
ay 
a 
b 
(a) (b) (c) 
Fre. 65. 


Example 29.—Figure 65 (a), (b) shows arectangular beam of wood reinforced by 
a steel plate, and submitted to pure bending. Determine the ratio of maximum 


a tt 


STRESSES IN BEAMS 57 


tensile stress in steel to maximum compression stress in wood if a,:a) = 10 and 
Bigg = PAO). 

Solution.—Due to the fact that the modulus of elasticity of wood is 49 as great 
as that of steel, the wooden part of the beam in bending can be replaced by its 
equivalent in steel as shown in Fig. 65 (c). It is 
necessary Only to take the width of the equivalent 
steel part 49 as great as that of wood. In such 
a manner the problem is reduced to the considera- 
tion of bending of a steel beam of cross-section as 
shown in Fig. 65 (c). / 

Example 30.—If the neutral axis of the cross- 
section shown in Fig. 66 is OZ, the section modulus 
can be increased by cutting out the corners as 
shown in the figure. Determine the magnitude of 
shaded areas so that the section modulus will have 
a maximum value. 

Solution.—Let 1:(1 — a) denote the ratio of 
reduction in depth of the cross-section. Then 


aX(l — a)* aavV/2(1 — a)8(ax/2)* _ a4(1 — a) 
12 ; 12 12 


Fig. 66. 


I= Tie taae se 


The corresponding section modulus 


g = U(L = @)*(1 + 30)V2 
12 a(1 — a) 


From the equation dS/da = 0, it will be found a = 1. The corresponding 
section modulus will be about 5% larger than that for the square cross-section. 

Example 31.—Determine analytically and graphically the relation between the 
bending moment M and maximum strain, in a beam of rectangular cross-section, 
the material of which does not follow Hooke’s law. Assume the stress-strain 
diagrams for tension and compression have the same form, which is represented 
analytically by the equation 


9 2 
p = 15 X 108 x e@— 2% aes 


where e is an extension less than 1/1,000. 

Solution.—In this case the neutral axis goes through the center of gravity of 
the cross-section (Fig. 62). Let e) denote unit elongation and unit compression in 
most remote fibres. ‘Then the stress at any point, distant y from the neutral axis, 
will be 


2y 15 X 109 4y? 
p = 15 X 10%) 5 —— eee (a) 
The equation for determining éo will be 


h/2 h? 15 X 10° h? 4) _ 
2, poydy = 2b{ 15 X 108 e075 — 5 X ager} = 


from which 


Caer = = 
eo” — 3 108 bn215 Xx 109 


8 0 WWE Se ANS (b) 
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For all values of e) < .001 the corresponding bending moment can be easily 
obtained from (b) and the corresponding stress from (a). If eo is very small, the 
first term of the equation (b) can be neglected. Then 
= MxX6 

bh? X 15 X 108 
It will be seen that this coincides with the usual equation (50) page 52 for a 
material following Hooke’s law and having 
HE = 15 X 10° lbs: per'sq: inch: 

In the graphical solution, the stress distribution corresponding to agiven 
maximum stress value must be obtained from the tensile test diagram such as 
sor (Fig. 62). The corresponding bending moment will then be obtained by 
constructing a funicular polygon for stress distribution given by areas mor and son. 

Example 32.—Assuming the hypothesis that cross-sections during bending 
remain plane, determine the deflection and calculate the stresses produced in a 
freely supported bar of a rectangu- 
lar cross-section (Fig. 67) built up 
from nickel steel as at s and monel 
metal as at m, when uniformly 
heated. The thicknesses of both 

Detail showingeorbes materials can be taken as equal. 
acting on the sections m-m, r-r What additional stresses will be 

m r produced by clamping the ends of 
the bar? 

Solution.—The coefficient of ex- 
pansion of monel metal is greater 
than that for steel, therefore when 
heated the beam will deflect convex 
downwards. The internal stresses 
over the cross-section of the steel 
can be reduced to a tensile force Pi 
and to a couple M@,. Inthe same manner for the monel metal, the internal stresses 
can be reduced to a compressive force P, and to a couple M». The stresses over 
any cross-section of the beam must be in equilibrium; therefore, let 


€0 


s|> 


oil> 


Ere. 67. 


‘pe By = P, 
then 

Ph 

3 = M+: (a) 
Let 


radius of curvature of beam, 
temperature. 
a = coefficient of expansion. 
E.JI, = the flexural rigidity of steel, 
EmiIm = the flexural rigidity of monel metal. 
Other notation as in Fig. 67. 


p 
t 


Then M, = Esl 
p 
M, = Elm 
p 


IA OS Ide I 
Ph _ Eule , Bnd 


2 p p 


(b) 
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The curvature 1/p will be determined from the condition that on the bearing 
surface n-n, the unit elongation of monel and steel must be the same; therefore, 


ae Ue eee 1h 
SUCRE Cas eo a,b Op 
2P a ak = ( = t h 
hee eee SP os) is 
or using (b) 
4 1 1 1 h 
hb a (Balls aF Elon) & ap ae) 2 (am ae as)t ay 25 (c) 
Now 
bh3 
Ike = ies 96 
and 
Hs = aya, 
Substituting in (c), 
4.02 h h 
Ee rug cl aaa 
L_ 4 5 (am = as)t 
p h 


In the case of clamped ends this curvature will be annihilated by the end 
couples, the magnitude of which can be calculated as explained in the solution of 


example (29) page 56. 


(c) 


lane, +dM) (d) 
Q 
i 


Fig. 68.—Graphical representation of bending moment and shearing force. 


15. Bending Moment and Shearing Force.—A beam carrying a 
number of transverse loads in one of its principal planes will now be 
considered. Assuming the beam is simply supported (Fig. 68), the 
reactions R, and R, can be easily calculated from the known equations 
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of statics. In studying the stresses acting across any section mn, it 
is supposed that the left part of the beam has been removed and the 
equilibrium of the right part of the beam (Fig. 68 (b)) alone has to be 
considered. These stresses must be statically equivalent to the 
system of forces acting on the left part of the beam and can be reduced 
to a transverse force 


Q = Rk, — P; — Pe (a) 


and to a couple 
M = Rix — Pilz — G1) — Pole — ec) (b) 


Considering in the same manner the left part of the beam, (Fig. 
68 (c)), the transverse force Q and the couple M of the same magnitude 
but opposite in direction will be obtained. 

An element of the beam contained between two cross-sections 
mn and mini, distant dx apart, will be subjected to forces represented 
in Fig. 68 (d). It is seen that the couples M produce bending of the 
element and the forces Q produce shear. 

The force Q equal to the algebraic sum of the vertical forces on 
either side of the section mn is called the shearing force on this section. 

The couple M equal to the algebraic sum of the moments of the 
vertical forces on either side of the section mn is called the bending 
moment on this section. 

The directions of M and Q shown in Fig. 68 (d) will be considered 
in the future as positive. From the equilibrium of the element 
between the sections mn and myn, it follows at once that 


Pras (53) 


i.e., the shearing force at any cross-section can be obtained as the 
derivative of the bending moment acting on this section. Usually 
both shearing force and bending moment vary in magnitude along the 
axis of a loaded beam. This variation may be presented graphically 
by curves extending over the length of the beam, the ordinates of one 
of such curves representing to scale the bending moments and of the 
other the shearing forces. These are called diagrams of bending moment 
and of shearing force, respectively. Some diagrams of this kind will 
be considered in examples below. 


Example 33.—Construct diagrams of bending moment and shearing force for 
the six cases given in Fig. 69. M and Q denote diagrams of bending moment and 
shearing force respectively. 
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; ME 


Fia. 69. 
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16. Normal Stresses.—The normal stresses acting over any cross- 
section of a beam are due to the bending moment on this section and 
can be calculated by using equation (49) page 52, obtained above for 
the case of pure bending. The results obtained in such a manner 
agree with those obtained from the exact theory of bending,* provided 
the cross-section under consideration is at a considerable distance 

from the points of application of the 
Ww loads, for example, not closer than the 
depth of the largest cross-sectional dimen- 
sion. It is well to note that for the por- 
tions of the beam in close proximity to 
Vy the loads, a more complicated stress dis- 
tribution occurs. To demonstrate this 
fact, the case of a beam of narrow rec- 
tangular cross-section will now be con- 
sidered. Near to the point of application 
of a concentrated load W (Fig. 70), local 
stresses will be produced. The exact solution} of this problem shows 
that these stresses at any point A are simple compression in a radial 
direction, the magnitude of which is determined by the equation 
_ 2W cos 6 


ot r 


Fie. 70.—Local stresses in the 
region of a concentrated load. 


Pr 
in which 


t = width of the beam, 
r = the distance from the point 0, 
@ = the angle shown in the figure. 


These stresses must be combined with stresses calculated from equa- 
tion (49),t page 52. 
In the case of a uniformly loaded beam (Fig. 71), the normal stresses 


over any cross-section mn at a considerable distance from the ends are 
given by the equation$ 


GC Sy Mo hye ga 
QT TAG 3°): 


* An exact solution of this elasticity problem belongs to Saint-Venant, Journal 
de Math. (Liouville), 1856. An account of St. Venant’s famous work will be 
found in Todhunter and Pearson’s “History of the Theory of Elasticity.” 

} This solution was obtained by Flamant, ‘“ Annales des Ponts et Chaussées,” 
1893 (Paris). 

t See L. N. G. Filon, Phil. Trans. Vol. 201, A, 1903. 


§ This result was obtained by A. Mesnager; Annales des Ponts et Chaussées, 
p. 161, I, 1901. ) 


I 


Dp 


STRESSES IN BEAMS 63 


The first term on the right side of this equation represents the normal 
stresses as obtained from the equation (49). The second term repre- 
sents the correction necessary to the usual formula. It is easy to see 
that this correction for the middle part of the beam is small in com- 
parison with the first term, provided that the depth h of the beam is 
small in comparison with the length / of the beam. The discrepancy 
between the usual formula and the exact solution is due to the pressure 
between the longitudinal fibres produced by the load g. These pres- 
sures, which are neglected in an elementary consideration, decrease 
from the upper edge of the beam to the bottom and can be obtained 
from the equation 
ou 
Le ey: 7c B cal 


ify = —h/2, p, = —q/t; if y = ae Dy = 0. 


Fia. 71.—Special case of uniform load. 


It will therefore be apparent that, while in general the elementary 
equations can be applied, in exceptional cases such as mentioned above, 
the stress distribution becomes more complicated and the real picture 
of this distribution can only be obtained by the application of the 
general equations of the theory of elasticity. 

17. Shearing Stresses.—The shearing stresses acting over any 
cross-section of a beam are due to the shearing force on this section. 
General theory of distribution of these stresses belongs to Saint 
Venant.* 

In the case of a rectangular cross-section (Fig. 72) an approximate 
solution can be easily obtained on the assumption that shearing stresses 
are parallel to the shearing force Q and constant along any line ss 
parallel to the neutral axis. The vertical shearing stresses at points 

* See footnote page 62. 

} First consideration of shearing stresses at bending belongs to the Russian 
engineer, Jouravski. For the French translation of his paper see “ Annales des 
Ponts et Chaussées,” 1856. 
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on the line s-s of the cross-section are accompanied by horizontal shear- 
ing stresses of the same magnitude distributed uniformly over the 
plane cd parallel to the neutral surface. The latter shearing stresses 
can be obtained from the equation of equilibrium of the element abdc 
cut out from the beam by two cross-sections mn and m,n, and by the 
plane cd. Resolving all forces acting on the element in the X direction, 
the following equation is obtained: 


h/2 h/2 M)ydA 
-f mye — pido f 0 a 


I I 
from which the shearing stress at distance c from neutral axis is 
dM 1 h/2 Q h/2 
i ee a bw 54 
E> Sratbr ie Laid pee as 


Fia. 72.—Distribution of shearing stresses due to bending. 


It may be noted that the integral on the right side of the equation 
represents the moment of the part of the cross-section below the line 
ss about the neutral axis OZ, or in the case of a rectangular section, 


h/2 2 
on : 


i.e., the shearing stresses vary according to a parabolic law and the 
maximum shearing stress occurs at points on the neutral axis. 
Substituting (c) in (54), 


3 
Cie) mins 9 2 a (55) 
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i.e., the maximum of p, is 50% greater than the average shearing 
stress as obtained by dividing the shearing force Q, by the area of the 
cross-section. 

The exact solution of the problem shows that shearing stresses are 
not constant over the width of the cross-section. The maximum 
value of these stresses takes place in points e-e at the ends of the neutral 
axis and can be calculated from the equation 


an = «(82) 


in which a is a constant depending on the magnitude of the ratio 
b/h. Several values of this constant are given in Table IV.* It is 


Tasite IV.—Max. Suearina Stress ConsTANTs FOR RECTANGULAR SECTION 


WAG 5 Seman aeaeneee 3 a) 1 2 4 
ORNs oh Ae abe eee 1.033 1.126 1.396 1.988 


seen that in the case of a narrow rectangle, equation (54) has a high 
accuracy. 

Equation (54) is used also for approximate calculations of the 
shearing stresses on other forms of cross-sections. Applying it for 
instance to the case of a circular cross-section, the equation for maxi- 
mum shearing stress will be 

4Q 
(P:)max = SAT: 
where 7 denotes the radius of the cross-section. 

The exact solution for this case shows that the maximum shearing 
stress takes place at the center of the circle and is determined by the 
equation ft 
Q 


ar? 


(Os) max => 1.38 


thus showing that the approximate equation is accurate enough for 
practical applications. 

From equation (54), therefore, it can be concluded that the shearing 
stresses can assume importance only in cases where the cross-sections 
have the form of a very narrow rectangle or an J section with a thin 
web. For cross-sections where the width is large, the shearing 
stresses become usually small and should be taken into consideration 
only in the case of such materials as wood which sustains compara- 


* The table is taken from the author’s paper, see London Math. Soc. Proc. Ser. 
2, Vol. 20, p. 404. 
+ Poisson’s ratio is taken equal to .30. 
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tively large tensile and compressive stresses and is very weak in resist- 
ing shearing stresses along the fibres. 

Solutions obtained above for the distribution of shearing stresses 
give the true picture of this distribution only for cross-sections at 
considerable distance from points of application of loads. Near these 
points the stress distribution is more complicated. In Fig. 73 the 
distribution of shearing stresses over the cross-section mn of a beam of 
very narrow rectangular cross-section, for different values of the dis- 
tance 2b between the loads, is graphically represented.* It is seen 
that when this distance is small in comparison with the height of the 


Ve 
PL | 


2b-.35h 2b 1h 
(b) 


Fig. 73.—Distribution of shearing stresses near to a concentrated load. 


beam, the stress distribution does not follow the parabolic law obtained 
above. 


Example 34.—Determine the shearing stress at the neutral axis of a girder, 
the web of which is 34 in. thick and 50 in. high, the flanges consisting of two pairs 
of angles 6 in. X 6 in. X 4% in. when the total shearing force on the section is 
150,000 lbs. Determine also the shearing stresses in the rivets attaching the web 
to the flanges if the diameter of these rivets is 1 in. and the pitch a = 4 in. 

Solution.—Substituting in equation (54) page 64, @ = 150,000 Ibs., b = 34 in. 


2 
150,000 502 
Pt Se ie 3 a - ; 
yes 20,400 
* This solution was obtained by L. N. G. Filon, Phil. Trans., Vol. 201-A, p. 


126, 1903. 


h/2 325 X 25 
f ydA =5X 25 X28 4-2 876 XK 983 = O345) Bas soe in 


= 4,920 lbs. per sq. in. 
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By using the same method as in obtaining equation (54), page 64, the shearing 
force on each rivet will be 
p=@XT Xa _ 150,000 x 268 x 4 


7 = 30,400 = 7900 Ibs. 


where 7 is the moment of the area of the cross-section of the flange-angles about 
the neutral axis. Since the rivets are in double shear the magnitude of the shear- 
ing stress in rivets will be given by 
B 5 = OuLUS Seem 5,030 Ibs. per sq. inch. 
2x nd? 3.14 
4 


18. Principal Stresses in Beams.—In considering the state of 
stress at any point C of a beam (Fig. 74), the normal and the tangential 
stresses across the elementary areas, Cm and Cn, can be calculated by 
- using equations (49) page 52 and 
(54) page 64. When pand p, are 
determined, the maximum nor- 
mal and shearing stress at point C 


bee. p =| 


Fic. 74.—Normal and shearing stresses Fic. 75.—Mohr circle for stresses during 
due to bending. bending. 


can easily be obtained by using Mohvr’s circle (par. 4, page 13). Taking 
as co-ordinates the stresses over any two perpendicular elementary 
areas, such as mentioned above, the diameter MN of the Mohr circle 
will be obtained (Fig. 75). If the circle be drawn for these conditions, 
then the points A and B on the X axis, representing the maximum 
tension and maximum compression, will be obtained. It is easy to 
see that ee 

AO +0OB = MN = Vp? + 4p2 


AO — OB = OC =p 
therefore, from fundamentals of Mohr circle, 


and that; 


il 
Pmax = AQ = 5 + 3 V/ p? ae 4p? (56) 


1 ae ee 
Pmin = —OB = 5 — 9 Jp? = Ap” (57) 
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The stresses Pmax and Pmin are the principal stresses produced in the 
point C of the beam, due to bending. The maximum tangential 
stress, given by the radius of the circle,will then be 


(Pi)max = }2MN = loV/p? + Apes (58) 


19. Beams of Variable Cross-section.—Bending of a Wedge.— 
In all previous considerations of beams the prismatical form has been 
assumed. The fundamental equations for calculating the stresses, 
obtained on this assumption, are applied often also in cases of beams of 
variable cross-section. In order to give some idea on the accuracy of 
this kind of calculation, the case of bending of a cantilever having the 


Fra. 76.—Bending of a wedge. 


form of a wedge (Fig. 76) will now be considered. From the exact 
solution of this problem* it follows that in any point A of the beam, a 
simple radial stress of magnitude 


P cos 6 ea 


will be produced, where: 

r = the distance of the point A and O, 

t = the thickness of the wedge, 

§ = the angle between the radius AO and the direction of the force, 

ip ees a 
2a — sin 2a’ 

of equilibrium, je r cos 6d? +P =0 


2 


a constant to be determined from the equation 


From equation (a) the stress distribution over any cross-section mn of 
the beam can be obtained. The normal and tangential components 
of these stresses will be 
_— 2Mysin*@ _ _ My 4 tan‘ a sin‘ 0 
tx(2a — sin 2a) I 32a — sin 2a 
*See J. H. Michell, Proceedings of the London Math. Soc., Vol. 34, 1902. 
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and 


Patel 2Py*? sin*@ = ss P.:« 16y? tan® @ sin’ @ 
‘ tz8(2a — sin 2a) A h? 2a — sin 2a 
in which I = th?/12, A (area) = th and M = Px 
At 0 = 1/2, the normal and shearing stresses become equal to zero 
while the maximum normal and shearing stress will occur at 6 = 


Bar a. They can be calculated from equations 


Mh 
(Gnas ir Bor 
ie 
) =vy— 
(imax Er 
in which 
Ge ee se oe tant a cos. a 
one any) = Bon -sin Da 


Several values of constants 6 and y are given in Table V. 


Taste V.—Maximum Norma AND SHEARING STRESS CoNSTANTS FOR WEDGE 


1.00 AME 947 .906 
209k 2.84 2.72 


a) 
yl 
w 


It is seen that the maximum normal stress is approximately the same 
as that obtained from the equation (50) page 52, provided that a is» 
a small angle. With increasing value of a the error of equation (50) 
increases and for a = 20° the difference between the exact solution 
and the value given by equation (50) may be as much as 10%. The 
maximum shearing stress is about three times greater than the average 
shearing stress P/A and occurs at points most remote from the neutral 
axis, which latter fact it is important to note is in direct opposition 
to the results obtained from equation (54) for prismatical bars. Tak- 
ing into account the fact that in many cases the tangential stresses 
can be neglected and only normal stresses considered, it can be con- 
cluded from the consideration given above, that formula (50) given 
for prismatical bars can be used with sufficient accuracy also in cases 
of bars of variable cross-section, provided this variation is not too 


rapid, 
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; Effect of Holes and Grooves.—In cases of sharp variation of cross- 

sections as produced, for instance, by grooves or holes, the usual 
formula (50) does not give satisfactory results, and additional con- 
siderations of stress concentration is of practical importance. In 
these considerations, solutions previously given for tension of bars of 
variable cross-section can be used (§2 page 8). For instance, it can 
be concluded at once that in the case of a pin, shown in Fig. 77, a 
circular hole of a small diameter at A produces very high stress- 
concentration and that the coefficient of concentration is about 
equal to 3 (§2, page 8). For a fillet also a high stress concentration 
must be expected, the magnitude of which will depend on the radius 


Fic. 77.—Stress concentration Fic. 78.—Beam with elongated hole. 
due to hole and fillet. 


p of the fillet. The danger of this stress concentration in the case of 
stress reversal was explained before (paragraph 2).* 

In the case of elongated holes located at the neutral surface (Fig. 
78) additional bending, shown in Fig. 78 (b), must be taken into 
account. The maximum normal stresses at m and n will be given by 
the equation 


in which S denotes the section modulus of the entire section of the 
beam and S;, the section modulus for upper and lower parts of the 
beam separated by the hole, as shown in Fig. 78 (b), 
* See also Part II, par. 123, 


CHAPTER IV 
DEFLECTION OF BEAMS 


20. Deflection Due to Bending Moment.*—General Equation.— 
The deflection of beams produced by a bending moment can be 
determined from the equation (48) page 52. Taking into account that 
the deflection is very small in comparison with the span, the known 
approximate equation given in (a) for the curvature can be used: 

1 d? 

a = ase (a) 
Considering the curvature as positive if convex downwards and taking 
the directions of axes as shown in Fig. 68, the minus sign in (a) must 
be used and the differential equation for the deflection curve will 
become, from (a) and (48), 

d*y 

EI os —M., (59) 

A solution of this equation in the case of transverse loading can be 
obtained very easily because M will be a function of x only. 


P(|-c) 
1 


die, TAYE 


Simply Supported Beam.—Take for instance the case of a beam 
simply supported and having a single concentrated load as in Fig. 79. 
Equation (59) for the left side of the beam x < (J — c), will be 

d*y lee 


The same equation for the right side x > (J — ¢), will be 
2, 
nye = — Mer + P(w te -2) (c) 


* Notation in this chapter is same as in Chapter ITI. 
71 
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By integrating (b), the following is obtained: 
2 
il = 72 +6, (a) 


Ely = — Pas + Cae Ga, (e) 


where C; and C2 denote ae constants which will be determined 
later from the conditions at the ends. 
Performing now the integration of (c) we will have 


diy ~\ Pee’ Ee@oricae 
Shaan 2 eg 
F Ne 
Ely = — aa sees aC + Ow tC a 


It follows from conditions of continuity at the point of application 
of the load P, that the right sides of equations (d) and (e) must be 
equal to those of (f) and (g) respectively, provided that 7 =1 — c¢. 
From this follows 

Cy => fe and Os = Cr (h) 


Two further equations for determining the arbitrary constants will 
be obtained from the conditions at the ends of the beam. Remember- 
ing that the deflection at the left end (« = 0) of the beam is zero, it 
follows from (e) and (h) that 

C a Gy om 0 (i) 


In the same manner from the condition at the right end, by using 
equation (g) and substituting / for x and zero for y, we get 

ce Cae ee : 
Substituting the values of the arbitrary constants in equations 


(d), (e), (f), and (g) the following is obtained: For the left side of the 
beam, 


Oy. ee - 
HI, = a + [2 — c?) : (60) 
Ely -e(- a + Pa _ c*x). (61) 


For the right side, 


dy. Per? sPle ae c — 1)? 4. Pell? — c?) 
eae 1 ge “3 61 2) 

Pca P =i 2— ¢2 
Biweeas = (x te c — 1)3 a — e?) (63) 
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By using (60) and (62) the slope of the deflection curve at every point 

can be calculated. The rotation of the left end of the beam denoted 
by the angle 6, will be 

_ dy Pc(? — c?) 
eee Wenn 2 co 
In the same manner, the angle 62 at the right end, from (62), becomes 
a dy . Pel — e)(2l —@) 

See 61ET xe8) 

By using (61) and (63) the deflection at any point of the beam can 

easily be obtained. If x be taken as equal to (J — c) and be substi- 

tuted in (61), the deflection at the point of application of the load will 

be obtained: 


Ped — c)? 

aaa 

Ifc < (J — c), the maximum deflection will be to the left of the load and 

the position of the point of maximum deflection will be obtained by 
putting the slope (60) equal to zero; then 


(66) 


x = V4 (2 — c?) (k) 
Substituting this in (61), 
: ee) 
LS NEF 


In order to obtain the deflection at the middle it is necessary only to 
substitute in (61) x = 1/2; then 


(i) ent/2 = ganz (Bl? — Act) (67) 


It is seen from (k) that the point of maximum deflection is always 
very near to the middle of the beam. In the limiting case, when c = 
0, this distance is equal to 1/V/3 — 1/2 = .0771. Due to this fact, the 
deflection at the middle is a close approximation to the maximum 
deflection. Inthe most unfavor- 
able case (c = 0), the difference 
between. these two deflections is 
only 2.5%. ‘The same conclu- 
sion can also be made for the 
case where several transverse 
forces having the same direction are acting on the beam. 

Assuming that the distance c approaches zero and at the same time 
the load increases so that the product Pc remains constant, then 
approaching the limit ¢ = 0, we will have the case of bending of a 
beam by a couple M = Pe (Fig. 80). ‘Substituting in (61) ¢ = 0 


Fig. 80. 
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and Pc = M, the following equation for the deflection curve will be 
obtained for this case: 

A) 

TP OCEL 

In the same manner, by using (64) and (65) the following values 

for the angles at the ends will be obtained: 

) o =f 4, - Mt 

* 6EI Peasy 

By using this analysis in conjunction with the principle of super- 

position described in the next paragraph, the case for couples acting 
on both ends of the beam can easily be considered. 

Cantilever Beam.—The equa- 

ry tion (59) in this case (Fig. 81) 


(68) 


(69) 


gp will be 
Ue pes ea 
EI are Pil — x) 
By integration, this becomes 
P 
dy _ _& 
EIS = Px(t— 5) +6 
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Ely = Px(5 be =) + Oo ee, 
From the condition that at the left end of the beam the slope and the 
deflection are equal to zero, it follows that 
1 = (Memivel (CG == {)) 


Therefore 
ale 
The slope and the deflection at the right end of the cantilever will be 
(ie) eas 7 3BT (70) 
(ye=1 = elie (71) 


So far only the very simple cases of loading have been considered. 
When several loads are acting on a beam the solution of the problem 
will require the determination of certain arbitrary constants, the num- 
ber of which will increase with the number of external loads. The 
use of purely analytical methods for such problems is very cumbersome 
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and tedious. This can be avoided by applying the graphical analysis 
in conjunction with the principle of superposition. Not only by the 
use of such methods are these complicated expressions rendered 
unnecessary, but due to the fact that it is essential to make certain 
sketches of the particular loading, a clearer mental picture is obtained 
- than by the use of pure mathematical analysis alone. In the next 
two paragraphs we will come to a consideration of these methods. 


Example 35.—Two planks of different thicknesses h; and hs, freely super- 
imposed, support a uniformly distributed load as shown in Fig. 82. Determine 
the ratio of the maximum stresses occurring in each. 


hy 
! 
Ke <h, 
La Y, 


Fra. 82. 


Solution.—From the fact that both planks have, during deflection, the same 
curvature, it follows at once that the bending moments of the planks are in the 
same ratio as the moments of inertia of their cross-sections, i.e., in the ratio 
hi’:hy’. The section moduli will be in the ratio hi?:h2?. Therefore, the maximum 
stresses in the two planks will be in the ratio hi: ho. 
Example 36.—Determine the maximum bending moment for a simply sup- 
ported beam carrying an unequally distributed load W represented in Fig. 83 
by the triangle ACB. 


Fie. 83. 


Solution.—Assuming the load concentrated at the center of gravity of the 


ae 
triangle ACB, the distance of this load from the end B is _ The reaction 
at the support A will be 
_ Wil +a) 
ares ae 


Let a be less than 1/2, then the maximum bending moment will be in the part 
AD of the beam. At any cross-section mn of this part the bending moment 1s, 


War" a2 Wax (2 ely oe 2?) (p) 


Men! Tag) 3 NE 
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From the equation dM/dx = 0, the distance of the maximum bending moment 
from A will then be given by 
af" — a 
ae 3 


Substituting this, instead of x, in equation (p), 
_ AAW a —=——> 
Mmax aA ti)ve—@ 

Example 37.—A steel bar AB has such an initial curvature that after being 
straightened by the forces P (Fig. 84) a uniformly distributed pressure is pro- 
duced along the length of the rigid 
plane surface MN. Determine the 
forces P necessary to straighten the 
bar and the maximum stress produced 
in it if J = 20 in., 6 = .1 in. and the 
cross-section of the bar is a square 
having 1 in. sides. 

Fie. 84. Solution.—In order to obtain a uni- 

formly distributed pressure, the initial 

curvature of the bar must be the same as the deflection curve of a simply sup- 
ported beam carrying a uniformly distributed load of intensity 2P/l. 

Then, by using the known equations, we have 


2Pa le 
Mmex = +3 =] (a) 
i Bee Ife 
aaa oY las ae 20 (b) 
The maximum stress will be 
_ Mmax _ Mmaxh _ Plh 
Pmax Si th (e) 
Now from (b), 
Pl _ 246 
SI br? 


Substituting in (c), 


24B6h 24 X30 X10°X.1X1 
pmax =e = Pe 50. = 36,000 Ibs. per sq. inch 


and from (c), 


_ 8 X 36,000 
nm =e 20 


I 
p = 5/Pmax. = 1,200 lbs. 


Fre. 85. 


Example 38.—A circular disc N of radius R (Fig. 85) produces on a thin steel 
strip AB of thickness h a uniformly distributed attraction in a radial direction 
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~ equal to q lbs. per sq. inch. Determine the length / of the unsupported part AC 
of the strip and the maximum stress in it if h = .01 inch, R = 3 in., and g = 15 
lbs. per sq. inch. 

Solution.—The length of the unsupported part of the strip will be determined 
from the condition that at point C, the curvature produced by the uniformly 
distributed load g must be equal to 1/R. Therefore 

ql? _ EI 
a 
from which 


p= PH - 2X 30 X 108 xX (.01)* _ 1. 
qk 12x 15xX3 a 
The maximum stress is determined from the equation 


Eh _ 30 X 105 3 
pmax = op = 6 x i ae = 50,000 Ibs. per sq. inch. 


21. Principle of Superposition for Simple Bending.—General 
Consideration.—It can be shown easily that when several transverse 
loads act on a beam the deflection at any point can be obtained by 
superimposing the deflections produced at this point by each of the 
single loads. Taking for instance the case represented in Fig. 68 
page 59, the equation (59) page 71 for any cross-section (mn) will 
become . 


a P3(1 ee! C3)% 


BIS it ay =») — “Hq a) PC WF 
This equation can be considered as sum of the following equations: 
fates eee 
Ce (b) 
es ae ale 


in which yi, y2, and y; denote the deflections produced by the forces 
P,, Pz, and P3, respectively. The solution of (a) will be represented 
by the sum of the solutions of equations (b). It will therefore be seen 
that the superimposing of the deflection produced by a system of 
forces P, Ps, etc. acting on a beam gives the same result as the sum- 
mation of the deflections for each of the individual loads. This princi- 
ple known as that of superposition is, therefore, justified for the case 
of transverse loading. 

Applying this principle and using the equations obtained above for 
a single load, the solutions for the more complicated cases of bending 
can easily be obtained. 
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Uniformly Distributed Load.—Consider, for instance, the case of a 
beam with a uniformly distributed load (Fig. 86). Let q denote the 

load per unit length. Then the 

deflection at the middle of the 
gp beam produced by any element 

gdc by using equation (67) page 
73 will be 


dc 


Fig. 86. dy = ee 
Summing the effects of all such elements of loading on the right half 
of the beam and doubling this for the complete beam, the deflection 
at the middle produced by the uniform load will be obtained as follows: 


1/2 4 
qc 5 ql 
6 = (y)r=1/2 = 2 f 48K (3822 — 4c?)de = 384 EI (72) 


In order to obtain the slope of the deflection curve at the left end of the 
beam the equation (64) page 73 will be used. The rotation of the 
left end of the beam, produced by an element gdc of the load, will be 


(312 — 42). 


gede(" — ¢?) 
6lET 
and the slope at the supports produced by the entire distributed load 
will then be 
dy ef Ga a ae 
oe = a GIEI  ~ 2421 (73) 


If a uniform loading be distributed only along a part of the span 
(Fig. 87), the same method can be used. Equation (67) is obtained 


n 


Fig. 87. 


on the assumption that ¢ < 1/2. Using this equation in the case 
under consideration the load must be divided by the middle section 
(mn) in two parts. The load on the right side will produce at the 
middle the deflection 


1/2 4 5 2 
EYE ep ey Nie eg, 
i appr ®" — 4eDde = Bag - 52 +i) 
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For the left part of the beam this will become, 
1/2 4 2 4 
BUR gay, a (8 8D 
if appr" — Ae*de = gee (G5 - a +) 
giving the complete deflection as 


_ gt (5 802+? , at +5! 
(YJe=12 = ait ) 


a nD iaal! te) 
This is the general equation for deflection for a distributed load. If a 


= b = 0, the equation (c) becomes (72) for a uniformly distributed 
load over the entire span. 


Example 39.—Determine: the stress and deflection at the middle of the I 
beam shown in Fig. 88, also the angles of rotation of the ends when the beam is 


(Top View) 4 d 


Fig. 88. 


subjected to hydrostatic pressure; where / = 12 ft., d = 3 ft., h = 8 in., the mom- 
ent of inertia of the cross-section about neutral axis, J = 56.9 in.‘, y = wt. per 
unit vol. : 
Solution.—The complete load, represented by the triangular prism ABC, is 
2 2 
ss ey x = x 62.4 = 13,470 lbs. 


The reactions are: A = W/3 = 4,490 lbs., B = 2/3W = 8,980 lbs. 


Ww 
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The bending moment at any cross-section will therefore be 
Wie 
NEES Fiennes (a) 
Maximum bending moment will be at « = 1/ V3. 
Substituting in (a), 


Mmax = ze A) = 5 2 = 20,700 X 12 lbs. in., 


_ 20,700 x 12 x 4 
haa PO 56.9 


= 17,500 lbs. per sq. inch 


Deflection at the middle will be 
(3 by AB y 13,470 * 1443 
TS SRA THE ~ BSA 30 x 10° x 56.9 


Example 40.—Determine the necessary section modulus of an I beam shown 
in Fig. 89 if g = 500 Ibs. per foot and working stress p. = 16,000 lbs. per sq. inch. 
What will be the deflection at the middle of the beam? 


Pou shal 


q=500 lbs. per 
Foot length 


12 Feet 


Fie. 89. 


Solution.—The reaction at A is 
6,000 x 18 + 4,000 x 4 


A= oY Ree = 5,167 Ibs. 


Mmax will be distant 5,167/500 = 10.33 ft. from the end A, the magnitude being 


given by 
2 
Mmax = 5,167 X 10.33 — SS 


Taking an I beam 9 in. deep, J = 91.4 in.4 
The deflection at the middle produced by the load on the left half of the beam 
will be 


= 53,400 — 26,700 = 26,700 Ib. feet. 


1 5 ql 
= 9 * 384 RI 


The deflection at the middle produced by the load on the right half of the beam, 
by using equation (67), is 


a fl? eee en a ieky ee 
n= f ase 8" — 4c.) = ges 4 69 BT 


The complete deflection will then be 


b= br to = (HX 3g piece Ab 


84° 48 x 162) By ~ 1:02 10 
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Example 41.—Determine the deflection at the end B of a cantilever beam 
carrying a uniformly distributed load (q lbs. per unit length) over the left half 
of the span (Fig. 90 (a)). 

Solution.—The deflection at B pro- 
duced by the element qdc of the load (Fig. 
90 (b)) can be obtained by using the 
equations (70) and (71) for a cantilever 
beam with a single load at the end. 
This deflection consists of two parts as 
follows: 


_ gde-c8 _ gde-o? 
ee ii one 
The deflection in the case shown in 
Fig. 90 (a) will be Fie. 90. 
ee  f OGE 
ie f (3 + 53) 355 ar 


If the same load will be distributed along the right half of the beam, the deflection 
will be, 
a fl es 
ae I OU a oea RT 
Example 42.—A beam of the length J + c; + cz is placed on supports J apart 
and overhanging them by lengths c: and cy. Determine the deflections at the 


Fie. 91. 


end C and at the midpoint between the supports produced by concentrated loads 
shown in Fig. 91. 

Solution.—Part of the beam between sections A and B will be in the same 
condition as a beam loaded by the force P and by the couples Pic: and P2c2 at 
the supports A and B. By using equations (67) and (68) pages 73 and 74 and 
the principle of superposition the deflection at the middle will be 

Pec Pic? Pcl? 
= sup = ieel  16ET 


The slope at the support A will be obtained by using equations (64), (65), and 
(69) pages 73 and 74. 


6 


_ Pc(? = Cc?) Pye Pool 


oe Scent ans GET 
Now by using the equation (71), page 74, the deflection at the end C will be 
Pc, 
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22. Graphical Determination of Deflections.—If the effect of shear- 
ing force is neglected, the deflection of a beam can be determined by 
the integration of the equation (59) page 71. This deflection can also 
be obtained graphically if the fact be taken into consideration that 
equation (59) coincides with the equation of a funicular curve con- 
structed for a properly chosen loading. It is proposed to develop 
here the method of performing this operation. Let a simply supported 


Distributed Load 


[Polygon 
of Forces 


Funicular Polygon 


B (c) 
Fie. 92. 


beam AB Fig. 92 be loaded by a distributed load represented by the 
curve uw. The corresponding polygon of forces is shown in Fig. 92 (b) 
-and the corresponding funicular curve, constructed in the usual man- 
ner, is shown in Fig. 92 (c). The slope of this curve at any point 
t will be determined by the corresponding ray Oc, of the polygon (6); 
therefore 


dy _ fe 
dx fo (a) 
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For a point u, an tel small distance away on the same curve, the 
slope will be 
‘ afd 
vane ag! ~ fo (b) 
Subtracting (a) from (b) a taking into account that fe — fd = de = 
qdx, and fo = H, where H denotes the pole distance, the following 
equation of the funicular curve will be obtained: 
HEY = —4 (c) 
This equation completely coincides with the equation (59) page 71 if only 
qgq=ManddH = EI. 

From this it is seen that the deflection curve can be obtained 
graphically as a funicular line for an ¢muginary loading. It is necessary 
only to take the intensity of the 
imaginary loading at every sec- 
tion of the beam equal to the 
bending moment on this section 
and take the pole-distance equal 
to the flexural rigidity of the 
beam. It is important to note 
that the intensity of an imagin- 
ary loading, equal to M, has the 
dimension of force length, there- 
fore the imaginary forces of the 
polygon (b) have the dimension 
force X length?. The pole-dis- 
tance, H = EI, has the same 
dimension. The deflections of 
the beam will be given by the 
vertical distances between the 
closing line rs (Fig. 92 (c)) and 
the curve rés, measured to the 
same scale as the span of the 


~ 
Funicular 


Polygon 


beam. In order to obtain deflec- 2 
tions to a larger scale, say n times 
larger, it is necessary only to Fig. 93. 


diminish in the same proportion 

the pole distance, i.e., to put H = 1/nHI. Usually this method of 
adopting a diminished pole distance is always used because otherwise, 
the deflections obtained will be so small that it will be difficult to 
measure them with sufficient accuracy. 
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A simple case in applying these principles will now be considered. 
Take, for instance, the case of a beam simply supported with a con- 
centrated load at the middle, Fig. 93 (a). In order to obtain the 
deflection at the middle graphically, imagine the beam carrying a non- 
uniform loading, represented by the triangle ACB, i.e., by a load having 
the same intensity as that of the bending moment for the case under 
consideration. Dividing the load into two parts, the’ corresponding 
polygon of forces will be as shown in (c). In Fig. 93 (d) the three 
tangents to the funicular curve are given, and the deflection 6 at the 
middle is obtained. From the similarity of the triangles mnr and TRO 
it follows that 


Pe 1 
5:56 = 5: HI, 
or 
eae 
~ 48BI 


If this deflection be drawn to scale it will then be necessary to take 
EI /n instead of HT, and due to this the deflection 6 will be obtained to 
a scale n times larger than that used for the span. This method 
requires, therefore, a certain amount of accurate drawing in order that 
a correct solution may be had. In the next paragraph we come to a 
method where no scale drawings are required. 

23. Grapho-analytical Method of Calculating Deflections.— 
General.—By considering the deflection curve as a funicular curve for 
an imaginary loading, a very simple method for calculating deflections 
can be derived. It has been shown that, provided the loading is 
represented by the diagram of bending moment and the pole distance 
H is taken equal to ET, the depth e (Fig. 92 (c)) will then represent the 
deflection at section mn. Now from a general property of the funicular 
polygons it follows that the length e multiplied by the pole distance H 
is equal to the bending moment produced by the imaginary loading. 
Therefore the deflection of the beam at any section will be given by the 
equation 


y= ay (74) 
in which M’ denotes the bending moment at the section under con- 
sideration, produced by the imaginary loading. Using the equation 
(53) page 60, the following equation for calculating the slope of the 
deflection curve will be obtained: 

dy . 1 dQy) . .Q’ 
de EI dx ~ ET a 
in which Q’ denotes the shearing force produced by imaginary loading. 
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Since the magnitude of the shearing force at each support is equal 
to the reaction of the support, it follows that the angle of rotation of 
the ends of a beam simply supported will be obtained by dividing the 
reactions at the supports due to the imaginary loading by the flexural 
rigidity HI of the beam. Some applications of this method will now 
be considered. 

Simply Supported Beam 
with a Concentrated Load at 
the Middle.—F or this case the 
corresponding imaginary load- 
ing is shown in Fig. 94 (b). 
The reactions at the supports 
will be equal to Pl?/16; 
therefore 


2 
by = Oy = ie Fig. 94. 
The bending moment produced by the imaginary loading at the cross- 
section C, found by taking moments about this point, will become 
Lhe Wad hs 
163 48 
Therefore the deflection at C will be 


Simply Supported Beam with Non-central Load.—The corresponding 
imaginary loading in this case as shown in Fig. 95 will be 
PETC al 
ie? 
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Assuming this load as acting at the center of gravity of the triangle 
A,B,C, the reactions on the supports will be 


Pce(l — c)i +c) Ree Pel inte) 
61 


61 
Therefore 
iis POUR ye hee) 2a 
ee IE RO 6lEL 


These coincide with the values given by equations (64) and (65) 
page 73. In order to obtain the deflection at any cross-section mn of 
the beam, the bending moment produced at this section by the imagi- 
nary loading must be calculated. The magnitude of this moment is 
Pe(l? — c?) POE TPG Cl ye) eee 
Git ae es cere ee 


Therefore the deflection curve for the left part of the beam will be 


_ Pex Daal (oe 2 


which coincides with equation (61) page 72 obtained before by an 
analytical method. 

Cantilever Beam.—In the case of a cantilever beam loaded at the 
end (Fig. 96), the imaginary load will be as shown in (b). The ques- 
tion of supporting the im- 
aginary beam, which is 
fundamental in such analy- 
Sis was not previously dis- 
cussed but will now be con- 
sidered. The determining 
of the conditions at the sup- 
ports for the imaginary 
beam is equivalent to deter- 
mining the arbitrary con- 

nee stants in analytical con- 

siderations of the deflection 

curve. The support for the imaginary beam must be so taken as to 

satisfy the conditions at the ends of the real beam. In the case of a 

simply supported beam the condition at the ends will be satisfied 

provided the imaginary beam be also taken as simply supported. 

The bending moments at the supports produced by the imaginary 

loading, becomes in such a case equal to zero, corresponding to zero 
deflection at the ends of the real beam. 
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In the case of a cantilever beam Fig. 96 (a) the deflection and the 
slope at the end A are equal to zero, therefore the conditions for the 
imaginary beam A,B; must be so chosen that the shearing force and 
the bending moment at the end A, be equal to zero, i.e., the end A; 
must be free. At the end B of the real beam the deflection and the 
slope are not zero, therefore at the end B, of the imaginary beam a 
shearing force and a bending moment must act. This end must be 
considered as built in. These conditions are satisfied by the arrange- 
ment shown in Fig. 96 (b). 

Assuming the imaginary load concentrated at the center of gravity 
of the triangle A,B,C, the reaction at B, will be equal to Pl?/2 and the 
bending moment equal to Pl*/3; therefore, for the real beam (a) the 
slope and the deflection will be 


Beam with Overhanging Ends.—In the case of a beam with one 
overhanging end (Fig. 97, (a)), the imaginary loading will be repre- 


Fie. 97. 


sented by the area of the triangle A:D,C, = 14Pc(l +c). In deter- 
mining the condition of supporting the imaginary beam it is necessary 
to remember that at the end A of the real beam the deflection is zero 
while the slope is not zero. At the end C neither the deflection nor 
the slope have zero values. Therefore, at the end A, of the imaginary 
beam a shearing force must act and at the end C, both a shearing force 
and bending moment must act. The force at A; will be determined 
from the condition that at B, the bending moment must be equal to 
zero because the deflection of the real beam at B is equal to zero. 
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In this manner the equation 
Pel 
2 
is obtained, from which A; = Pcl/6. 
The reaction C; and the bending moment M, at the end C; can be 
obtained from the equations of statics: 


LAL Ss). mt ey 4 
r= POD 4 BE 


Ail a 


oo) ~ 


2 
M, See ¢) a as Ze —A,i+c)= = ay 
Therefore, the slope and deflection at the end C of the ty beam will be. 
M ie 
6 = sar (gt +e): 
Pe®(l +c). 
¢ SET 


Example 43.—Determine the deflec- 
tion at the end B of a cantilever beam 
AB produced by a couple M (Fig. 98). 

Solution.—The corresponding imagin- 
ary loading is shown in (b). Asstiming 
the imaginary beam has a built-in end at 
By, the bending moment at this end will 


Fia. 98. 


be equal to M/?/2; therefore, the deflection of the real beam will be 
MI? 


SET 


Example 44.—Determine the angles @ and the deflection at the middle of the 
beam AB symmetrically loaded by concentrated forces P (Fig. 99). 


Imaginary Loading 
WT TTHUUTIRU TT TMNT 


Solution.—The corresponding imaginary loading is given by the area of the 
trapezium A,C,D,B, = Pc(l — c), Assuming the imaginary beam simply sup- 
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ported at A: and Bi, the reactions at these points will be equal to Pc(l — c)/2; 
therefore 


aoe Pc(l — c) 
2EI 
The bending moment at the middle of a imaginary beam is 
Pe(l — ¢) L _ Pel 4 PALON ™ Be (lis “ae \! 
em as) a ae) 


therefore the deflection at the nil + the real beam is 


nat (a 3 2.2 
~ 4EI 


Example 45.—Determine the angles 0; at 6. and the deflection at any cross- 


section mn of a beam AB simply supported at the ends and bent by a couple 
Pe, Fig. 100. 


Nea MnTanitln 


Ne ‘Moment Diagram) 


Fie. 100. 
Solution.—The corresponding imaginary loading is shown in (b). The reac- 


tions at A; and B, will be 
o) 
: a (o+5 a 3b | 


Pca? 2a Pots 
salen aaa é +3) | 


therefore 
n= abby [o(o8) 2 
0, = set | 5" — (+3) |: 
Ifa =b = 1/2, 
= 8 = semp 


The bending moment at 171 is} 


2 2 3 
Ange eZ = Se | ar(® + 5) — 3 | Pox 


Pah ie a PARE 61 


90 APPLIED ELASTICITY 


Therefore the deflection curve for the left part of the real beam is 


Pox Fe ene a] Bee 
v= sea | (2 +5) ~3° | — aa. 
Example 46.—Determine the angles of rotation of the ends of a simply sup- 


ported beam loaded uniformly. 
Solution —The imaginary loading in this case will be a parabola with the 
maximum ordinate equal to gi?/8. The amount of imaginary loading will be 
Ol ae 
3 Saar to 
The corresponding reactions are ql? /24. 
Therefore the angles of rotation at the ends will be 


gl’ 


Pio Sonny 


24. Deflection of Beams of Variable Cross-section.—A nalytical 
Method.—In determining the deflection of beams of variable cross- 
section, equation (59) page 71, obtained 
for prismatical bars, can be used with 
sufficient accuracy. Taking the equation 
in the form 


dxt ~ ET (a) 
the deflection can easily be obtained, 
provided Jisaknownfunctionofz. Tak- 
ing the case of a cantilever beam of 
rectangular cross-section having constant 
width 6 and variable depth h, let a load P 
concentrated at the end act as shown in Fig. 101. Assume that the 
variation of his such that the maximum normal stress remains constant 
along the cantilever, 1.e., 


Fig. 101. 


M _6Px__ 6Pl 


S bh? dhe 


1M" 


dy _ 12Pl"a~" 
dx? Ebho’ 


Then h = hyoV/x/l and 
Equation (a) will be 


from which we have 


dy _ 24P)1x’4 
dx ~~ Ebh + © (b) 
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From the condition at the built-in end we know, 


therefore 
_ ZAPU 
Ebho? 
Substituting in (b) and integrating, 
16P172272 = 24Pl2x 


C= 


Y= Hone 9 Hone 9 
From the condition at the built-in end, we again know (y),z-, = 0; 
therefore 
c, = SPR 
* ~ Ebho? 


Inserting the values of these constants, the equation of the deflection 
curve becomes 
, = 16PDia% _ 24Pl's , BPE es 
Ebh.* Ebho? Ebhy® 
from which the deflection at the end 
is obtained as follows: 
Se 2 
(y) x0 = Ebh,? = 3 EI, 
It will be observed that the deflection 
is twice as large as that of a pris- 
matical bar having constant flexural 
rigidity HIy, subjected to the same 
magnitude of maximum normal stress. 
As a second example, consider a 
cantilever of rectangular cross-section 
having constant depth h and variable 
width b (Fig. 102). Due to the fact 
that the section modulus of the beam 
increases with x in the same propor- 
tion as the bending moment, the 
maximum stress remains constant 
alongthebeam. Therefore, the deflec- 
tion curve will be an arc of a circle, the radius p of which will be deter- 
mined from the equation 


(76) 


Fie. 102: 


Pmax = —* (d) 
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The deflection at the end for a circular curve is 


“<p 
0 = ae (e) 
or using (d), y 
— Pmax!” Tt 
5 ai (77) 


It is seen from equation (77) that for a constant value of Pmax/H the 
deflection is proportional to /? and inversely proportional to h. 

The results obtained can be applied to a leaf type spring for the 
approximate determination of the stresses and deflection. It is only 
necessary to imagine the triangular plate under consideration divided 
into strips arranged as shown in Fig. 102. The initial curvature and 
the friction between the strips can be neglected for an approximate 
solution* and equation (77) can then be considered as sufficiently 
accurate. 

Graphical Method.—In using a graphical method, the deflection 
curve can be obtained exactly in the same way as explained above for 
prismatical beams. It is only 
necessary to bear in mind that 
the curvature of the deflection 
line at any cross-section is 
equal to the ratio M/ET (equa- 
tion (a) page 90). From this 
it is clear that an increase in 
the flexural rigidity for a given 


section will have the same 
MOUNT tm, tect on the detection as a 
1 decrease (in the same ratio) 
of the bending moment at 
that section. It can be con- 
cluded from this that the problem on the deflection of beams of variable 
cross-section can be reduced to that of beams of constant cross-section. 
For example, the deflection of a shaft (Fig. 103) having two different 
cross-sections with the moments of inertia I) and J, and loaded by P, can 
be reduced to that for a cylindrical shaft having moment of inertia Jo. 


Fie. 108. 


* The problem is discussed more in detail in the following papers: 
A. Castigliano, “Theorie des Biegungs—und_ Torsions—Federn,”’ Wien, 
1888. 
Loewe, Automobiltechnische Bibliothek, Vol. VI (Berlin), 1918. 
Y. Tanaka, Zeitschr. f. Angew. Math. u. Mech. Vol. 2, p. 26, 1922. 
D, Landau and Percy L, Parr, Journal of Franklin Institute, 1918-1919, 
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It is only necessary, instead of a triangular imaginary loading A,C1B,, 
to take the imaginary loading represented by the shaded area in Fig. 
103. This‘area is obtained by reducing ordinates of the diagram along 
the distance DH in the ratio Io/J,. 

The same method can be used also in cases where the cross-section 
of the beam varies continuously. 

Grapho-analytical Method.—Provided that the imaginary loading 
has been obtained by the transformation of the diagram of bending 
moment as explained above, further determination of deflections can 
be made analytically. The magnitude of the deflections and slope at 
any cross-section of the beam 
will be obtained as equal to the 
bending moment and shearing 
force of the imaginary loading 
divided by EI. 

This method already has 
been fully explained in para- 
graph 22, page 82 and no fur- | 
ther explanation seems neces- 
sary here. 


Example 47.—A steel plate hav- 
ing a form shown in Fig. 104 is 
built in at one end and loaded by 
a force P at the other. Determine 
the deflection at the end if 2 = the 
length, a = width, h = the thick- 
ness of the plate, andP = theload 


d 3 3 
at the end. (d) me 
Solution.—The deflection will 
consist of three parts, Fig. 104 Fie. 104. 


(c); (1) 6: = deflection at B, (2) 
52 = deflection at C due to the slope at B, and (8) 53 = deflection due to bending 
of the part BC of the plate. 
By using the grapho-analytical method (Fig. 104 (d)), it is seen that 
Ti, eo 
“3n1 opr ” ~3RT . 
The deflection 63 will be obtained from the equation (e): 


61 


eee 
Slop ODI 
and the complete deflection is given by 
6 = 6; + 62 + 53. 


Example 48.—Determine the width d of a carriage spring, Fig. 102, page 91, 
and its deflection if 2P = 12,000 lbs., h = 4 in., 21 = 48 in., pmax = 70,000 
Ibs. per sq. inch, and the number of plates n = 10. 
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Solution.—The equation for the maximum stress is 
— GE 
Pmax = ndh2 
from which 
6Pl 6 X 6,000 X 24 x 4 
~ npmaxh®? ‘10 X 70,000 
The deflection is determined from the equation (77): 


70,000 X 247 _ : 
6 ig SPS SC10N me 

Example 49.—Compare the deflection at the middle, and the angles of rota- 
tion of the ends, of a shaft shown in Fig. 103, page 92, with those of a shaft of 
the same length but having a constant cross-section the moment of inertia of 
which is equal to Io. Take J1:Jo = 2. 

Solution.—Due to greater flexural rigidity at the middle, the angles of rota- 
tion at the ends of the shaft shown in Fig. 103 will be less than those of the cylin- 
drical shaft, in the same ratio that the shaded area of the triangle 41C,B, bears 
to the total area of the triangle A:CiB;, which total area corresponds to the 
cylindrical shaft. This becomes, for the values given, 5<:1. 

The deflections at the middle for the two types of shafts will have the same 
ratio one to another as that of the bending moments produced by the shaded 
area in one case and by the area of the triangle A:1C,B, in the other. It is easy to 
show that this will be 96:1. 


= ZOEY sins 


25. Deflection Due to Shearing Force.—General Equation.—It has 
been shown in paragraph 17 page 63 that the shearing stress over the 
neutral surface of a beam can be represented by equation 


i me 


in which A denotes the area of the cross-section and m a numerical 
factor, the magnitude of which depends on the shape of the cross- 
section. The approximate solutions previously discussed give, 
for instance, m = 34 for a rectangle and m = 45 for a circular 
cross-section. 
The corresponding shear will be 

Ag (a) 
If Q varies along the length of the beam, the shear also will vary; in 
this manner an additional curvature due to this shear will be produced. 
This additional curvature will be 


dg | m dQ _ m aM 

~ de ~ ~ AGde ~ ~ AG dx? ) 
The minus sign in (b) is taken due to the fact that positive values 
of d8/dx correspond to a curvature convex upwards. Adding this to 


Ga—e770 
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the curvature M/ETI produced by the bending moment, the following 

equation for the complete deflection of the beam will be obtained: 

Cyn. EI ?M 

pega AG aa 

This equation, instead of equation (59) page 71, must be used in all 

cases for determining deflection where the effect of the shearing force 

is not negligible in comparison with that of bending moment. 
Distributed Load.—In the case of a uniformly distributed load (Fig. 

105), the bending moment is 


EI (78) 


The additional term on the right side of the equation (78), representing 
the effect of shearing forces, will 


be q 
; _ ayes (a) i 
A Gt Y (a) 
CL ei care 
| AG 
(b) 


This must be considered as an 
1 


additional imaginary loading in 
using the grapho-analytical 
method. Therefore the addi- 
tional deflection produced by 
shear will be equal to the bend- 
ing moment of the imaginary loading, shown in Fig. 105 (b), divided 
by #I. For the middle of the beam this additional deflection will be 


M" _ mg? 

EI 8AG 
Adding this to the known deflection produced by the bending moment, 
the following expression for the complete deflection at the middle will 


be obtained: 


Fia. 105. 


peo ale eg 
384 EI ° 8AG’ 
or 
ei Cle ASI SE 
er se a) 


in which 7 = ~/J /A denotes the radius of gyration of the cross 


section. 
For a rectangular cross-section 7? = 14 9h’, 


lity = Ads 
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Putting ee a £1) oe 
Gin a 
i= ssa nr (I+ 75) 


For 1:h = 10 the effect of the shearing stress is about 3%. With 
decrease of the-ratio l/h this effect of shearing forces on the deflection 
increases. 

For I-beams the factor m is larger than 2 and the effect, of shearing 
forces in the case of short beams of this type can be comparatively 
great. For instance, take h = 24 in., A = 31.0 sq. ins., J = 2,810 in.* 
the thickness of the web t = .625 inches, 1 = 24 X 6 in. Then 2? = 


90.8 sq. ins., and 
h/2 7 
Af yaa 31.0 x 137 


{se It ~ 2810 X .625 
which means that the additional deflection will become 
4 14 
- a x = x 2.42 X ne X 2.6 = 265 X soar 
The additional deflection due to shear 
in this case is equal to 26.5% of the 
deflection produced by the bending 
| ss moment, and must therefore be 
| e | considered. 
| | Concentrated Load.—A concentrated 
| na force P can be considered as the limit- 
ing case of a load distributed over a 
(b) very short part e of the beam Fig. 106. 
Fie. 106. The amount of the corresponding 
imaginary loading, represented by the 
second term on the right side of the equation (78) will be 


Od Na iS) a edQ EI ¢ mEI 
mag dx de = mag [Get = 3G Q 


= 2.42 


The bending moment, due to this imaginary concentrated load (Fig. 
106, (b), ‘divided by EJ gives the additional deflection produced by 
shear. Take, for instance, a central loading of a beam on two sup- 
ports. The bending moment at the middle produced by the load (b) 
is 


, _ mEI Pl 
= ce 
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Therefore the additional deflection is 


MM. mel 
EI 4AG 
and the equation for complete eat will become 
rete mPl aus EK 
a ee n¢ +E @) 
Take for instance a rectangular cross-section, 
ie 12 
P = 12 [2 i = Uy. 


Then the increase of deflection in % is 390h?/l?. For h/l = 


effect of shearing force will be about 4%. 
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CHAPTER V 
STATICALLY INDETERMINATE CASES OF BENDING 


26. General Considerations.—Three types of supports for beams 
used in practice are shown in Fig. 107. In the case of a beam with 
one built-in end (a) it is necessary to know three elements for the 
complete determination of the 
reaction, namely: (1) magni- 
tude of the reaction, (2) its 


y direction, and (3) its point of 
application. In the case of a 

ZG %, pin (b) there are two unknown 
(b) (c) elements: (1) the magnitude 


of the reaction, and (2) its 
direction. Neglecting friction, 
the reaction must always go through the center of the pin. In the case 
of a pin on rollers only the magnitude of the reaction is unknown since 
the direction will be perpendicular to the plane of rolling. 

Assuming that all the forces acting on a beam are in the same plane, 
it will be possible to write down only three equations of statics for 
determination of the reactions. If there be three unknown reactive 
elements these can be calculated from the equations of statics, i.e., 
the problem will be statically determinate. A beam simply supported 
(Fig. 79, page 71) and a cantilever beam represent statically determi- 
nate cases. If the number of reactive elements be more than three, 
the number of equations of statics will be less than the number of 
unknown quantities and the problem becomes statically indeter- 
minate. It is usual to say that a beam has one, two, or three super- 
fluous reactive elements if the general number of reactive elements is 
equal to 3+ 1=4,3+2=5, 3+3 =6 and so on respectively. 
For instance, the beam with one end built in and the other simply 
supported, represented in Fig. 109, has only one superfluous element, 
and the beam with both ends built in will have, generally speaking, 
three superfluous reactive elements. 

It is easy to show that in the case of transverse loading of a beam, 


the longitudinal reactions usually can be neglected without any sub- 
98 


Fie. 107.—Various kinds of fastening ends. 
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stantial error. Take, for instance, a beam, the ends of which are 
attached by pins to fixed supports, Fig. 108. It is seen at once that 
a vertical loading produces not only vertical reactions A and B but 
also two equal and opposite horizontal reactions S. The number of 
equations of statics in this case is insufficient for calculating the forces 
S. The additional equation necessary is found from the consideration 
of deformations of the beam. It is clear that during deflection the axis 
of the beam undergoes a 
longitudinal extension 
equal to the difference be- 
tween the length of the 
curved central line and the 
distance between the sup- 
port. Assuming as an ap- 
proximation that the deflection curve is a parabola with maximum 
ordinate equal to 6, then the elongation will be 8467/1; the correspond- 
ing unit elongation will be 846?//?, and the corresponding axial tensile 
stress will be 


A B 


Fig. 108.—Beam with fixed pins at the ends. 


p= SX E. (a) 


Usually the deflection is a very small quantity and the stress (a) can be 
neglected. ‘Take, for instance, 6/1 = .001 and H = 30 X 10° lbs. 
per sq. inch, then, 
p= =. 105" 30 >< 105 = 80 Ibs. per sq-ainch. 

It is clear that, in such cases, the longitudinal reactions S can be 
neglected and only the reactions A and B need to be taken into con- 
sideration. This assumption does not infer that the longitudinal 
forces can always be neglected; and in the bending of flexible bars and 
thin strips, which are considered later, it will be shown that these 
longitudinal forces S may have a practical importance. 

27. Beam: One End Built in, the Other Simply Supported.— 
Consider first the case with one concentrated force P. In the solution 
of statically indeterminate problems, the superfluous fastenings of 
the beam will be removed and the deflection of the beam for statically 
determinate conditions will be considered. The effect of superfluous 
reactive elements will then be studied separately. In this manner the 
problem will be reduced to two or more statically determinate cases 
and by combining these, the solution of the problem will be obtained 
without the employment of complicated expressions. For the special 
case under review it is easy to see that the bending of the beam repre- 
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sented in Fig. 109 (a) can be obtained by a combination of cases (b) 
and (c). It is necessary to determine only such a magnitude of M, 
that 

0, a Be (b) 
Thus, the rotation of the left end of the beam, due to the force P, will 
be annihilated by M,, and the condition of the built-in end with zero 
slope will be satisfied. For 
obtaining M,, it is necessary 
only to substitute in (b) the 
known equations (64) and (69) 
for 04 and 6,1’. 


Then’ 
Pl Cy eae 
6LET ~ BEI 
from which 
by ape Ss 2 
ur, P=) oy 


Now the diagram of bending 
moment can be obtained by 
the diagrams for combining 
the cases (b) and (c) as shown 
Fic. 109.—Beam: One end built in, the other jn Fig. 109 (d). The maxi- 
simply supported. i E 

mum bending moment will be 
found by comparing the absolute values of the moments at A and at C. 

The deflection curve can also be obtained by combining the deflec- 
tions in cases (b) and (c). The equations of the deflection curves for 
both these cases have already 
been given in (61), (63), and 
(68). 

Having a solution for this m, 
single concentrated load and 
using the principle of super- 
position, the problem can be 
solved for other types of trans- Fr. 110.—Beam with a built-in end, uniformly 

‘i : loaded along the length b — a. 
verse loading by simply ex- 
tending the above theory. Take, for instance, the case represented in 
Fig. 110, the moment at the support A, produced by any element qdc 
of the load, will be obtained from (79) as follows: 


_ gede(? — c?) 
— 20 
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from which 


Te ie qs 0) = gf Ub? — a?) Cis 2 
coral fe 212 22 2 4 


If the load be distributed along the entire length of the beam, then 
a = 0 and 6 = I, giving the known equation for a uniformly loaded 
beam: 


_@ 
M,=% 


The deflection at the middle will be obtained by combining the deflec- 
tion due to the uniform loading and that due to the couple M,, i.e., 
5 qt Meo alt (80) 


~ 384BI 1681 192K 
Example 50.—Determine the deflection of the end C of the beam ABC shown 
in Fig. 111 (a). 


GY 


Fie. 111. 


Solution.—Combining the cases (b) and (c), the superfluous element, couple 
M,, will be found from the equation 6: = 61’, or Pal/6EI = M,l/3EI, i.c., Ma = 


Pa/2. 
The deflection at C will be 
Pa? om a (OE Pal /Bath \ IPG, Tear) 
8 = spy tiglls — 61!) = say + Ney ~ jot) = 3er + cer’ 


The first term on the right side represents the deflection of a cantilever and the 
second represents the deflection due to rotation of the section B. 


Y 
A 


B 
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Example 51.—Determine the deflection (Fig. 112) at the end B of a uniformly 
loaded beam AB, the end A of which is built in, the end B being supported by 


102 APPLIED ELASTICITY 


the spring BC, if the dimensions of the beam and the flexibility of the spring are 


known. 
Solution.—Let 5 denote the deflection at B, X denote the pressure on the 
spring and k the compression of the spring produced by a unit force. Then 


WE SUS 
SEI 3HI = 
3 if 


13 
For k = 0, the expression becomes that for a beam with a rigid support at B. 
Example 52.—Determine the pressure of the beam AB on the support B (Fig. 
113) due to non-uniform heating of the beam, provided that the temperature 
varies from fo at the bottom to ¢ at the top of the beam acvording to a linear law. 


Y 
Y, B 
A 


| 


HiGaenEss 


The dimensions, elastic property of the material, and coefficient of expansion due 
to heating are known. 

Solution.—Removing the support at B, then, due to the non-uniform heating, 
the deflection curve of the beam will become an arc of a circle. The radius of 
this circle will be determined by the equation 


1 a a(t — to) 
p h 
in which h = depth of the beam, and a = coefficient of expansion. 


The corresponding deflection at B can be found as for an are of a circle and is 
a Vat) 


2p 2h 
Now this deflection must be annihilated by the reaction of the support B. Let 
X denote this reaction, then 
Als Pelt — to) , 
3HI 2h 


or 

: 3ET 

xo aay ee — to) (82) 

28. Beam with Built-in Ends.—By using the same method as 

before, the solution of problems involving two superfluous reactive 
elements M, and M, (Fig. 114, (a)) ean be obtained. This is accom- 
plished by combining the solutions of the two statically determinate 
problems shown in (b) and (ec). It is easy to see that the conditions 
at the end of the given beam will be satisfied, if only 


0; = 6,', 02 = 6,’. (a) 
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From these equations the statically indeterminate couples M, and 
M, will be obtained. By using equations (64) and (69), equations 
_ (a) can be represented as follows: 


Pel? — 0c?) _ Mal , Mil. 
GET 3EI + GET? 
Pel —e)Ql—c) Ml , Mil 
6IEI + 6HI + 3BT 
from which 
M, = == 9, y, = Pel 0 (83) 


Fig. 114.—Beam with built-in ends. 


By combining the diagrams of bending moments for the cases (b) and 
(c), the diagram shown in Fig. 114 (d) is obtained. In calculating the 
maximum stresses, the magnitude of the bending moment at C must 
be compared to that occurring at the nearest support. From (83) it 
is seen that the maximum value of M, will be obtained when 


(fimo ee Yk 
This maximum is equal to 4P1/27._ The maximum value of bending 


moment at C takes place when c = 1/2. This maximum bending 
moment is equal to P//8. Having the solution for a single concen- 
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trated load P and using the principle of superposition, any other type 
of transverse loading can be considered easily. Take, for instance, the 
case represented in Fig. 115. The elementary loading on the length de 
will be 


Fria. 115.—Built-in ends, triangular loading. 


and the couples acting at the ends, produced by this elementary load- 
ing, as obtained from equations (83), are 
qoc?(l — c)de goc?(l — 
dM. =*——,——, AM siete 


therefore 


_ —c)de_ ql? - * goe*(l — c)*de' _ gol”. 
M, -f, ro? M, = ‘ [3 =O 


Now the bending moment and deflection at any point can be obtained 
by combining the deflection produced by the loading with that pro- 
duced by these couples. It will be apparent therefore that many 
involved problems on beams 
can be split up into simple 
ones and solved in an easy 
manner by this grapho-analyt- 
ical method. 


Fie. 116. Example 53.—Determine the 
effect of a small vertical displace- 
ment 6 of the built-in end A of the beam AB (Fig. 116). 


Solution.—Remove the support A then the deflection 6, at A and the slope 6, 
at this point will be found as for a cantilever built-in at B and loaded by P, i.e., 


Pe 
= sey + omy — & 
Pee 
QEI 


= 
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Applying at A a reactive force X in the direction upwards and a reactive couple 
Y in the same direction as Ma, of such magnitude as to annihilate the slope 61 
and to make the deflection equal to 6, the equations for determining the unknown 
quantities X and Y will become 
X12 Vi ee 
2ET Bi Dyay 


and 
OS : 
3EI 2EI ‘ 


Example 54.—Determine the bending moments at the ends of a beam AB 
(Fig. 117) having built-in ends and being centrally loaded. Take I,/I) = 2. 


(c) 


Fie. 117. 


Solution.—A solution is obtained by combining the two simple cases shown 
in (b) and (c). It is clear that the conditions at the built-in ends of the given beam 
AB will be satisfied if the slope at the end will be equal to zero, 1.e., if the reactions 
of the imaginary loading for (b) and (c) be equal. Therefore the equation for 
calculating M will be 


from which 


29. Frames.—Symmetrical Case.-—The method used above for the 
cases of statically indeterminate beams can be applied also in the con- 
_ sideration of frames. Take, for instance, the simplest case of a sym- 
metrical and symmetrically loaded rectangular frame shown in Fig. 
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118. The sides of the frame are prismatical bars rigidly connected to 
each other at the corners A, B, C, D. The deflection of these sides 
produced by the central forces P is shown in the figure by dotted lines. 
Let EI denote the flexural rigidity of the horizontal bars and FI, 
that of the vertical bars. Other notations are as shown in Fig. 118. 
In this case, due to symmetry, there will only be one superfluous ele- 
ment, namely, the bending moment M at the corners of the frame. By 
cutting the frame at the corners and applying couples M, the problem 
will be reduced to the consideration of bending of two simply supported 
bars, AB and AC. The equation for determining the superfluous 
couple M will be obtained from the condition that the angles of rotation 


ie) 


Fig. 118.—Symmetrical loading of a rectangular frame. 


6, and 6,’ at the corner A must be equal. Determining these angles 
by using the grapho-analytical method (paragraph 23, page 84), the 
equation will be (see Fig. 118, (b)) 

PE Ml _ Mh 


16HE° ORF ORT; 
from which 


M 35 (a) 


If Z/I, be a: small quantity, i.e., if the vertical bars are very rigid in 
comparison with the horizontal bars, the magnitude of M, obtained 
from (a), will be about the same as for the case of a beam with built-in 
ends. If J/J, be very large, the horizontal bars will have about the 
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same end conditions as a beam with simply supported ends. The 
diagrams of bending moment for the horizontal and vertical bars are 
represented in Fig. 118, by the shaded areas. 

For an example of a frame with two superfluous elements, we shall 
consider the case shown in Fig. 119. In this case the bending moments 
M and M, at A and C are taken as superfluous elements. One of the 
equations for determining the superfluous elements will be obtained 
from the condition 6; = 6,’ (notations are as shown in Fig. 119). 
Another equation will be found from the condition that the end C of 


Fie. 119.—Symmetrical loading. 


the vertical bar AC is a built-in end. By using the known equations 
(64) and (69) for rotation of ends, the following will be obtained: 


epee eae cad 
a MORI OnT. 

ay Mh Mh 
1 


7 Sy eny athe 

From the condition at the corner A, we will have 6; = 6;’, or 
Pe Ml _ Mh _ Mah is 
16Z[ 2KkI 3H, 6E, 

The second equation will be obtained from the condition at the 


built-in end C as follows: 


Mh Mh _ 
SET,  3ET, ~ ° 2 
from which 
M, = 16M. (d) 
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Substituting in (b), the magnitude of M will be obtained. The cor- 
responding diagrams of bending moments are shown in the figure by 
shaded areas. 

Unsymmetrical Case.—It is easy to see that an unsymmetrical case 
shown in Fig. 120 (a) can be solved by combining the case (b) and (c). 
The case shown in (b) is a symmetrical one and can be considered 
exactly in the same manner as previously explained. From the 
consideration of the case shown in (c), it can be concluded that 
the point of inflection O of the horizontal bar AB will be situated at 
the middle of the bar. The magnitude X of the shearing force at the 
middle cross-section will be found from the condition that the vertical 
deflection of O is equal to zero, Fig. 120 (d). This deflection consists 
of two parts, deflection 6, calculated for O being the free end of the 


Fig. 120.—Unsymmetrical loading of a frame. 


cantilever OB, and the deflection 52 due to rotation of the end B of 
the vertical bar BC. By using the known equations for a cantilever, 
(paragraph 20, page 74) and by using notations from the figure, the 
following equations will be obtained: 


tates I nati (: ) R x(5) 


5: = 93m + ganT\a — °) — —3nr” 
poe f} Wy 
i = (5¢- X5) ary 


Substituting this in the equation 5, + 45) = 0, the magnitude X of the 
shearing force will be obtained. Having determined X, the bending 
moment at every cross-section of the frame (c) can easily be calcu- 
lated. Combining this with the bending moments for the symmetrical 
case (b), the solution of the problem (a) will be obtained. If solution 
for the case of one concentrated force is found, any other kind of load- 
ing on the side AB can be considered by using the principle of super- 
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position. The method shown here of reducing the problem to two 
simple cases (b) and (c) can be used in man,’ other 7a." 3. a means of 
obtaining a simple solution. 


Example 55.—A tank of rectangular cross-section a X b (Fig. 121), having thin 
walls, is submitted to internal hydrostatic pressure q lbs. per sq. inch. The walls 
of the tank are strengthened by the rigid frames. Determine the maximum bend- 
ing moment in the frame. 

Solution.—From the condition of symmetry it can be concluded that the 
bending moments at all corners of the frame are equal. The magnitude M of this 
moment will be found from the condition that the rotation of the end A of the bar 
AB must be equal to the rotation of the end A of the bar AC, Fig. 121 (bh). Deter- 


Sectional View 
through m-n 


Plan View 


mining the angles of rotation by using the grapho-analytical method (paragraph 
23) and notations from the figure, the equation for calculating M will be 
qa Ma _. Mb gb8 
Q4El 2EI 2EI = 24EI 


from which 


_. g(a? +8). 
ut ~ *12(a + 5) 
lia =}, 
pa? 
Wik = 12’ 


i.e., the bending moment in this case becomes the same as that for a beam with 
built-in ends. 
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Example 56.—A square frame ABCD is pressed onto a circular shaft of diameter 
d. Determine the pressure X between the frame and the shaft if the difference 
between the diameter d of the shaft and inside dimension of the frame is d/1,000. 
Solution.—From the condition of symmetry it can be 
B concluded that the bars of the frame do not undergo rota- 
tion at the end. Using the known formula of deflection 
for a beam with built-in ends (paragraph 28) the equation 
for calculating the pressure will be 
Xd if 


2 X topRT ~ 1,0007 
c from which 
,  O96ET 
Fie. 122. eS 


Example 57.—A rectangular frame ACDB (Fig. 123) made from a bar of 
circular cross-section is built in at A and B and loaded at the middle of the side DC 
by a load P perpendicular to the plane of the 
frame. Determine the deflection at the point of 
application of the load. Notations are as shown 
in the figure. 

Solution.—Let M denote the bending moment 
at the ends of the bar DC. The magnitude of 
M will be found from the condition that the angles 
of twist of the parts BD and CA are equal to the 
angles of rotation of the ends of the bar DC, i.e., 

Ma_ Pd? Mb 
LG™ AGET © 2B7 


from which 


The deflection will be 

Peas Oe MG 

23HI  48HI 8EI 

The first term on the right side represents the deflections of the cantilever AC and 
BD. The two remaining terms represent the deflection of the beam DC. 


o = 


30. Beams on Three Supports.—In the case of a beam on three 
supports (Fig. 124, (a)), there will be one superfluous reactive element. 
Let the reaction of the intermediate support C be this element. Then 
the solution of the case (a) will be obtained by combining cases 
represented in (b) and (c). The intermediate reaction X will be 
obtained from the condition that the deflection at C is equal to 
zero, 1.€. 6; = 62, or by using equations (61) and (66), 


Pes[(b +b)? —h?—e] XU %e? 


60, +1.) Er ~~ 8, +h) EI 
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from which 
Pe[(, + le)? — 1,2 — e? 
pre A le = a oe 
If P will act on the left span of the beam, the same formula can be 
used, but in this case it is necessary to measure the distance ¢ from the 
support A and to interchange J, and ls. 
For l, = l, = 1, 


LCE) 


na a (85) 


Ftq. 124.—Beam on three supports. 


If the solution for a single load P is obtained, any other loading can 
easily be considered by using the principle of superposition. 

The same problem can be solved in another manner. Imagine the 
beam cut into two parts by a cross-section through C (Fig. 124 (d)), 
and let M,. denote the magnitude of the bending moment of the given 
beam at the cross-section. In such manner the problem is reduced to 
the consideration of two simply supported beams shown in (d). The 
magnitude of M, will be determined from the condition @ = 6’, or 
using the known equations (64) and (69) for angles of rotation, 

Mili _ Pela? —c*) _ Mas 
3EI — ss OL HT 3EI 
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from which 

see Epo ETD) oe 
The diagram of bending moment is represented in Fig. 124 (d) by the 
shaded area. 

31. Continuous Beams.—In the case of a continuous beam on 
many supports, Fig. 125 (a) one support is usually an immovable pin 
while the other supports are pins on rollers. In this arrangement 
every intermediate support has only one unknown element; the magni- 
tude of the vertical reaction; therefore the number of superfluous 
reactive elements is equal to the number of intermediate supports. 
For instance, in the case shown in Fig. 125 (a) the number of super- 


Fira. 125.—Continuous beam. 


fluous elements is equal to five. Both methods shown in the previous 
paragraph can also be used here. But if the number of supports is 
large, the second method, in which the bending moments on the 
supports are taken as superfluous elements, is by far the simpler 
method. 

Let Fig. 125 (b) represent two adjacent spans of a continuous beam 
cut out by the sections on the supports. It is easy to see that if the 
bending moments on the supports are known the problem on bending 
of the coy tinuous beam will be reduced to that of calculating simply 
supported beams. In this case the number of beams is equal to the 
number of spans in the continuous beam. For calculating the bend- 
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ing moments at the supports, the conditions of continuity of the 
deflection curve at the supports can be used. It will be assumed 
that the bending moments at the supports are positive as shown in 
Fig. 125 (b) and that the angles of rotation of the ends are positive if 
the rotation has the same direction as the corresponding couple. Under 
these conditions the angles 6 and 6’ as shown in Fig. 125 both will be 
positive and the condition of continuity at any support » will be 
6= —6’ (a) 

General expressions for these angles can be obtained by using the 
grapho-analytical method. Let A, denote the area of the imaginary 
loading on the span n, corresponding to the real load, and let a, and 
b, determine the position of the center of gravity of this loading, Fig. 
125 (c). An analogous notation will be used also for n + 1 span. 
Then, taking the rotation of ends by the real loading and by the 
couples at the supports into consideration, equation (a) will be repre- 
sented in the following form: 

cA AOn Myln Mets A AOR 

ner + sett eer ~~ (iar 
or 


WE, =r 2M nln Si aa) Si M nsilnti eo 


Moln+1 


Wachee Ty, 


6ET 


a . 


BAndn — GAntidnti 
ln Plas 

This is the known equation of three moments which can be used 
in the consideration of beams on many supports. It is clear that the 
number of these equations is equal to the number of intermediate 
supports and the bending moments at the supports can be calculated 
without difficulty, if the ends of the continuous beam are simply 
supported. If one or both ends are built in, then additional equations 
will be necessary expressing the condition that no rotation occurs at 
the built-in end. 


(87) 


Fia. 126.—Continuous beam, the supports of which are not on the same level. 


The general equation of continuity (a) can be used also for those 
eases where, by mis-alignment, the supports are either not situated 
on the same level, or have been, due to the bending, subjected to 
vertical displacements (Fig. 126). Let 8, and 8,;: denote the angles 
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of inclination to the horizontal of the straight lines connecting the 
points of support in the nth and x + 1th spans. Remembering that 
while using the grapho-analytical method the angles of rotation are 
measured from the line connecting the centers of pins; it can be con- 
cluded from Fig. 126 that 


Ana AD Mails 


OS Bur w= 3ET S GnTe y= 

Exactly in the same manner, 

ee AntiOnt1 Malnti Mnrsilnss 

os Te East Spiele GE nian ete 
Substituting in (a), 

An n DAA n, n 
ie a TdT IL Laat Dl ord nde ye a ae 41 
n m+ 


BEI (Bn — Bnii) (88) 


If hn—1, hn, and h,4, denote the vertical distances of the supports 
n — 1, n, and n + 1 in a downward direction from a horizontal refer- 
ence line, the following expressions for 6, and 6,41 must be substituted 
in (88) to obtain a final solution: 


hn a | ee, Rn ar Rs 
[Si a ae Brena = : ce =. (89) 
Iles bakit 
If Ani, hn, . . . are known, the bending moments at the supports 


easily can be calculated from equations (88). 


Example 58.—Construct the diagram of bending moments and _ shearing 
forces for the continuous beam shown in Fig. 127 if P = ql, ¢ = U/4. 
Solution.—In this case the imaginary loading for the first span will be repre- 
sented by a parabolic segment the area of which is 
ee pa 
3 8 12 


Distances of the center of gravity of this area 


For the 2nd span A», = 0. 
For the third span, A; = Pc(l — c)/2, bs = 18(1 +c). 

Substituting this in equation (87) page 113, the equations for determining the 
bending moments M,; and M» will be 


4M,l +-M.l = — ie 


Pe(l? — ¢?) 
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from which 


Oe tl oye Cae) ea Aa 
ape ews in <a [5I2 eX 9600" 
a 4 Pc(? =O) _ 44 . 
ce ical a 960” 


The diagram of bending moment obtained will be as shown in Fig. 127 (b). 
To obtain the diagrams of shearing force it will be necessary to evaluate the 
reactions at the supports produced by the separate spans. Reasoning in this way 
it becomes evident that the pressures on the supports 0 and 1 produced by the first 
span of the beam will be 


M, 
l 


LD seed ee ql 
5) =e pera 4491 and 5 


= .5D51ql, 


while on the supports 1 and 2 by the second span of the beam it will be 


= —.005dql, 


— L aa M 2 
Le) Mi _ 05¢l ana fe 


and on the supports 2 and 3 produced by the third span it will be 


Pl — M, 
a © oert and we. 


— 704ql. 
] q 


From this, the corresponding diagram of shearing force is obtained as shown in 
Fig, 127 (c). 
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Example 59.—Determine the diagram of bending moment for the case shown 
in Fig. 128. 
Solution.—Equation (87) page 113 for this case will become 
Mol +4Mil + Mil = 0 (a) 
Now, from the condition at the support 2, 


(b) 
Fig. 128. 
while from the condition at the built-in end, we have 
Mol , Mil _ 
Shr CHT te) 


From (a), (b), and (ce), 

My) = —Pc, M. = %Pc, M2 = —Pe. 
The diagram of bending moments de- 
rived from this data will be as shown 
in Fig, 128 (b). 

Example 60.—Consider the effect 
on the maximum stress in the con- 
tinuous beam AB (Fig. 129) of a small 
downward displacement A at the mid- 
dle support 
Solution.—Equation (88) for this case will become 


Fie. 129. 


3 )/ 
‘Mi — © + enr4, 
z= -&( zt a) z -¥( Jom 
ae SNe ql Fae eh es 
in which 
Pet ie 
384 EI 


is the deflection of a simply supported beam of the length J. It is clear that the 
effect on the maximum bending moment due to the displacement of the middle 
support increases with an increase in the rigidity of the beam. For a very rigid 
beam, 6 is very small and the slightest displacement A of the support may pro- 
duce a large effect on the magnitude of the maximum bending moment. This fact 
must be given due consideration -in design, and the application of the theory is only 
justifiable when precautions have been taken to ensure alignment. 
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32. Potential Energy of Deformation.—Another method for solv- 
ing statically indeterminate problems, which is based on the considera- 
tion of the potential energy of deformation, will now be discussed. 
It has been shown (when considering the simplest problems in the twist 
of circular shafts and pure bending of prismatical rods) that the 
potential energy of deformation can be 
represented as a homogeneous function, of 
the second order, of external forces or of P; 


P, 


displacements. See equations (33) and zs 

(52). Assuming that the material follows 

Hooke’s law and that the structure is such e 
that the principle of super position can be rm 

applied,* the same conclusion can be ob- = yyg._ 130.—Flastic structure 


tained for the most general case. Take, submitted to the action of exter- 
for instance, the general case of deforma- rane 

tion in one plane and assume that an elastic structure simply supported 
at A and B is submitted to the action of external forces P;, Ps, P3 

(Fig. 130). Let 6;, 62, 63 . . . denote the displacements of the 
points of applications of the forces each in a direction corresponding 
to the force. Assuming that the forces are increasing slowly, so that 
any dynamical effect can be neglected, 
the work done by these forces during 
deformation, within the limits of 
elasticity, will be equal to the poten- 
tial energy of deformation stored in 
the deformed structure. The amount 
of the energy does not depend on the 
-order in which the forces are applied 
and is completely determined by the 
final magnitudes of these forces. As- 
sume that all forces Pi, Po, Ps . 

are increasing simultaneously in such 
a manner that their respective ratios 
remain always constant. Since the 
relation between any of these forces 
and the corresponding displacement can be represented by a straight 
line OA as shown in Fig. 131, the work done by the force during 


Iie. 131.—Diagram of potential 
energy. 


* Such systems as considered in example 10, page 7, are excluded from this 
consideration because the displacement in that case is not proportional to the force 
and the principle of superposition can not be applied. 
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deformation will be represented by the triangle OAB = P6/2. It 
follows, therefore, that the potential energy stored in the structure 
during the action of forces Pi, P2, Ps, will be 


P16, , Prd. 


= 4°%% : 90 

Ul Sse nergy oa (90) 

On the assumptions made above, 61, 62, 63; . . are linear func- 
tions of forces Pi, P2, P3, . . . Substituting these functions in 


(90), a general expression for the potential energy will be obtained in 
the form of a homogeneous function of the second order of external 
forces. If the forces be represented as linear functions of displace- 
ments and these functions be substituted in (90), the expression for 
the potential energy in the form of a homogeneous function of the 
second order of displacements will be obtained. Both forms of the 
potential energy have important practical applications. 

In the considerations above, the reactions at the supports A and B 
were not taken into account. These reactions easily can be obtained 
from the equations of statics if the forces P;, P2, Ps, . . . are known: 
The work done by the reactions during the deformation will be equal 
to zero due to the fact that the displacement at A is zero and the dis- 
placement at B is perpendicular to the reaction, friction at the support 
being neglected. 

In cases of statically indeterminate systems it will be assumed 
that the redundant fastenings at the supports are removed and the 
corresponding redundant reactive elements X, Y, . . . are applied 
as external forces. In this case the expression (90) of the potential 
energy will include not only the terms containing the given forces 
P,, P2, Ps but also terms due to 
the unknown reactive elements X, 
Y, 


(a) vet 
M The term “‘force”’ will be used in 
the future in its generalized mean- 
(b) ing sometimes denoting certain 
ee 


Vee 1s 


groups of forces. For instance, two 
equal and opposite forces acting 
along the same line (Fig. 132, (a)), a 
couple and the corresponding reac- 
tions (Fig. 132 (b)), or two equal 
and opposite couples as shown in Fig. 132 (c), can be denoted by one 
letter and considered as generalized forces. The corresponding dis- 
placements should be so chosen as to make the product of the force by 


(c) 


Fie. 1382.—Different types of generalized 
forces. 
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half of the corresponding displacement equal to the work done. The 
corresponding displacement for the case (a) will be the extension of 
the bar; for the case (b), the rotation of the end of the beam; and for 
the case (c), the rotation of 
one end of the rod with respect 
to the other end. 

Take, for instance, the case 
represented in Fig. 133. In 
calculating the potential en- 
ergy, the force P and the generalized force M must be taken into con- 
sideration. The corresponding displacements are the deflection 5 and 
the angle of rotation 6. By using the known equations we have 

VK Mi? 


Fie. 133.—Bending by a force and a couple. 


° = 48H * 16HI @) 
Py M1 
pecai esi tp) 


Substituting in (90), 
New adhe MI? M (Pie Mil 
ae +) - 


2\48EI ' 16KI 1GHIC 2 SEI 
1/P22 | M2. MPI 
gilgi chen a ae) 


l.e., the potential energy is a homogeneous function of the second 
order of the external forces P and M. Determining P and M from 
equations (a) and (b), and substituting them in (c), an expression for 
the potential energy as a function of displacements 6 and @ will be 
obtained. Application of a general expression for potential energy 
will now be considered. 

33. Theorem of Castigliano.—General.—Castigliano showed* that 
in all cases when the potential energy of deformation of any elastic 
system is represented by a homogeneous function of second order of 
external forces, partial derivative of potential energy with respect to 
any external force gives the displacement corresponding to this force. 
Taking, for instance, expressions (a), (b), and (¢) of the previous 
paragraph, it is easy to show that 

oU = PE Mis. 
Ora ARE Te 2 10h) = 
aU =6MI 4 Ble. 0 
OM 3EI 16k 
which is in agreement with the statement above, of Castigliano. 


* “Nuova Teoria Intorno dell’ Equilibrio dei Sistemi Elastici’’ Torino, Atti 
della Academia delle scienze, 1875, and “Theorie de l’équilibre des systémes élas_ 
tiques,”’ Turin, 1879. 


F 
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Single Force.—In the case of a single external force the proof of 
Castigliano’s theorem can be obtained at once from the Fig. 131. It 
is easy to see that if the displacement 6 obtains an infinitely small 
increase dé the corresponding increase of the potential energy, repre- 
sented by the shadowed area, will be 


dU = Pdé (a) 
from which 
dU 
| ae Je (91) 


i.e., if the potential energy is represented as a function of displace- 
ments, the derivative of this expression with respect to the displace- 
ment gives the corresponding force. The applications of this 
statement in solution of practical problems will be shown below. 

Now considering the infinitely small triangle ADC (Fig. 131) similar 
to the triangle OAB, it is seen that 


dé 6 6-dP 


dP = Pr or dé = Pp (b) 
Substituting this in (a) the statement of Castigliano will be obtained: 
dU 


It is of importance to note here that in developing equation (91) 
it was not necessary to make any assumption on the form of the 
function representing potential energy of the system. It holds in 
cases where the relation between P and 6 is not linear and the potential 
energy is no longer a function of the second order. In developing 
(92) the linear relation (b) between the force and the corresponding 
displacement was assumed. The equation obtained on this assump- 
tion gives true results only in cases where the expression for the 
potential energy is a homogeneous function of the second degree. 

General Case.—A general case represented in Fig. 130 is now to be 
considered. Assume that the potential energy of deformation is 
represented as a function of the forces Pi, P2, . . . so that, 

U = ¢(Pi, Pe +) kets ) 
If a small increase dP, will be given to any external force P,, the poten- 
tial energy will increase also and the new amount of it will be, 
aU 
Us F pte (f) 
But the magnitude of the potential energy does not depend on the 
order in which the forces are applied to the elastic structure. It can 
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be assumed, for instance, that an infinitely small load dP, was applied 
first and afterwards forces P;, Ps ...P, .. . The load dP, 
will produce only an infinitely small displacement; so the corresponding 
work done will be a small quantity of the second order and can be 
neglected. Applying now forces P;, Po, . . . P, . . . it must be 
noticed that their effect will not be modified by the load dP,, previously 
applied* and the work done by these forces will be equal to U, as before. 
But during the application of these forces the load dP, previously 
applied, will produce the work, 


dP 0n 
So that the complete expression for the potential energy will be, 
U + dPrdn (g) 
Comparing this with (f) 
aU 


which represents a general proof of the theorem of Castigliano. 

It was assumed in this consideration that every force P can obtain 
an arbitrary increase dP without changing any of the other external 
forces, otherwise it was assumed that forces P;, Po, . . . Pr, . 
are independent of each other. The reactive forces necessary for 
equilibrium are excluded from this consideration, as explained in the 
previous paragraph. 


Example 61.—Determine the deflec- 
tion and the slope (Fig. 134) at the end 
A of the cantilever AB, produced by the 
force P and the couple M,. 

* Solution—The bending moment at rere 

any cross-section mn is M = —Px — M, 

The potential energy of an element of the beam, included between cross-sections 
mn and myni, from (52) will be 


wee 
2EI 
The complete expression for the potential energy of the beam will be 
1 M?dx 
UO ke oysage 


The deflection at A will be obtained as follows: 


1 aM 1 
aU gpa 8) it poe LE ad 
6 = aP ae): ar dx = if (Px + M,)a dz = aRr t OBI 


* It follows from the principle of superposition. 
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The slope at A will be 


ai oM l 
aU I caret) ame : ats al 
Creneae Si ign Sti a cia Sicha FT nk TP 


Example 62.—Determine the deflection at the middle of a uniformly loaded 
beam with simply supported ends (Fig. 
135). 

Solution.—In order to obtain de- 
flection, by using Castigliano theorem, 
at a point in which no external concen- 
trated force is applied, the following 
method can be used: It is necessary to 

Fre. 135. apply in this point an additional imag 

inary force P and to calculate the 

derivative dU/dP. The magnitude of this derivative for P = 0 gives the deflec- 

tion desired. In the case represented in Fig. 135, the bending moment at any 
cross-section on the left from P is 


ee kane Angie 
uw a(t42)2 — 


The potential energy of bending will be 


eee 1/2 M2dx 
0 2HI 
The deflection at the middle 


(au. 2 fe aM, _ 2 ia (qle qu\ 2," 5 lt 
ea (=)... - ah Sp oa (5 5 ) 9 4 = 384 RT 


For determining the angle of rotation 6 of the end A of the beam (Fig. 135) a 
couple M, must be added. Then, by using Castigliano theorem, 


aU 
ee (a7) M,=0. 


EHxceptional Case.—Let us consider again the exceptional case given 
in example (10) page 7. The tensile force in bars of this system is 
S = 10V/P°2BA (c) 

The displacement of the point of application of the force P is 


ape 
bale (d) 


and the potential energy of extension is equal to 

Ageing Pe re ( 
Se BA eee 
Due to the fact that the displacement 6 is no longer proportional to 


the force, the potential energy cannot be a second degree function 
of the external forces and equation (92) will therefore not give the 


U=2 
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true value of the displacement. It is also seen from (e) that the poten- 
tial energy is no longer equal to half the product of foree and cor- 
responding displacement, but will be represented by the shaded area 
of Fig. 136, in which the curve OMA 


es Sg ees ees 
represents equation (d). It follows from t 
(e) that this shaded area is equal to half 
of the triangleOA B. Determining P from we 
(d) and substituting in (e), the expression P | ra LA 
for the potential energy will be obtained Se 
in the following form: 
AK6* ee 
OS es 4 LL} 
In this case potential energy is no longer Bu %) a 
a function of the second order of the dis- Fy¢, 136.—Diagram of the potential 
placement; nevertheless equation (91) energy. 
gives a correct value for the force, because from (g) and (d), 
dU AES 


uy = ABS =p, (g) 


This will serve to show that there are cases where the potential 
energy is no Jonger a function of the second order of the force and that 
in such eases the Castigliano theorem cannot be applied. Neverthe- 
less, equation (91) always holds and can be applied in the solution of 
these problems. 

34. Theorem of Least Work.—This theorem follows at once from 
the theorem of Castigliano and is very useful in analyzing structures 
with superfluous reactive elements. In considering such structures 
it will always be assumed that the superfluous fastenings are removed 
and that corresponding superfluous reactive elements X, Y, Z, . 
are applied to the structure. If the superfluous fastenings are such 
that there are no displacements corresponding to the forces XY, Y, Z, 
then from Castigliano’s theorem it follows that 

oU aU ou 

WXee- Paige og (a) 
The number of these equations is equal to the number of superfluous reac- 
tive elements; all these unknown quantities can be found from equations 
(a). 

It is easy to show that the second derivative of U with respect to 
any external force always will be positive.* Therefore, the previous 

* Due to the fact that the function U = aX? + bY? + cZ*? + dXY + eXZ + 

. must be positive for all values of X, Y,Z . . . , the coefficients a, }, ¢, 

. for X?, Y2, Z?.. . . must be positive; therefore, the second derivatives of 
U with respect to X, Y, Z . . . must be positive. 
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equations (a) represent conditions of minimum U. It follows, there- 
fore, that the magnitudes of the superfluous reactive elements are 
such as to reduce the potential energy 
of the system to a minimum value. 

Take, for instance, a beam repre- 
sented in Fig. 137, and consider the 
support A as a superfluous fastening. 
Then on removing this support and 
applying an unknown reaction X, a 
statically determinate cantilever beam will be obtained. The bending 
moment at any cross-section is given by M = Xa — qx?/2 and the 
potential energy by 


Fig. 137.—Beam with a built in end. 


' Mda. 
my pains 
oe ae: reaction X will then be pees from the equation 


X= col, 
The same method can be used for 
determining the superfluous internal 
forcesinastructure. Take, for instance, 
a frame (Fig. 188 (a)), submitted to the 
action offorcesP;,P:2, . . . Thestresses 
acting on any cross-section mn of the 
frame can be reduced to a longitudinal 
force S; shearing force Q, and bending 
moment M asshownin (b). The magni- 
tude of these forces cannot be found 
from the equations of statics. They are 
statically indeterminate and, consequently, 
the principle of least work can be used for 
their evaluation. Considering S, Q, and 
M as generalized forces it can be con- 
cluded from the condition of continuity Fic. 188.—General case of a frame. 
at the section mn that there will be no 
displacements corresponding to these forces, because due to continuity of 
the frame, there will be no motion of section a relative to b. Therefore, 


aU aU aU 
aoQ eke e OMe: 


U = 


oe =a 
from ane 
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These three equations can be used for determining S, Q, and M. The 
magnitude of these statically indeterminite forces is such as to reduce 
the potential energy of the deformed frame to a minimum. 


Example 63.—Consider the 
bending of the symmetrical frame 
shown in Fig. 139. 

Solution.—Because of symmetry 
of the figure, it can be concluded 
that there will be no shearing force 
in the middle cross-section mn and 
that the longitudinal force will be 
equalto P/2. Thesingle statically 
indeterminate element will be the 
bending moment M), at this cross- 
section. For determining this Fig. 139. 
moment the principle of least work 
will be used. The potential energy* will be four times the energy stored in one 
quadrant abc of the frame and will be (notations as shown in Fig. 139) 


h/2 
C= —— 
Fa 4HI 0 2HEI, 


Substituting in the equation 


oes 
vig wo 
it follows that 
Mol , Moh le =, 
2EI 2KI, 16#I, 
from which 
MM zl a 
Lene 


SANs Aa ee the tensile force 
in the string AB (Fig. 140) of the structure 
OAB, produced by the forces P. What varia- 
tion will be produced in this force by one turn 
of the nut C, if the dimensions of the structure 
and the pitch of the screw thread be known. 

Solution.—Let X = tensile force in the 
string AB, Ai = area of the cross-section of 
the arms OA and OB, A = area of the cross- 
section of thestring AB. The bending moment 
at any cross-section mn will be 


se! 
Fig. 140. ss (ea ie 


The potential energy stored by bending of the bars OA and Ae will be 
* Potential energy of tension is neglected in comparison with the potential 
energy of bending. 
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l Peay) 
UT, =o (ae) was 
; 9 


2EI 
The energy stored by tension in AB w.ll be 
L/2X? 
oo RA 
and the energy of compression in OA and OB will be 
2Xel 
U; = ABA, 
Substituting this in the equation, 
OU OU Ua Uae (a 
ox ox 
The following equation will be obtained: 
PU Pgs it od BAGS (b) 


3h ae Ted 3EI 
from which X can be calculated. If h denotes the pitch of the screw, C, the 
displacement corresponding to the forces X produced by one turn of the nut, will 
be equal to 2h. This quantity, instead of zero, must be now inserted in the right 
side of equation (a). 

35. Reciprocal Theorem.*—This important theorem is very useful 
in considering statically indeterminate structures submitted to the 
action of moving load. In using this theorem two different states of 
stress of the same structure are to be compared. The statement of the 


P; 


Ps 
P, 4 


(a) (b) 
Fig. 141.—Two states of stress. 


theorem is as follows: The work done by the forces of the first state of 
stress on the corresponding displacements of the second state is equal 
to the work done by the forces of the second state on the corresponding 
displacements of the first. Let an elastic structure be submitted 

* Particular case of this theorem was obtained by C. Maxwell, see Phil. Mag. 


Vol. 27, p. 294, 1864. For a general proof of the theorem, see Lord Rayleigh, 
Scientific Papers Vol. I, p. 179, 
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(Fig. 141), in the first case, to the action of forces P; and Py» and in the 
second case to the action of P; and P;. The supports are such that 
the reactions can be determined from the equations of statics.* Let 
d1, . . . 6,denote the displacements of points1, . . . 4 correspond- 
ing to the forces Pi, . . . Psin the first state of stress (Fig. 141 (a)), 
and let 6:1, . . . 64! denote the displacements in the same directions 
for the second state of stress. Then the reciprocal theorem gives 
P 181! + Pode! = P3d3 + Pads (94) 
In order to prove this statement consider the potential energy of 
the elastic structure when all forces P;, Ps, P3 and P, are acting. 
Assume first that forces P; and P2 are applied first, the corresponding 
potential energy will then be 
=e 4 Fabs (a) 
Now, in addition apply Habs, P3 a P,, the work done by these 
forces will be 
il 1 
=F — (b) 
During the application of the forces P; and P4, the forces P; and P2, 
previously applied, will perform the displacements 6;! and 62! and will 
produce the work 


P1613 + P69! (c) 
So that the complete expression for the potential energy after applica- 
tion of all the forces will be obtained by summing (a), (b), and (¢): 
P46 P26 P: 3631 P4643 


Re Peto yt yt PP Pale! (d) 


Repeating the same reasoning but putting first forces P; and P, and 
afterwards P, and P, the following expression for the energy will be 
obtained: 


1 5 16 P26 
ym Pate Peg Uh TO Pats + Pads (e) 


On the basis that the value of the potential energy does not depend on 
the order in which the forces were applied but only on the final magni- 
tude of these forces, then the expressions (d) and (e) will be equal, 
from which the general equation (94) given above, will be obtained. 

*In the case of statically indeterminate systems it is assumed that superfluous 
fastenings are removed and the corresponding superfluous reactive elements X, 
Y, . . . are applied to the structure. 
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In a particular case, when in the first state of stress, only a single 
force P, is acting; and in the second state, a force P2 is acting, in which 
case equation (94) becomes 

P61! = Pd, (94a) 
and if P, = Ps, it follows that 6:1 = 62. The application of this 
theorem in the solution of statically indeterminate problems will now 
be shown for a simple problem represented in Fig. 142. Let us con- 
sider the real condition of the beam, shown in Fig. 142 (a), as the first 
state of stress. The reaction X at the support A is taken as the super- 
fluous element. For the second state of stress, the fictitious state 
shown in Fig. 142 (b) is considered. The superfluous support is 
removed and instead of the 
unknown reaction X a force 
equal to unity, acting in a 
downward direction, is taken. 
This second state of stress is a 
very simple one and its deflec- 
tion curve can be found with- 
out any difficulty. Let 6 
Fie. 142.—Line of influence of the reaction X. denote the deflection at the 

end A, andy denote the deflec- 
tion at the point of application of the force P. The work done 
by the forces of the state (a) on the corresponding displacement for 
the state (b) is Py — X6. The work of the force unity, of the second 
state on the corresponding displacement of the first state is equal to 
zero because the displacement of the point A in the first state is equal 
to zero. Due to the fact that the displacements at the built in end 
are equal to zero, it is not necessary to consider the reactions at this 
end, for the corresponding work is always equal to zero. The recipro- 
cal theorem gives Py — X6 = 0 


from which X = Py/s. It is seen Or» ‘a 
that in the case of a moving load as Z 
P, the reaction X changes in pro- ~~ a Mo 
portion to y,1.e.,thedeflectioncurve A ——__ ay : eB) 


of the state (b) gives a complete 
picture of the manner in which X 
varies, due to the motion of P. 
This curve is called the line of in- Fre. 143.—Line of Sas of the couple 
fluence of the reaction X. te 


If instead of the reaction at the support A, the reactive couple 
M, at B be considered as the superfluous reactive element, 
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the two states of stress shown in Fig. 143 must be compared. The 
case (a) represents the real conditions of the beam. ‘The case (b) is 
the fictitious state of stress in which the superfluous fastening at B 
is removed, and, instead of the unknown reactive couple M; acouple 
equal to unity has been applied. This second state of stress is a simple 
one. The deflection y and rotation 6 can easily be obtained. Applying 
the reciprocal theorem we have 
from which 

M, = =a 
Again, the deflection curve for the fictitious state of stress represents 
the line of influence for the superfluous reactive element M;. 

36. Deflection Curve Represented by a Trigonometrical Series.— 
By making use of the expression for the potential energy of deforma- 
tion, the deflection curve in the form 
of a trigonometrical series for a 
simply supported beam can be ob- 
tained. It will be shown that this 
method of analysis is very useful in 
solving problems on the bending of 
beams when transverse and longi- 
tudinal forces are acting simultane- 
ously (see Chapter VII). 

We shall first consider the case 
of a single force P (Fig. 144), 
because from this single considera- 
tion every other case of loading ae Fie. 144.—Deflection curve represented 
be obtained easily by using the by a trigonometrical series. 
principle of superposition. The 
deflection curve for this case can be represented by the following 
series: 


ee 
er ae (a) 


Geometrically this means that ie deflection curve can be obtained 
by superimposing simple sinusoidal curves such as shown in (b), (c), 
(d), and so on. The first of these curves represents the first term in 
(a); the second curve, the second term and so on. The coefficients 
(1, G2, a3 of the series give the maximum ordinates of these sine curves; 
and the numerical factors 1, 2, 3, etc., the number of waves. 


oat 3m. 
y =|a, sin a az sin — eas @3 sin — 


130 APPLIED ELASTICITY 


It can be shown analytically that by increasing the number of terms 
in the series (a) the deflection curve can be represented to any desired 
degree of accuracy. It is seen from equation (52) that the potential 
energy of a bent beam is 


and since 
_ py UY 
M = —-EI de? 
then 
EL [{" (dy? 
ee Didt ae) oe Cy 
In order to obtain U as a function of the quantities ai,a2, . . . itis 


necessary to differentiate the series (a) twice and to substitute the 
second derivative, obtained in this manner, in the equation (95). The 
expression for the square of this derivative will contain terms of two 
kinds, such as 
eee NOL! Lg nmn* . nee . Mat 
Gy? sin? —— and \2a,dm sin >— ‘sin —— 


i l i l 


It can be shown that 
: nt “¢ 
sin? Sade = ib) 29 


and 
u : 
fosin’ = in dx = 0. 
Then equation (95), after integration, becomes 4 
 Blnt/.,, EInrtw : 
U =~ (ar? + 2taa? + 34as? + ) = ae 2, Man? (86) 


By using this equation, the coefficients in the series (a) can now be 
determined. It is known that if an elastic system undergoes a small 
displacement from the position of equilibrium, then the corresponding 
increase in the potential energy is equal to the work done by the 
external forces during such a displacement. By using series (a) for 
the deflection curve, the small displacements can be obtained by chang- 
ing the coefficients a, de, a3, . . . Assume that any coefficient a,, 
obtains an increase da,, 1.e., in the series (a) instead of the term a, 
sin nrav/l we will have the term (a, + da,) sin nra/l, the other members 
remaining constant. It is seen that the increase da, in the coefficient 
a, means the superimposing on the deflection curve of an additional 
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very small deflection given by the sine curve da, sin nra/l. . During 
this additional deflection, the point of application of the force P, 
distant ¢ from the origin of coordinates, undergoes a vertical displace- 
ment equal to da, sin nre/l, and the force P will perform work given by 


day sin “= - P. (b) 
Consider now the increase in the potential energy (equation 96). 
The energy is represented as a function of a1, a2, a3, . . . and an 


increase of this function corresponding to the increase da, of any 
coefficient a,, is 


0 = ead = A nana, (c) 
This must be equal to the an done by equation (b); therefore 
a tite = Pein a ) 
or 
2PI? sin = 
in = TEI nt 


_ Substituting this in (a), the following expression is obtained for the 
deflection curve: 


ine’ sin gin ane sin ats sin sae sin aay, 
eo are li l ii aay i wie Sel (97) 
EIn* 14 24 oe : 
from which the deflection at any point easily can be obtained. In 
order to obtain the deflection at the middle, when the load is also 
acting there, it is only necessary to put c = « = 1/2 which gives 
2PEe 1 
hop =aa(atutae-:) (98) 
It is seen that by taking only the first member of the series, the deflec- 
tion is obtained with an accuracy of about 114%. 
If instead of a single concentrated load a uniformly distributed load 
is acting on the beam, the deflection curve can be obtained from (97) 
by using the principle of superposition. Substituting in (97) qdc 
instead of P and integrating the equation between the limits c = 0 and 
c = 1 we have 


in in ony sin one 
7 ag (% i ap Lee taba 
~ Eln\ 1 3° 58 a 
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giving the deflection at the middle (a = 1/2); 
A4ql* / 1 ih 
(y)« =1/2 ar aut (1 Sim 35 + 55 ere ae ) 
If only the first term of the series be taken, then the error in the deflec- 
tion at the middle will be about 14%. 
This method of expressing deflection curves by means of a trigo- 
nometrical series is very useful and it will be used afterwards in study- 
ing the bending of beams submitted simultaneously to transverse and 
longitudinal forces. 


CHAPTER VI 
BENDING OF BARS ON ELASTIC FOUNDATION 


37. General Equation of Deflection Curve.—Assume that a pris- 
matic bar AB, loaded by a distributed load q (Fig. 145), is supported 
along its entire length by a continuous elastic foundation, such that 
when the bar is deflected the intensity of the continuously distributed 
reaction at every section is proportional to the deflection at that sec- 
tion. Under such conditions the reaction per unit length of the bar 
can be represented by the expression ky in which k, called the modulus 


(b) 


Fic. 145.—Bar on an elastic foundation. 


of the foundation, denotes the reaction per unit length, provided the 
deflexion is equal to unity. The simpleassumption that the continuous 
reaction of the foundation is proportional to the deflection, is a good 
approximation in many practical cases. For instance in the case of 
railway tracks, the solution obtained on this basis is in good agree- 
ment with actual conditions. 

In studying the deflection curve of the bar the differential equation 
(59) will be used. Differentiating this equation twice and using 
equation (53) we have 


EI = - = =->: (a) 
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An expression for the derivation dQ/dzx of the shearing force with 
respect to x can be obtained from the consideration of equilibrium of 
an infinitely small element of the beam, Fig. 145 (b). Considering 
the vertical forces acting on this element, the equation of equilibrium 
of this element will be* 


gdx + (Q + 9 ar) — Q — kydzx = 0, 


or a 
roe eas 
Substituting this in (a), we have 
EI ia q — ky (99) 
dx* 


This is the general equation for the deflection curve of a bar sup- 
ported on an elastic foundation. 

Along the unloaded part of the bar, q = 0. The differential equa- 
tion (99) then becomes 


If we denote 


4| k 
se (101) 

A general solution of (100) will be represented as follows: 

y = e(A cos Bx + B sin Bx) + e**(€ cos Bx + D sin Bx) (b) 

This statement can easily be verified by substituting (b) in equa- 
tion (100). In particular cases the arbitrary constants A, B, C, and 
D of the solution must be determined from the conditions existing at 
the ends of the bar. . 

The general case for a distributed load equation (99) will be solved 
ina similar manner. It is only necessary to add to the solution given 
by (b) the particular solution of equation (99). We will now come to 
a consideration of some special problems involving the application 
of this theory. 

38. Infinitely Long Bar.—Single Concentrated Load.—Taking the 
origin of coordinates at the point of application of the force (Fig. 146), 
then from conditions of symmetry, only that part of the bar to the right 
of the load need be considered. 

* In consideration of this element the direction of positive shearing force Q 


is taken as was explained before (paragraph 15); ¢ is considered as positive if it 
has a downward direction. 
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In applying the general equation (b) page 134, to the solution of 
this case, the arbitrary constants must first be found. To arrive at 
this solution it is natural to assume that at points infinitely distant 
from the force P the deflection D 


and the curvature are equal to x 
zero. Due to the fact that the i 

x ; : y ( 
function e8* continues to increase 


a) 
ee, x 
with increase of 2, it follows that Me ¢ 7 
b) 


the arbitrary constants A and B bs ( 
must be zero in order to satisfy x 
the conditions at the end xz = « Fic. 146.—Infinitely long bar on an elastic 

: : . . foundation. 
Assuming in equation (b) that 

AR =25e—-70) 
the deflection curve for the right part of the bar becomes 
y = e ®*(C' cos Bx + D sin Gz) (a) 


The two remaining arbitrary constants C and D must be found 
from the conditions at the origin, i.e., at the point 0. At this point 
the deflection curve must have zero slope; therefore 


dy s 
Gee 
or, substituting (a), 
— Ble-8*(C cos Bx + D sin Bx + C sin Ba — D cos Bx)]z20 = 


—B(C — D) =0 
from which 
Chal), 
The equation (a) therefore becomes 
y= Cé"*(cos Cr si pr) (b) 
which is fundamental for this condition of loading. 
The consecutive derivatives of this equation give: 
oy = —26Ce-§* sin Bx 
dx : 
Co = 26%Ce-® (sin Be (c) 
ie 28?Ce-8* (sin Bx — cos Bx) c 
3 
ay = 46°Ce °* cos 6x: (d) 
da? 


The constant C will be determined from the condition that at 7 = 
0 the shearing force for the right part of the bar (Fig. 146, (b)) 1s 


given by 
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or, using (d), 


EIAB°C = = 
from which 
Ie 
C = 3asBT 


Substituting this in (b) and (c), the following general expressions 
are obtained for the deflection and bending moment curves: 


P 
= —_ —B2 j 
y S6°E1 e-8 (cos Bx + sin Bx) (102) 
a Oana oe ;! ; 
M = ETT 3 = 4p° (sin Bx — cos Bx) (103) 


Curve of Function @= &* (cos B x+sin|@ x) 
i ‘ 
for determining Deflection 


Fig. . 147. 


Both the expressions (102) and (103) have, when plotted, a wave 
form with gradually reduced amplitude. The length of this wave will 
be given by 

La eae (104) 

In order to simplify the determination of the deflection, the bend- 
ing moment, and the shearing force, Table VI is given,* in which the 
following notations are used: 

@ = e-8 (cos Bx + sin Bz) 
y = e- (sin Bx — cos Bx) (e) 
6 = e-8* cos Bx 

*The Table VI is taken from the book “Die Berechnung des Eisenbahn 

Oberbaues,”” by Zimmermann (Berlin), 1888. _ 
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In Figs. 147 and 148 the functions ¢ and y are shown graphically. 
The maximum deflection and maximum bending moment occur 
at the origin and are respectively equal to 


a pale tea : 
5 = (Yao = 88°EI 2h (105) 
ye ie (106) 


Curve of Function 8 *{(sin 8 x- cos x 
for ieecicile Bending Moment 


Fig. 148. 


By applying this theory together with the principle of superposi- 
tion, the deflection produced in an infinitely long bar for any other 
type of loading can easily be obtained without the recourse to long and 
complicated expressions. The effect produced by concentrated loads 
can thus be obtained directly by 
using Table VI or the curves of 
Figs. 147 and 148. Such an appli- 
cation will be considered later for 
the case of a railway track. 

Distributed Load.—The applica- 
tion of this theory to the case of a 
distributed load will now be con- Fre. 149. 
sidered. Let a uniform loading be 
distributed over a length J of an infinitely long bar (Fig. 149). 
Consider any point A, and let a and b represent the distances from this 
point to the ends of the loaded part of the bar. The deflection at 
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Taste VI.—ConsTAnts FOR CALCULATING DEFLECTION, BENDING MOMENT AND 
SuHparina Force in A Bar on Exvastic FouNDATION 


Bx $ v 2 

0 1.0000 —1.0000 1.0000 
sil .9907 — .8100 -9003 
eed . 9651 — .6398 . 8024 
ies 9267 — 4888 /7077 
4 . 8784 — .3564 .6174 
0 -8231 — .2415 . 323 
-6 . 7628 — .1481 .4530 
ae -6997 — .0599 .3798 
‘8 6354 + 10093 13131 
9 2Otl2 .0657 20a 
1.0 . 5083 -1108 -1988 
ileal 4476 11457 .1510 
Es? . 38899 WTLG 1091 
1.3 13355 .1897 -0729 
1.4 2849 .2011 .0419 
1.5 2384 . 2068 -0158 
1.6 .1959 . 2077 — .0059 
ieee nLOZ6 . 2047 — .0235 
1.8 . 1234 . 1985 — .0376 
is) .0932 . 1899 — .0484 
2.0 0667 . 1794 — .0563 
Drvk 0439 1675 — .0618 
Pd see .0244 1548 — .0652 
2.3 “0080 11416 — 10668 
2.4 — .0056 - 1282 — .0669 
2.55: — .0166 .1149 — ..0658 
2.6 — .0254 -1019 — .0636 
Dyer — .0320 -0895 — .0608 
258 — 10369 0777 — 10573 
Pa) — .0403 .0666 — .0534 
3.0 = xivoe :0563 — 10493 
3.1 — .0431 .0469 — .0450 
3.2 = Yes 10383 — 10407 
3.3 ~ 10422 :0306 — 10364 
3.4 — .0408 .0237 — .0323 
3.5 — .0389 -0177 — .0283 
3.6 — .0366 -0124 — .0245 
3.7 — .0341 .0079 — .0210 
3.8 = {Cn 0040 =) Oil 
3.9 — 10286 “0008 = on 
4.0 — .0258 — .0019 — .0120 
4.1 — .02381 — .0040 — .0095 
4.2 — .0204 — 10057 — 10074 
4.3 — .0179 — .0070 — .0054 
4.4 — 10155 — 10079 — .0038 
4.5 — .01382 — .0085 — .0023 
4.6 — .0111 — .0089 — .0011 
4.7 — .0092 — .0090 — .0001 
4.8 20075 — .0089 + .0007 
4.9 — .0059 — .0087 0014 
5.0 — .0046 — .0084 -0019 
5.1 — .0033 — .0080 0023 
5.2 — .00238 — .0075 .0026 
5.3 — .0014 — .0069 .0028 
5.4 — .0006 — .0064 0029 
5.5 0 — .0058 -0029 
5.6 + 10005 — 0052 0029 
yaw .0010 — .0046 .0028 
5.8 .0013 — .0041 .0027 
5.9 .0015 — .0086 0026 
6.0 -O017 — .0081 0024 
6.1 .0018 — .0026 .0022 
6.2 .0019 — .0022 -0020 
6.3 0019 — .0018 0018 
6.4 .0018 — .0015 .0017 
6.5 0018 — 10012 0015 
6.6 ‘0017 — 10009 0013 
6.7 .0016 — .0006 0011 ‘ 
6.8 :0015 — .0004 .0010 
6.9 0014 — 10002 -0008 
7.0 .0013 = ; 

ee es ee a ee ee 
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A, produced by an element gdx of the load, will be obtained by 
substituting gdx for P in equation (102). This gives 


sone? * (cos Bx + sin Bx). 


The deflection produced at A by the loading distributed over the 
length / will then become: 


b 

Ps. UES gdx 

y db Beant ° 8= (cos Ba + sin Ba) + f° 83°81 
é-82 (cos px ++ sin Bx) = 


sp (2 — e ® cos Bl — e-8* cos Ba) (f) 


If a and b are comparatively large,* the values e~® and e-*? will be 
relatively small and the deflection will be approximately equal to q/k, 
i.e., at points remote from the ends of the loaded part of the bar, the 
bending of the bar can be neglected and it can be assumed that the 
uniform loading q is directly transmitted to the elastic foundation. 
By taking the point A at the end of the loaded part of the bar we will 
Weavers — 0, b= 1. és6*s cos 6a = 1,6 cos Bb" — 0, and y=" ¢/ 2k, 
i.e., the deflection now has only one-half of the value obtained above. 

Considering another extreme case where the length of the loaded 
part of the bar is very short, and taking the point A at the middle, we 
have 


Ba = 6b = . 


Taking this in conjunction with the approximation 


Bl 
~ Bl Bl 
2 Ee Riss na 
€ COS 5 1 5) 
and substituting in (f), we get 
Be pl\ _ pl 
y = 21 Omer a) ~ 19K 


This is in agreement with equation (105) obtained previously for the 
case of the concentrated load. 

Combination of Force and Couple Acting at the End of a Long Bar.— 
Following the same reasoning as in the previous case, it can be con- 


* For instance, if they are of the same order as the wave length LZ, given by the 
equation (104). 
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cluded that the general solution for an infinitely long bar shown in 
Fig. 150 must be of the form 
y =e "*(C cos 62 -- Dain Be). (g) 
The conditions at the origin, 1.e., 
under the load P, for determining 
arbitrary constants C and D are: 


d*y ee 
EI (3 = Mo 
d3 
Fig. 150. EI (<4) = 7a =P. 


Determining C and D from these equations in a similar manner as 
indicated in the previous paragraph and substituting in (g), the 
following a for the deflection curve will be obtained: 


ie Saal? cos Bx — BM» (cos Bx — sin Bx)]. (107) 
The deflection at the end will a 
6 = (yao = saat (P — BM) (108) 


By differentiating equation (107), the expression for the slope will 
be obtained. At the end (a = 0) this will become 
dy bd 1 
(ae) ~ ~ agen P — 28Me) os 
By using these equations in conjunction with the principle of super- 
position, more complicated ee can be solved. 


Example 65.—A prismatical bar AB of great length (Fig. 151) is supported 
by an elastic foundation. Determine the bending due to an abrupt change in the 
intensity of the uniformly distributed load. 

Solution.—Imagine the bar cut into two parts by the cross-section mn. The 
displacement due to the compression of the foundation will become equal to q/k 
on the left of section mn, and qi/k on the right. Now, in order to satisfy the 
condition of continuity of the deflection curve, forces P must be applied as shown 
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in the figure. By using equation (108), in which, for our case, My must be made 
equal to zero and observing that the sum of deflections produced by forces P 
must annihilate the difference in compression of foundation, the following equa- 
tion for determining P will be obtained: 
eee IN g 
26°HI k k 
Having determined the magnitude of P, the deflection curve can be obtained 
by combining the constant compression q./k (for the right side of the bar) and 
g/k (for the left side) with the deflection produced by forces P as given by equa- 


tion (107). 
In such manner we have: 
= ; _ sour cos 62% fora > 0 
q 12 
VA nest oo fora <0 


39. Stresses in Railroad Track.—The following method of analyz- 
ing stresses in rails is based upon the assumption that there is a 
continuous elastic support under the rail. This assumption is a 
good approximation* since the distance between the ties is small in 
comparison to the wave length L of the deflection curve given by equa- 
tion (104). In order to obtain the magnitude k of the modulus of 
foundation, the load required to depress one tiet one unit must be 
divided by the tie spacing. Suppose for instance, that the tie is 
depressed .3 inch under a load of 10,000 pounds and that the tie 
spacing is 22 inches, then 

k= 3x22 7 1,500 lbs. per sq. inch. 

Consider first the case of a single wheel load P, then, for maximum 
deflection and maximum bending moment, equations (105) and (106) 
can be used. The maximum stress due to the bending of the rail 


will be Rav 
—_ M max =e 13 le (ee (a) 
ke 


foe S. dps a8 
where S denotes the section modulus of the rail. 
In order to compare stresses in rails the cross-sections of which are 
geometrically similar, equation (a) may be represented in the following 
form: 


SP SUL te (110) 
eS ay a 
* See author’s paper on Strength of Rails—Transactions of the Institute of 
Way of Communications (1915), Petersburg, Russia. 
+ It is assumed that the tie is symmetrically loaded by two loads corresponding 
to the rail pressures. 
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in which A = area of the cross-section of the rail. Since the second 
factor on the right side of equation (110) remains constant for geometri- 
cally similar cross-sections and since the third factor does not depend on 
the dimensions of the rail, the maximum stress is therefore inversely 
proportional to the area of the cross-section, i.e., inversely proportional 
to the weight of the rail per unit length. 

The maximum pressure Rinax on a tie is obtained by multiplying 
the maximum depression by the tie spacing and by the modulus of 
foundation. By using equation (105), 

PB Pere Pa kt 
ge Oa nee 

It is seen from this that the pressure on the tie depends principally 
on the tie spacing. 

In the case where several loads act on the rail, the principle of 
superposition may be used; and for the purpose of illustrating the 
method of calculation a numerical example will be discussed. Consider 
a 100-lb. rail section with J = 44 in.‘ and with such a tie spacing that 
k = 1,500 lbs. per sq. inch, then from equation (101), 


: en - J 1,500 es. 
4EI AX 2010 E438 


and from equation (104), 


Tae a = 277 %n. 


Taking a system of four equal loads, 66 inches apart, and fixing the 
origin of coordinates at the point of contact of the first wheel, the 
values of Bx for other wheels will be as given in Table A. 


Taste A.—For Cancunatina DEFLECTIONS AND BrnpING MoMENTS IN THE 


Rar 
FOROSH cats cote 1 2 3 4 
(BD. =e ae eee 0 1). die 3.05 ASOT 
A re eye lstcs eae —1 .207 051 — .008 
= . 230 — 042 — .012 


The corresponding values of functions ¢ and y (Kq. e, p. 136), 
taken from the numerical Table VI of the previous paragraph are also 
given. Now, superimposing the effects of all the loads acting on the 
rail, the bending moment under the first wheel will be 

@) 
M, = ‘a(t — .207 — .051 + .008) = 55 
i.e., the bending moment is 25% less than that produced by a single 
load P. 


) 
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For the point of contact of the second wheel, 


P P 
= —— 1 > . FSH => Oe Wires 
M, 4p [ (2-207) 051] 939 4B 
The deflection at the point of contact of the first wheel will be 
_ Pb s —~ 118F8 
61 = an ar eo 042 — .012) = 1.1857 


In the same manner the deflections at other points can easily be 
obtained. 

It is seen that this analysis is easily applied for determining the 
effect of a combination of loads having any arrangement and any 
spacing. 

The analysis is based on the assumption that the rail support is 
capable of developing negative reactions. Since there is play between 
the rail and the spikes, there will be little resistance to the upward 
movement of the rail which will tend to increase the bending moment 
in the rail under the first and the last wheels. 

Other elements enter into the problem and these may effect the 
accuracy of the analysis. Nevertheless, in general, the theory of the 
deflection of the rail, produced by static loading, is in good agreement 
with the experiments made. * 

40. Deformation of a Cylindrical Tube Symmetrical about the 
Axis.—The analysis given for a bar on elastic foundation can be used 


also in considering the deformation of a circular tube symmetrical 
about the axis. Assume, for instance, that a circular tube is submitted 
to the action of forces acting in a radial direction and uniformly dis- 
tributed around a circle mn (Fig. 152). Due tosymmetry it is sufficient 


* See Progress Report of the Special Committee on Stresses in Railroad Track. 
Bulletin of the American Railway Engineering Association, March, 1918. 
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to consider only one longitudinal element AB of the tube, the width 
of the element being taken equal to unity. The forces mentioned 
above will produce deflection of the element AB in a radial direction. 
Let y denote the radial displacement at any cross-section of this ele- 
ment. The corresponding unit compression in a circumferential 
direction is y/R, where R denotes the middle radius of the tube. The 
compressive forces per unit length of the element AB will be (Fig. 
152 (b)): 


P=—.-t (a) 


where ¢ = the thickness of the tube. 
The resultant of the forces P, having a radial direction, is equal to 
1 Et 
Fy eG ees (b) 
This force, opposing the deflection of the element AB, is propor- 
tional to the deflection; therefore the conditions are the same as in the 
case of a bar supported on elastic foundation. From (b) it can be 
concluded that the modulus of foundation in this case is 
p= Bt 
R? 

P Consider, for instance, bending pro- 
duced in a circular tube by shrinking 
reinforcing rings onto the tube (Fig. 153). 
Assuming that the width of the ring is 
very small, the equations obtained for a 
single concentrated load (page 136) can be 
used. Let P denote the compressive force 
acting on the tube per unit length of the 
circumference, then the deflection of the wall of the tube in a radial 
direction from equation (105) will be 


ye 


P 
ETC emo ss 


Pp 
° = Ok © 
in which 
Et 


In calculating 8 it is necessary to take into consideration the fact 
that the cross-section of the longitudinal element AB will not be dis- 
torted during bending; therefore the extension and compression of the 
longitudinal fibres will not be accompanied by lateral contraction and 
expansion. In such cases, 
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instead of H must be used as explained in the consideration of pure 
bending (paragraph 14). Instead of (101), the following equation 


will be obtained: i> es 
p= fia = Sy BU - 5) (111) 


ABI Rt 


. = PR* /3(1 % 34 
eel ‘ ie): Me = TNT VS X BI = 61357) 
The radial extension of the ring ath by the forces P is 
nee 
EA 


in which A = the area of the cross-section of the ring. 

If A denotes the initial difference between the external radius of the 
tube and the internal radius of the ring the following equation for 
determining P will be obtained 


6 +- 64 — A 
or 
P/R\% | PR? = 
643,(5 oe (112) 


Substituting P in equation (106) the maximum bending moment 
produced in the wall of the tube will be obtained. In this considera- 
tion it has been assumed that a single ring acts on the tube. If several 
rings are used, the bending in the tube and the corresponding stresses 
can easily be obtained by apply- 
ing the principle of superposition @ 
explained in paragraph 39. 

The same method can be ap- ae 
plied also in those cases where a 
cylindrical tube with reinforcing 
rings is submitted to either a uni- 5 
form internal or a uniform external 
hydrostatic pressure. Forinstance, 
in considering stresses in the hull of a submarine having a circular cross- 
section (Fig. 154), the pressure on the strengthening rings will be found 


Fig. 154. 
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R? 
from the equation (112). It is necessary only to put A = ae where 


q denotes the uniform hydrostatic pressure and ¢, the thickness of the 
wall. Taking, for instance, the strengthening rings as very rigid and 
neglecting in equation (112) the second term on the left side, we have 


P/R\% _ qR? 
643(5) = Fao 
or 
(| fice 


The corresponding maximum bending stress will be 


6M 6P 3 1 ao | R02 _ 1829R 
UES al AB 2 x oat Re | {\-. fee 


|) 


ie., the maximum bending stress is 82% higher than the uniform com- 


pressive stress oe produced in a cylindrical tube without reinforcing 


rings. * 

The problem on the shrink fit pressure between the shaft and the 
hub, when the latter consists of two parts of different thicknesses, also 
can be solved by using the theory of bending of a bar on elastic founda- 
tion. It is necessary only to divide the hub into two cylindrical parts 
of different thicknesses and find out the pressures and the compres- 
sions of the shaft for both these parts separately. Afterwards, on 
the section of the hub separating these two parts, shearing forces and 
moments must be applied so as to satisfy the condition of continuity. 
See Example (65) page 140. 

41. Thermal Stresses in Hollow Cylinders Due to Non-uniform 
Heating along the Axis of the Cylinder.—The problem of the distri- 
bution of thermal stresses in cylindrical shells is of practical interest 
when applied to the design of turbines, Diesel engine cylinders, and 
many other similar structures. For calculating these stresses, the 
temperature distribution in the cylinder wall must be known. The 
few experimental investigations which have been made in this direc- 
tion indicate that both the temperature gradient lengthwise of the 
cylinder and the temperature gradient in a radial direction should be 

* For a detailed consideration of this problem, see K. y. Sanden’s paper: 
Ueber das Festigkeitsproblem querversteifter Hohlzylinder unter allseitig gleichmés- 


sigem Aussendruck, in Werft and Reederei, p. 189, 1920. Also a bibliography on 
the subject is given there. 
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considered. ‘The effect of the temperature gradient in an axial direc- 
tion will here be discussed. 
If the temperature distribution is symmetrical relative to the axis, 
a symmetrical distribution of stress is also obtained, and in calculating 
these stresses it is, as before, only necessary to consider an elementary 
strip AB of unit breadth cut from the cylinder wall (Fig. 152). Let 
T denote the initial uniform temperature of the cylinder and 7 the 
temperature after heating, which is constant in both radial and circum- 
ferential directions, but is variable along the axis of the cylinder. As 
before, let y denote the radial displacement, pp the compressive 
stress in the wall in a circumferential direction and a the coefficient of 
linear expansion. Then the unit compression in a circumferential 
direction will be the elastic Bree Fc minus the thermal expansion, 
ey = p= a eee 
from which 
po= + aB(T — Tr). 


In a circumferential direction, the compressive force per unit length 
of the longitudinal element will be 


me = 1 iT = Te). 


The corresponding radial reaction opposing the deflection of the ele- 
ment AB is 
pm te + OP — 1). 
The right hand side of the ee represents the distributed forces 
acting on the element AB, aHt/R(T — To) being equivalent to q in 
equation (99). Therefore, the differential equation for this case will 
be the same as for a beam supported on a continuous elastic foundation 
and loaded by a distributed loading of intensity eae = ys 
In this way we obtain 
4, Y 
2 a a 2| Ee a p= 1) | (113) 
i 
On the particular solution of this equation the general solution of 
the homogeneous differential equation 
EI dty__ Ky 


ipo 


(114) 
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must be superimposed and the constants of integration determined 
in such a manner as to satisfy the conditions at the ends of the cylinder. 

The following simple case will now be considered. The part of the 
cylinder on the right side of the cross-section mn (Fig. 155) is main- 
tained at constant temperature (7'9), while on the left side there is a 
linear decrease in temperature as represented by the equation (nota- 
tions shown in Fig. 155). 


For this case the particular solution of equation (113) page 147, 
will be 
aR(T) — T1)x 
ekoear eee a 
If we consider only this particular solution, we obtain the displace- 
ments shown in Fig. 155 (b), which gives a case equivalent to that of 
two abutting bars on an elastic foundation but out of line by an angle 
aR(T) — T1) 
saa cane 
This particular solution represents the condition of the cylinder if 
no bending forces act on a longitudinal element. The general solution 
of equation (114) represents the effect of the bending moment and must 
be superimposed on the particular solution in such a way as to satisfy 
the condition of continuity at the section mn and the conditions at the 
ends of the cylinder. 
To simplify the problem, assume first that the cross-section mn is 
far enough from the ends so that the equations for an infinitely long 
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bar can be used with good approximation. Then, the general solution 
merely represents a bending moment sufficient to rotate each of the 
ends through an angle 
ak(T a= T1) 
2a i 


thus satisfying the condition of continuity of the bar. Using equation 
(109) page 140 and putting 


instead of # it follows: 


M(1 - ) Palo pels), 


BEL = Qa 
M 38akBEHI 
Pmax = e ~ = eg Bz (To ae en), 
t i: 1 
el 


or putting J = ¢§/12, 


perm) 
p= — pa See Equation (111) 
tH rue = 7 aR 
(1 “t =) hee a 
Assuming that 1/m? = .09, 
Dmax = 358° V/ RUT: — T)). 


Pmax = 


For a numerical example, take a cast iron cylinder having the 
following dimensions: R = 9114¢ in., t = 13g in., a = 444 in., a = 
101 < 10-’, H = 14 X 10° lbs. per sq. inch., 7) — T, = 180°C. 

This gives 
Dmax = 1,120 lbs. per sq: inch. 


Now consider the error due to the assumption that the distance a 


is large. 
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From the equation (107) page 140 it follows that the deflection 


produced by the moment M, (Fig. 155) to the left of mn is* 


mit 3) 


= = Ba rer, 1 o . 
y= 26°E I e8# (cos Bx — sin Bx) 


By successive differentiation we have 


dy M1 - = 


Fist tae BET Er? COs, Ba, 
x 


d?y M(t i a) 


and 


Erg. 156. 


The bending moment and shearing force produced by Mp) at dis- 


tance « from mn (Fig. 155) will be 


ee eee ee ere en ey 
= 1 de = — M,e** (cos Bz + sin 82), 
m? 
3 
Q= -—- We ve _ = 2M Be-** sin Bz, 


1 dz 


* The sign is changed in accordance with the change of the direction of 


moment. 


the 
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or, by using notations of the paragraph 38, page 136 (equation e), and 
Table VI, 
M = —M,¢, 
Q = MB(o ais ). 
The bending moment M, and the shearing force Q; at the end of the 
cylinder will be 
M, = —Mo(¢)2=c (a) 
Qi = MB(o + W) ena (b) 
The couple M, and the shearing force Q; are shown in Fig. 156 (a). 
In order to obtain the end of the cylinder free from stresses, the 
forces (—Q:, ~M,1) shown in Fig. 156 (b) must be superimposed on 
forces shown in Fig. 156 (a). The deflection produced by the forces 
of Fig. 156 (b), by using equation (107) page 140, is 


eten(i= 8) 


Y = ——sgigp | ~ 21 008 Ba — 2) + BM, [(cos B(@ — a) — 


sin B(x — a)]}: 


The corresponding bending moment will be 
M = eres sin B(a — x) — Mye-8-) [cos B(a — x) + sinB(a — 2)], 


or by using notation of paragraph 38, equation (e), 


mt 7 
M es 23? cr Wee M(¢)a—z- 


At the cross-section mn this expression becomes, 
M = S46 + Vane — Mild )ne 
or, using (a) and (b), 
M = Ud + Yu + Mol6)%ew © 


This gives the correction necessary to be applied to the bending 
moment obtained above, on the assumption that the distance a is 


very large. 
Taking the numerical example considered above, 


' 
lee) eal yee ge eee 
C= Af @ Bera © 28k (in.) 


Therefore, 
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Now from the numerical Table VI of paragraph 38 (page 138), 
$(1.50) = .238, 


¥(1.50) = .207: 
The correction given by (c) will therefore become 
M = ue (.238 + .207)? + Mo(.238)? = 156M, (d) 


Due to the fact that in this consideration the bending moment was 
considered as positive when the corresponding curvature was convex 
towards the axis of the cylinder, the correction (d) obtained above 
must be subtracted from the moment M, obtained on the assumption 
that ais very large. Therefore, the maximum bending moment calcu- 
lated above must be diminished in the ratio 
T-— .156 = .844, 1.¢., pmax = 7,720 K .844 = 6,510 Ibs. per sq. inch. 

From this it will be seen that the correction necessary to establish 
the conditions of free ends is about 16% for the case considered, a value 
which is by no means negligible. Furthermore it should be noted 
that the method developed above can be used also for those cases 
where the conditions existing at the ends of the cylinder are other than 
in the example considered. 


CHAPTER VII 


DIRECT AND BENDING STRESSES 


42. Eccentric Longitudinal Loads.—Case of a Short Strut—Assume 
that a prismatical bar AB is submitted to the action of a compressive 
force S (Fig. 157 (a)) the line of action of which is parallel to the axis 


of the bar and intersects a principal axis Y of 
the cross-section at a distance e from the centroid 
of the section. Bending will then take place in 
the XY plane. If the strut is short, the deflec- 
tion due to this bending can be neglected in com- 
parison with the eccentricity e, and it can be 
assumed that the bending moment along the bar 
is constant and equal to Se. The intensity of 
the compressive stress at any point in a cross-sec- 
tion will be the algebraic sum of the uniform 
stress S/A and of the stress Sey/I produced by 
the bending, i.e., 


The deflection at the end will be obtained by us- 
ing the grapho-analytical method (Example 43, 
page 88) as follows: 


Case of a Long Strut. 
Let 
e = eccentricity 
7 = radius of gyration 
S = longitudinal force 


S 

eX Hh 
Ser = critical load 

iors 

Soma: 


153 


Ss 


Fie. 157.—Eccentrie 
longitudinal load. 


(115) 
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Sar ne : 
Pa = = critical compressive stress 


AE 
SON GE 


gl = reduced length 

8 = reduction coefficient 

T = work done by external forces during deformation 

If the strut is not short, deflections of the central axis can no 

longer be neglected in comparison with e; and the bending moment 
varies along the axis of the strut. The maximum stress will depend 
not only on the eccentricity e of the load but also on the deflection 
6 of the strut. The bending moment at any cross-section mn 
(Fig. 157 (b)) of the strut after bending will be S(é + e — y), and the 
equation of the deflection curve can be written: 


ele Dee = 
EI ase S(6 +e — y). (a) 
If we denote 
S 7 
ap oT eo (116) 
the general solution of (a) will be obtained in the following form: 
y = C, sin kt + C2 cos ka + 6 + € (b) 
From the conditions at the built in end it follows: (y),-. = 0 
(3 a 
dx s=0 


Therefore, the arbitrary constants in (b) will be 

Cy = 0, Ce = —(6 +); 
and the equation of the deflection curve becomes 

y = (6 + e)(1 — cos ka). (c) 
At the end B the deflection is equal to 5; therefore, from (c), 

5 = (6 + e)(1 — cos ki), 


or 
_ e(1 — cos kl) 
as cos kl (117) 
Substituting in (ce), 
_ (1 — cos ke) 
= cos kl (118) 


It is easy to see that the deflection 6 is no longer a linear function 
of S and, with increase of load, will not increase in the same proportion. 
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In the case of a short strut the quantity kl is small and it is sufficiently 
accurate to assume that 


2]2 
cos kl = 1 — - 
Therefore, in this case, equation (117) gives 
ee ek*l? esl? 
a TPN eee kl2y 
201-7) aar(s— #2) 


Neglecting the small quantity k2l?/2 in the denominator, the equation 
above will reduce to that for a short strut equation (115) previously 
discussed. 

With increase in the load S, k increases; therefore the deflection 
also increases, but more rapidly than S. A series of values of this 
deflection are given in Table VII. It is seen from the table that deflec- 
tions increase very rapidly if the quantity kl approaches the value 7/2. 
When kl = 7/2, we have 

_ En? 


S = HIk? = Ap?” 


andthe deflection equation (117) becomes, theoretically speaking, 
infinitely large. This means that a compressive force of such a magni- 
tude will produce a large deflection and that deformations beyond the 
elastic limit may be expected. This magnitude of the load is called 
the critical load, and will be denoted by S.,. 


(119) 


TasBLeE VII.—Der.ections Propucep By AN Eccentric LoNGITUDINAL LOAD 


(GE Sie age coke Poe aaee 5 Il 5 1.0 1.5 Von 
Sie ale a vee Re .005e .139¢ .85le 13. le roo) 
Approx. 6 =.....<. .005e .139e .840e 12.8¢ ro) 
BOC MOU — ra iis is tet 1.005 1.140 1.867 13.2 © 


The deflection 6 depends principally on the magnitude of the ratio 
S:S., and can be represented with a good approximation in the follow- 
ing form: 

_ Sel? 1 
Sa = a 
Ser 

The first factor on the right side represents the deflection calculated 
from the cantilever formula (115), i.e., neglecting the effect of deflec- 
tions on the magnitude of the bending moment. The second factor 
is due to the effect of the deflection on the bending moment. 
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Denoting . . 
el? 5 
= = i 
50 ET and a a (120) 
we have 
6 = eee (121) 
1 — a 


Some numerical results obtained from this equation are given in the 
third line of Table VII. Itisseen that the approximate equation (121) 
gives sufficient accuracy and can be used in practical applications. 

The maximum bending moment during bending of the strut will be 
at the built-in end and can be represented as follows: 


M max = S(e =i 6) —— S(é aif ee = Se-sec kl (122) 

A series of values of sec kl is given in the Table VII. Itis seen that 
M max increases without limit when S approaches S.,. 

43. Struts with Lateral Loads.—General.—When a prismatic bar 
is subjected to the action of axial and transverse forces, the stress 
intensity at any cross-section will be the algebraic sum of the direct 
tensile or compressive stress and the direct stress produced by bending. 
The latter stresses are the algebraic sum of the bending stress produced 
by the lateral forces and those produced by the longitudinal forces. 
The bending moments due to the longitudinal forces depend on the 
deflections; therefore the complete solution of the problem can only 

be obtained from the con- 
a . sideration of the deflection 
S TTT) Sx curve of the bar. Some 
: 7 simple problems of this kind 
will now be considered. * 

Strut with Uniformly 

Fie. 158.—Strut with uniformly distributed lateral Distributed Lateral Load.— , 
load. It is seen from Fig. 158 that 
for a strut having a uniform 

lateral load, the bending moment at any cross-section mn is 


, nied 
M = ql — q, + Sy. 


1 


The differential equation of the deflection curve will be 
ay l x 
* Several problems of this kind were considered by A. P. Van der Fleet, Budletin 
of the Society of Engineers of Ways of Communication, 1900-1903 (Petersburg), 
See also paper by A. Morley, Phil. Mag., June, 1908, 
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Using the notation in equation (116), 


ao ke (b) 
A general solution of (a) will be 
y= Asinke + Booske +5 (-aet+qe)-VF ©) 
cl acon y ema 


From the conditions at the ends, 
(y)e={0 = 0 and (y)z=1 = 0. 


A gil 1 — cos kl 


We have 


KE ogi freee ha = 
Substituting in (c), 
et giI | 1 — cos kl 
S? sin kl 
By using the notation 


“sin ke — eye = Cos ha) — ag —2) (a) 


kl bie 


equation (d) of the deflection curve can be represented in the following 


form: 
COs (1 — =) u 
1] ee eee 
A COS U 28 a 2 
By putting x = |/2, the deflection at the middle will be: 
e. en RE TE ge cele 
oa (Ye =} (82 Ce U i) 
or, by using notation (b), 
waa! Sree ne: 
6 = Se (sec u— 1 5 ) (f) 


In order to compare this deflection with the known deflection produced 
by transverse forces alone, equation (f) can be represented in the 
following form: 

ee qe See Gh low (124) 

384 HI 564u4 

The trigonometrical factor on the right side of (124) represents the 
effect of the longitudinal compression on the deflection produced by the 
transverse loading alone. The magnitude of this factor depends on 
the magnitude of vu. If wis a very small quantity, it can be assumed 


that 


6 


secu = 1 + ou? + 564ut. 
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Substituting in (124), the trigonometrical factor becomes equal to 
unity and the known equation for the deflection produced by lateral 
forces alone will be obtained. Another extreme case will be obtained 
when wu approaches the value z/2. The compressive force as seen from 
equation (123) p. 157 approaches the critical value given by 

2 

She = (125) 
In this case the trigonometrical factor in equation (124) becomes infi- 
nitely large. Here large deflections and deformations beyond the elastic 
limit will be produced by a very small lateral loading. This case will 
be discussed later in considering column theories. In design problems 
the approximate equation (121) can be used for calculating the maxi- 
mum deflection at the middle, instead of the exact solution (124). In 
using eq. 121 as before, 6) denotes the deflection produced by the lateral 
loading only and a? = S/S;,, where S,, is now determined by the equa- 
tion (125). If a is a small quantity, the effect of the longitudinal 
force on the deflection will be small and can be neglected. 

The magnitude of the bending moment at any cross-section will be 
obtained by substituting the expression (e) for the deflection curve 


in the known equation M = —EHId?y/dx?. Performing the differ- 
entiation, the bending moment at the middle becomes 
Tees — E158) y a ne) eos w 
ia ees Ne S COS UW 


or by using equation (123) p. 157, 
afro gl? 2(1 — cos u) 
mex 8. wu? cos u 
If the approximate equation (121) for the deflection at the middle 
be used, the following approximate expression for the maximum bending 
moment will be obtained: 


2 3 028a? 
Vine — q = S6 ea 5 aees ‘ 
-=O+S ~, = (1 +a) 27) 


This equation always gives ae accuracy for hie applications. 

Strut with Uniform Lateral Load and with Built-in Ends.—If the 
ends of the strut are built-in, the deflection curve can be obtained in 
the same manner as in the previous case. It will now have the follow- 
ing form: 


: 420 
=~ 1 {08 u(1 i ) i a 
y : bi ae lesan 53H WE, ag vl = 2). “(i23 


Sk? tan w\ COS_U 


(126) 
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The deflection at the middle will be 


8 = (Y)en1/2 = gts wil — cosu) gl? 


sin U 8S’ 
or 
5 = ee 
384HT wut 
Here, again, the first factor represents the deflection produced by lateral 
loading alone. It is seen that the deflection (129) increases very 
quickly when u approaches the value 7. The compressive force S will 
then approach its critical value 


ql’ ace —cosu) 1 ’) 


‘sin u ae ee, 


AHI r? 
Oe a [2 : 


The bending moments at the built-in ends will be 


(130) 


Te a ar 
i 12 14 vw? tan u oo 


U 
< ql? le ee 1) 


a (132) 


uU? 

The first factor in these equations represents the known bending 
moments produced by lateral loading acting alone. 

44, Tie-rod with Lateral Loading.—The analysis considered in 
the previous paragraph can also be used in the case of tensile longi- 
tudinal forces S; it is only necessary to change the sign of S and there- 


For the middle we have 


(M)z=1/2 


fore to put, as seen from equation (123), ui/—1 = wi instead of u 
in all formulae previously obtained. Remembering that 
Sirs? =i sinhe and cos 2 = cosh z, 

where sinh x and cosh « denote hyperbolic functions,* the following 
equations for a tie-rod with a uniform lateral load can be obtained from 
the equations of the previous paragraph: 

In the case of simply supported ends the deflection at the middle, 
from equation 124, will be 


= eS oe, ae 
6 = 384 EI i(u) (33) 
where function ¢1(w) is 
sech u — 1 + lou? 
gi(u) = 


%4u' 

* For complete tables of these functions see, W. Ligowski, Tafeln der Hyperbel- 
functionen (Berlin), also the book of the same author, ‘Taschenbuch der Mathe- 
matik, 1893. 
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The maximum bending moment, at the middle, from equation (126) 
becomes 


ql? J A 
Minax = “g valu) (13 ) 
where function ¥(w) is 
_ 2 (cosh wv — 1) 
Van u? cosh u 
In the case of built-in ends, the deflection at the middle, from equa- 
tion (129), 
will be 
| 5 = af ba(u) (135) 
AKI 
where 
2 247u( cosh a) {Ole ey. 
oS iA sinh wu tae ) 
Also, the bending moments at the ends will become, from equation (131), 
2 
een aes Tva(u) (136) 
where 
3 u — tanh u 
Yaka) = uw tanh u 


The bending moment at the middle, from equation (132), 


(Mara = valu) (37) 


where 


6 u 
yes uw? (1 ~~ sinh a 

In order to simplify calculations of deflections and of bending 
moments in the case of a laterally loaded tie-rod some numerical 
values of functions ¢1, ¢2, Wi, ¥2, and W3 are given in Table VIII. 

All these functions are equal to unity at wu = 0, i.e., when only a 
transverse loading is acting. With increase in the longitudinal tensile 
force these functions decrease, i.e., the longitudinal tensile forces 
diminish the deflection and the maximum bending moments in the 
laterally loaded tie-rods. 

Some applications of the values in Table VIII will be given later 
when the bending of thin plates (see page 260), is considered. 
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Tasie VIII.—Derriections AnD Maximum Benning Moment Constants IN 
LATERALLY LOADED Tin-RODS 


7 $1 g2 nz Ye vs u gi | g2 | Yi | v2 | Ws 
0 1.000}1 .000}1 .000}1 .000)1.000 6.5 .054] .197| .047) .391}.139 
3 .908]} .976) .905| .984) .972 Te .047| .175} .041} .367|.121 

1.0 .711| .909| .704) .939} .894 Us .041} . 156] .036) .347) .106 

I .032| .817| .511) .876| .788 8.0 .036} .141] .031] .328} .093 

2.0 .3880) .715| .367) .806|) .673 8.5 .032} .127] .028)] .311} .083 
Ph de .281) .617| .268) .736] .563 9.0 .029] . 115] .025] . 296) .074 
5350) .213) ..529| .200) .672) .467 9.5 .026} . 105] .022) .283] .066 
3.0 .166| .453) .153] .614] .386 10.0 .024) .096} .020} .270) .060 
4.0 USH4| seiretes, GIAO) oii{ce4}) -SY40) 10.5 .021} .088} .018] .259} .054 
4.5 UO saa AOS Al stihl! syxev/ 11.0 .020} .081} .017| . 248] .050 

5.0 .088} .291} .079} .480} .224 1h 300) .018} .075] .015} .238) .045 

OD .074| .254) .066) .446) .189 120 .016] .069} .014| .229] .042 

6.0 FOG3 22519-00547) 162 


45. Application of Trigonometrical Series.*—Problems on bending 
of struts and tie-rods with 
lateral loads can be solved 
by using the expression of 
the deflection curve in the 
form of a trigonometrical 
series. 

In the case of a strut 
with simply supported ends the deflection curve can be represented 
in the following form ea ee 


Fig. 159.—Compressed member with single lateral 
force. 


y = a;sin“- vale es fayette ei; sin wt (a) 


It was shown 7s Eq. 96, p. oe that ee potential energy of 
bending in this case will be: 


4 
Lig EIn* nan? (b) 


n=1 
The coefficients a1, dz, a3, . . . in (a) will be found by using the 
principle of virtual displacements. The increase of the potential 


* See author’s paper, Application of General Coordinates in Solution of Prob- 
lems on Bending of Bars and Plates, Bulletin of the Polytechnical Institute in Kiev, 
1908 (Russian). See also author’s paper in Annales des Travaux Publics de 
Belgique, p. 263, 1914. The same problem: see H. M. Westergaard, Proc. of Amer. 
Soc. Civ. Eng., vol. 47, pp. 455-533. 
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energy of deformation of the strut during any small displacement from 
the position of equilibrium must be equal to the work done by external 
forces during this displacement. Assume, for instance, that any coeffi- 
cient a, in (a) undergoes a small increase da,. This means that the 
deflection curve (a) obtains an additional deflection 


Ne 


dy = da, sin sae (c) 

The corresponding increase of the potential energy will be, from (b), 
aU Leuiie 

ais Gy = “as” Gnd Qn. (d) 


The displacement of the point of application of the force P correspond- 
ing to this deflection, from (c), is (dy)z=. = da, sin nrc/l, and the cor- 
responding work of P will be Pda, sin nrc/l. (e) 

In order to find out the work done by the longitudinal forces S 
during the displacement (c), the difference \ between the length of the 
curved central line of the strut and the distance AB between the 
centers of the supports A and B will now be considered. In the case 
of a rather flat curve the difference between the length of any element 
ds and the corresponding projection dx can be taken as follows: 


_ 1d)’ 
ds — dz = 9 i) dx. 


ee aes 
h=5 Vi (2) ae. (138) 


Substituting, from (a), the value of y and integrating we have 


» 2 
Ure pe he 
N= Al > N72An?. 


n=1 


Therefore, 


The small variation of \ during the displacement (ec) will be 


Or Use 
Ou, day, = 2] na ndQn 


and the corresponding work of the longitudinal forces is 
EY. 
Sr? 

“Or Nn Gn. (f) 


Now in line with our previous statement, by using (d), (e), and (f), 
the equation for determining a, will be 


EIn* 


. mre , Sx? 
—— Nandan = Pda, sin we + 


“OT Nandan 


9/3 
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from which 


2 NTC 

il. (ae 
PORE ce SPs 
(Oe 1 
EIr? 


Remembering that HJ7r?/l? is the critical value of compressive force in 
the case of a strut with simply supported ends, and denoting as before 
S/Scr = a?, we have 


ope Sin 
0 ET! nt — on™ 
Substituting in (a), 
& he sin sin eo sin AES 
Se ee ae aan ie Se 
Y= Fra\ oe tee te (139) 


Comparing this with equation (97) page 131, obtained for the case of a 
lateral force P only, it is seen that due to the action of the longitudinal 
compressive forces S, the deflection of the strut will be increased. Due 
to the fact that the first term of equation (139) represents a good approxi- 
mation, it can be concluded that the increase of the deflection produced 
by the longitudinal forces will be approximately in the ratio* 1: (1 — a). 
This conclusion will be obtained also in the case where several concen- 
trated lateral loads having the same direction, or a lateral distributed 
load are acting on the strut. In these cases equation (121) can be used 
for calculating the maximum deflection. If this deflection is known, 
the bending moment produced by the longitudinal forces can easily 
be calculated. 

If, instead of compression forces, longitudinal tensile forces S are 
acting, the same method of consideration as given above can be used. 
In order to obtain a general expression for the deflection curve, it is 
necessary only to change a? to —a? in equation (139). 

If several lateral forces of the same direction are acting on the tie, 
an approximate equation for calculating the maximum deflection will 
be 
—= bo 
2 tee 
In the case of longitudinal tensile forces, a? can be larger than unit; 
and the accuracy of the approximate equation (140) decreases with 
increase in a2. Taking, for instance, a uniformly distributed lateral 

*It was used above. (See Equation (121), p. 156.) 


5 (140) 
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load, the error of (140) at a? = 1 will be about .3% only. Ata? = 2, 
the error is .7%, and at a? = 10 the error is 1.7%. In the case of 
built-in ends the approximate equation for calculating the deflection at 
the middle will be 


eae tlie, (141) 


In this case the minus and plus signs correspond to compression and 
tension respectively, and a? = Sl?/EIr’. 

The applications of these approximate equations will be shown 
later in considering the deflection of thin rectangular plates. 

46. Column Theory.—General.—In considering the bending and 
compression of struts (paragraphs 42 
and 43), the limiting values of the 
compressive force were obtained, be- 
yond which sidewise buckling could 
occur. Euler* was the first to develop 
these critical values; and the results 
are of great importance in our con- 
sideration. They show that the crit- 

LY? ical load depends on the method of 
(a) (b) (c) (4) fastening the endsofthecolumn. Be- 
Fre. 160.—Columns with differentend low is given such relations for four 
conditions. core : 
distinct types of fastening: 

1. Long Pillar (Fig. 160 (a)) having one end built in and another 

free: 


BT 
Al? 

2. Long Strut (Fig. 160 (b)) having both ends hinged, assumed 
frictionless: 


Ser = (142) 


2HI 
3. Strut (Fig. 160 (c)) having both ends built in: 
4r° HI 
See = (144) 


4, Strut (Fig. 160 (d)) having one end built in and another on a 


frictionless hinge: 


2.047r2EI 
per ae . (145) 


* Histoire de V Academie, vol. 18, 1757 (Berlin). 


Ser = 
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From these equations the critical load can be determined for these 
conditions of loading. Experiment and theory show that, when the 
compressive force in the strut approaches the critical value,* as above, 
buckling of the strut begins and deflection increases so rapidly with the 
increase of load that the load equal to the critical value is usually 
sufficient to produce complete failure of the structure. It therefore 
follows that this critical load must be considered as the criterion of 
strength for columns and struts. It is seen from the equations above 
that this strength does not depend on the ultimate strength of the 
material but only on the dimensions of the structure and on the elastic 
property of the material. Furthermore, in the cases of long and thin 
bars a sidewise buckling may occur at the stresses far below the pro- 
portional limit of the material, and even below the stress considered 
' as permissible for simple tension. Due to this fact the problem on 
the sedewise buckling of compression members and on their elastic sta- 
bility becomes of great practical importance especially in modern steel 
structures where materials of high strength are used and where trans- 
verse dimensions of the members are likely to become small in compari- 
son with the length. Some advanced theory of this subject will be 
developed later. (See Par. 47.) At present the simplest formulae 
given above for determining these critical loads will be discussed in 
more detail. 

Limitation of the Use of Euler’s Formulae.—The equations given 
above for determining the critical loads are of the form 

aes (a) 
Perel? 
in which 6 denotes a numerical factor depending on the manner of 
fastening the ends of the strut. 

Comparing (a) with equation (143) it is seen that the determina- 
tion of the critical load for different manners of end fastening can be 
reduced to the determination of the critical load for a strut with 
hinged ends. It is only necessary to take, instead of the real length J, 
a reduced length Bl, depending on the manner of fastening the ends. 
For cases represented in Fig. 160, the values of the reduction coefficient 
6 are respectively: 8 = 2, 8 = 1, 8 = .5, 8B = .699. Some additional 
values of this coefficient will be given later. 

Coming now to the fundamental case of a strut with hinged ends, 
the critical compressive stress will be, from equation (143), 

Sco hoe 
Perea A i= (146) 


1? 


* Limitations of application of these equations will be discussed later. 
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where A denotes the area of the cross section and 7, its radius of gyra- 
tion. If the strut is free to deflect in all directions, buckling is likely 
to occur in that direction having the smallest flexural rigidity; so in 
equation (146) the smallest value for 7 must be substituted. 

It is seen that for a given material the magnitude of p depends only 
on the ratio i/l, and the strength of the strut can be increased without 
changing its cross sectional area, only by increasing 7/1. This can be 
accomplished by distributing the material as far as possible from the 
principal axes of the cross-section. This means that, for a compression 
member, tubular and built up sections (Fig. 161) are more economical 

than solid sections. By diminish- 

al ing the thickness of such sections 

and increasing their transverse 

dimensions their stability can be ~ 

e increased without increasing the 

quantity of material, but there is a 

aoe, limit for the wall thickness, below 
ubular ; Built-up F 

section section which the section itself becomes 

hk unstable and, instead of a buckling 

of the strut as a whole, a corrugation of the wall of the tube may occur. * 

In developing equation (146) for the critical stress it was assumed 
that the material follows Hooke’s law. It must be well understood, 
therefore, that this equation only gives satisfactory results in those 
cases where p.,;, calculated from the equation, is less than the limit of 
proportionality of the material. Beyond this limit, deformations 
increase more rapidly than the stresses and the true critical stress will 
be less than shown by equation (146). The limiting value of the ratio 
z/l, for which the Euler’s formula can be used, depends on the magni- 
tude of the proportional limit of the material. Taking, for instance, 
structural steel with H = 30 X 10° lbs. per sq. in. and a proportional 
limit p = 30,000 Ibs. per sq. in., then, from (146), 1/7 = 100. For 
l/t > 100, Euler’s formulae give true values for critical stress. 
For l/t < 100, the values of p.,, caleulated from (146) will be greater 
than the true critical stress. It is clear that by using structural steel 


(b) 


* This phenomenon is of a great practical interest for structural engineering but 
it can not be considered here in detail. Some data, important for rectangular tube 
design, will be given later. (See page 294.) The problem on the stability of 
compressed thin cylindrical tubes was considered by R. V. Southwell, See Phil. 
Trans. Roy. Soc., Ser. A, Vol. 213, p. 187, 19138. See also author’s papers: (1) 
Einige Stabilitits Probleme der Elasticititstheorie, Z. f. Math. u. Phys., Vol. 58, 
p. 337, 1910; (2) Bulletin of the Electr. Inst. (Petersburg), Vol. XI, 1914. 
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having a higher proportional limit the limits of applicability of Euler’s 
formula can be enlarged. <A graphical representation showing how 
Por Varies with 1/7 is given for steel by the curve CBD in Fig. 162. 
Empirical Formulae—Beyond the proportional limit Euler’s 
formulae can not be applied and the true values of critical stress must 
be determined from experiments.* From a series of very elaborate 
experiments with solid struts having hinged-ends, Tetmayer showed f 
that for structural steel the critical stress in lbs. per sq. in. can be 


‘Stress-Pounds per Square Inch. 


Ratio = : 
V 


: é l 
Fie. 162.—Curve representing variation of critical stress with | for structural steel. 


represented by a straight line formula (see Fig. 162) which can be 


approximately stated as follows: 


Der = 48,000 — 210. 7 (147) 


* For simplest cross-sections such as a rectangle, for instance, analysis can 
be used also in obtaining the critical stress beyond the elastic limit. In such 
cases the theory of bending of beams beyond the elastic limit must be used (Par. 
14). Important work in this direction was done by Th. Kérman. See Unter- 
suchungen tiber Knickfestigkeit, Dissertation, Gottingen, 1909. 

+See Tetmayer’s work, Die Gesetze der Knikungs und Zusammengesetaten 
Druckfestigkeit, 3d. Ed., 1903. See also an extensive analysis of experimental 
results made by J. M. Moncrieff, Proc. Amer. Soc. Civ. Eng. Vol. 45. 
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The straight line formula for mild steel, used in this country is* 
Der = 52,500 — 220°, 
which does not differ much from Tetmayer’s formula. 
For cast iron, Tetmayer’s experiments give, 
l Ine 
Der = 110,000 — 1,7005 + 7.5 (:) (148) 
Rankin Formula for Columns.—In this country and in England the 
Gordon-Rankin formula is used widely for determining the critical 
stress. This formula has the following form: 


- Le, (149) 


in which p’ denotes the critical stress for compression of short bars and 
y a constant depending on the material. For solid bars of structural 
steel the following values for p’ and y are sometimes taken: p’ = 46, 
000 lb. per sq. in. and y = 1/7,500. 

Choice of a Formula.—For structural steel, if the ratio 1/7 exceeds 
110, Euler’s formulae may be used to give critical stress and a factor 


Per 


Fig. 163.—Buckled compressed chord. 


of safety of about 4 may be used to determine the working stress. 
For shorter struts the straight line formula or Rankine formula 
may be used with factors of safety of about 4. Actual struts usually 
deviate from the conditions of the ideal cases of Fig. 160; and a choice 
of the proper factor of safety depends in large measure on the judgment 
and feeling of the engineer. Take, for instance, the question of fasten- 
ing the ends. The ideal conditions of fixed and hinged ends are never 
completely fulfilled in an actual structure. It is difficult to approxi- 
mate to a built in end because the ends of the strut are usually attached 
* See “Applied Mechanics,” by Fuller and Johnson, p. 361, 1919. 
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to more or less elastic parts of the structure and a small displacement 
at the ends may effect in large measure the magnitude of the critical 
load. ‘The ends attached to a structure by some form of pin-joint will 
approximate more or less to the hinged condition. The same condi- 
tion takes place in the upper chord compression members of a bridge 
(Fig. 163). The compressed chord may buckle in a wave curve shown 
in Fig. 163 (b), and in such cases points of inflection can be considered 
as ideal pins. It is otherwise with the compression members of a 
square frame (Fig. 164). It is easy to see that the horizontal bars of 
the frame will resist the buckling of the compressed members. The 
strength conditions of the strut for this case will be intermediate 
between the two ideal cases: hinged ends and fixed ends. Analysis made 
on the assumption that all members of 

the frame have the same section give forthe § 
critical load, in this case, S., = 16.52#T/l?. 

Another point to be noted is that the 
effect of the manner of fastening ends on the 
magnitude of the critical loads is high only 
in those cases where buckling may occur 
within elastic limit and therefore Euler’s 
formula can be used. For comparatively 
short struts, where the straight line empiri- 
cal formula is used for calculating critical 
loads, the difference in the critical load, due 
to the different manner of attachment, is not so great. 

The column theory so far considered assumes compression of solid 
members of constant cross-section. More complicated problems on 
buckling of laticed members and of members of variable sections will 
be considered below, by using, for determining the critical loads, an 
approximate method based on the consideration of the energy of the 
system. 

47. Energy Method.*—General.—The Euler’s formulae given 
above were obtained by solving the corresponding differential equa- 
tions of the deflection curve for a compression member. In the 
simplest cases this solution gives no difficulty, but there are many 
practically important problems where this equation becomes compli- 
cated, and it is not easy in such cases to obtain an exact value for the 


Fic. 164.—Buckled frame. 


* See author’s papers “On the Stability of Elastic Systems,” Bulletin of the Poly- 
technical Inst. in Kiev, 1910. Sur la Stabilité des Sistémes Elastiques, Annales 
des Ponts et Chaussées, 1913 (Paris). 
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critical load. An approximate method is then valuable and the one 
described below can be used with sufficient accuracy. The method 
is based on the consideration of the elastic stability of the compression 
member. As a simpler example, a pillar built in at the bottom and 
free at the top (Fig. 160 (a)) will be considered. It is clear that the 
straight compressed form of equilibrium of the bar remains stable as 
long as the compressive force S is small; and if any lateral force be 
applied and a deflection, shown in the figure by the dotted line, be 
produced, this deflection will disappear as soon as the lateral force 
is removed. By gradually increasing the load S, a limit can be 
reached, when the straight form of equilibrium becomes unstable and 
a lateral buckling of the bar begins. This critical value of the load can 
be found by comparing the energy of the system for two cases: (1) 
when the bar is simply compressed, and (2) when it is compressed and 
bent. It is clear that if the bar is bent its potential energy of deforma- 
tion is larger than that of the straight compressed form, because the 
energy -U of bending must be added to the energy of compression. 
Another point which it is necessary to consider is that of the work 
done by the vertical load S during bending. It is easy to see that the 
deflection of the bar is accompanied by a lowering of the point of 
application of the load S; therefore this load produces some positive 
work T. Now, if this work T is less than the potential energy U of 
bending, the deflection of the bar is connected with an increase of 
energy; therefore it is necessary to apply some additional lateral force 
to produce bending. In such ease the straight form of equilibrium is 
stable. On the other hand when T > U, the deflection of the bar will 
be accompanied by the diminishing of the energy of the system and the 
bending will proceed without application of any lateral force, i.e., the 
straight form of equilibrium is unstable. The critical value of 
the compressive force will be found from the equation, 
T =U (150) 

In order to obtain from this equation the magnitude of the critical 
load, expressions for 7 and U are necessary. 

It follows from equation (c) page 154, that the deflection curve of 
the bar, when under the action of a central compressive force equal 
to the critical load (k = 7/21), is, 


y= a(1 — cos or) (a) 


Substituting (a) in the equation for the potential energy of bending 
(Eq. 95, p. 180), the following will be obtained: 


DIRECT AND BENDING STRESSES iby fa 


(ee get fe (or dx = ee (b) 


The lowering of the point of application of the load during bending, 
from equation (138), will be, 


TRE Oo FIN cade Bd ge 
a ie (in) o = 161 © 


a (d) 
Substituting (b) and (d) in the fundamental equation (150) we will 


EIr? 
have, Sa = AP? 


Therefore, 


which coincides completely with equation (142) 


given above. 

In this case the deflection curve (a) was known and the exact 
solution for the critical load was obtained from equation (150). In 
cases where the deflection curve is unknown, the same equation (150) 
can be used for obtaining an approximation of the critical load. It is 
necessary to take for the deflection curve a suitable curve satisfying the 
conditions at the ends of the bar, and to proceed with the equation of 
this curve in exactly the same manner as explained above. 

In order to show what accuracy can be obtained by using this 
method, the previous problem will be considered again. Assume, 
for instance, that in the case shown in Fig. 160 (a) the deflection curve 
is the same as for a cantilever loaded at the end by a transverse force 
P, see page 74. Then, y = Px?/6EI(3l — 2). 

Substituting this in the expression (b) for the potential energy U 
of bending, and in expression (d) for the work done by the compressive 
force S, the following will be obtained: 


P23 

Ui /Ge) a? = GET 
iS} IPAL® 
pam=5 f(t) du = 75 Cen? 


Substituting in (150), S., = 2.5HI/l?. Comparing this result with 
the exact formula above (142) it is seen that the error arising from this 
approximate solution is only about 1 per cent. 

Buckling of a Pillar Uniformly Loaded along the Axis.—As another 
example of this approximate method, the problem on buckling of a 
column under the action of compressive forces uniformly distributed 
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along the axis (Fig. 165) will be considered. In an exact solution of 
this problem the equation is of such a type that the use of Bessel’s 
function is necessary.* In applying the approximate method, the 
following equation will be taken as giving a suitable 
deflection curve, 


y= a(1 — cos a) 


from which, the corresponding potential energy of 
bending (Eq. b) is, 


Gi BT (e) 


In calculating the work done by the uniform load- 
ing g, it must be noted (see Fig. 165) that due to 
the inclination of an element ds of the central line 
during bending the upper part of the loading under- 
goes a downward displacement equal to ds — dx = 

Fig. 165.—Buckling @(dy/dx)*dxz. The corresponding work done by 
of a rod under uni- this load is, }44q(l — x)(dy/dx)*dx. Therefore, the 
oun na we complete work done by the uniform loading dur- 
ing bending is, 


(ae ff — 2) (52) az, 


or, substituting (a) for y, 


Gr fis Peak 
tt 8 ; ( <3) (f) 
Now substituting (e) and (f) in (150) we obtain the critical load, 
EIr? 
(ql)er = 1.1922 (g) 


Further Approximations.—The method described above can be 
developed in such a manner so as to give further approximations for 
the critical load. The actual curve of buckling of a compression 
member is always that which corresponds to the least resistance of the 
member and any approximation which may be made to this curve 
will give for the critical load a higher value than the true critical load. 
It is clear also that a better approximation will be obtained if the 
expression for a suitable deflection curve will contain certain arbitrary 
constants which must be chosen so as to make the critical load, 
determined by the equation (150), a minimum. 

* See A. E. H. Love, “Theory of Elasticity,” 3rd. edition, p. 431. 
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Take for instance, in the example above, another deflection curve 

represented by, 
2 ne eee one 
MW a(t cos a) + de (1 cos 3] (h) 

This equation satisfies the conditions at the built in end ((y)z-0 = 0, 
(dy/dx)z-0 = 0) and can be taken as a suitable curve in our 
calculations. 

Substituting (h) in the expressions for the potential energy U and 
for the work ca T we Ney ee 


mE 
and 
2 
(i sft q(l a 2)() Oh = ae = 5) + A? : a a) + i au | 
(m) 


Equation (150) becomes, 


aft _ 2)(S2) aa = BL fm) 


(Dene=, bli (n) 


from which 


Now, as we have seen, the constants a; and a2 must be so chosen 
that (n) will assume a minimum value. Applying the usual method 
for determining the minimum of a function, we have: 


fa anf A) 
- [Gag fe-a@u-0 


The same type of equation will be obtained if the derivative with 
respect to a2 be taken. Now from equations (n) and (0) we have: 


d?y\? = (er. Eos wif BE 
a "G4 BI Tat \(jq) a = 0 


eu — (ler f' (INES Pore 
. Lf Ge) ® Snide Oise =)(%) de | a 


or 
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in the same manner, 


soa f, CGat) & ~ “ert f O- 20(G) | - 


or ee (k) and (m), 


7 | a Baja a Stan!) — wee G 1G = =)+ 
w(h-3) + Seale 


Toe Carre err ya 


After differentiating, 
{7 ne (ql) er (ss soe 1 ma (Wer 8 —= 
laa Ell AG =) |n Ei 2% — © (p) 
er, F8let _ (r®(9 AY _ 
mi 3% + Lien — nt 3a i) | = 9 

A solution of this system of two homogeneous linear equations will be 
a, = a2 = 0, which shows that the straight form of equilibrium of the 
compressed member is a possible form. The possibility of buckling 
occurs when equations (p) may give for a;, and a2 solutions different 
from zero. The condition for this is that the determinant of the 
system (p) must be equal to zero, i.e.: 


( ar* rs (ql) cr 1? ve 1 (size (qlor r/9 oy fy } 
11612 BI a =) (162 Ell AC Nk at 


from which, 


Vand la+ 3G- 3) G-=)]— “ay GasG- 2) 


le a) be eS (q) 


The smaller root of this equation gives the second approximation 
for the critical load as follows: 


rH 
(QDer = ToRp (151) 


Comparing with (g) it is seen that the error of the first approximation 
is about 5 per cent. 
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The Force Concentrated at the Intermediate Cross- 
section.—By applying the same approximate method, 
a solution of the problem on buckling of a strut 
loaded at the ends and in the middle (Fig. 166) can 
also be obtained. Let 7; denote the moment of inertia 
of a section in the upper part of the strut, and I. 
the same for the lower part. Then proceeding as 
previously explained, the approximate value of the 
critical force can be represented in the following form: 


A HY, 
* (61)? 


The values of the coefficient 8 depending on the 
constants 


(Si + S2)er = (152) 
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Fic. 166.—Strut 


with intermediate 
loading. 


TaBLe [X.—Criticat Loap Corrricrents (EQUATION 152) 


be 

= peed OO (ieee) iss0il Tei oe oe00 

a ‘ Se 
1.00 1.00 95 91 89 87 
1.25 1.06 | 1.005 97 94 915 
1.50 dl 2010 st 206 1.02 99 96 
1.75 all 2 cag 1.07 | 1.04 | 1.005 
2.00 1.24 | 1.16 1.12 | 1208 | 1.05 


TG Ovi 
Non-uniform 
built-up com- 
pression mem- 
ber. 


48. Buckling of Bars of Variable Cross-section.—The 
same approximate method, as explained above, can be 
used in the case of struts of variable cross-section. 
Assume that the strut represented in Fig. 167 is sym- 
metrical about the middle cross-section mn. Let Ip = 
moment of inertia.of this cross-section. J; = moment 
of inertia of the cross-sections at the ends. The area A 
of the cross-section, consisting of four angles as shown 
in the figure, remains constant along the length of the 
strut. Then the moment of inertia J of any cross-section 
of the upper part of the member will be approximately 
proportional to the square of the distance from the 
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fixed point O. The magnitude of the critical load, on the assumption 
of hinged ends, will be, 


Ser = (153) 


The values of the coefficient m, which depend on the ratio J;/Jo, are 
given in Table X.* 


TasLe X.—CrriticaL Loap CoErFFICIENTS (EQuaATION 153) 


IbBYN Seca) oll .2 3 4 -5 6 ifs 8 Bf) 


Wy, Bagel sr clone 5.40] 6.38] 7.07] 7.62) 8.08} 8.51} 8.90] 9.25] 7.57) 72 


If the strut consists of two solid cones (Fig. 168) the 
same equation (153) can be used. The values of m 
for this condition are given in Table XI. 


TaBLe XI.—CriticaL LoapD COEFFICIENTS FOR THE CASE OF 


Fic. 168 
Lila eee 148223 e4e | ee | Gale ve] as econ neon 
Me mahi, Seen oe 4,81/6.02|6.85/7.48|8.00/8.45/8.86/9.23/9.57| «2 |12.1 
Fie. 168.—Col- It is seen from Tables X and XI that the values 


umn of variable of eritical loads depends principally on the magnitude 
cross-section. 
of the ratio [1/To. 
49. Buckling of Latticed Struts.|—General.—Built up columns 


and latticed struts are extensively used in steel structures. Their 
resisting capacities are always less than those of solid columns having 
the same ratio 1/7 of length to radius of gyration, and depend on the 
spacing details as lattice bars, spacing plates and battens. In order 
to develop the theory of the buckling of latticed struts, the effect of 
shearing force on the magnitude of the critical load must be studied. 
It will be shown that this effect for the case of latticed bars is greater 
than for solid columns and must be taken into consideration. 

The Effect of Shearing Force in Solid Struts—lIn order to obtain 
this effect, the energy method developed in paragraph 47 will be used. 

* This table and the following were given by A. Dinnik, Bulletin of the Polyt. 
Inst. in Ekaterinoslaw (Russia), 1914. 

t See Engesser, Zentralblat d. Bauverw. p. 136, 1909; L. Prandtl, Zettschr. d. 


Ver. Deutsch. Ing., 1907. See also author’s paper, Bulletin of the Polyt. Inst. in 
Kiev, 1908. These papers discuss the cause of the collapse of the Quebec Bridge. 
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Let AB (Fig. 169) represent a solid strut with hinged ends, buckled 
under the action of compressive force S. The magnitude of the bend- 
ing moment and the shearing force at any cross-section mn is, 
= sy o=- GY 
MST Os (a) 
From our previous consideration the potential energy 
stored in an element of the bar will be, 


_ Medx , kQ%de 
i ok (b) 


where A = crosssectional area 
k = coefficient depending on the shape of the 
cross-section (Par. 17) such that 
kQ/GA = the magnitude of the shear at the neutral 
axis. 


Accordingly, the displacement of the section mn with 
respect to min, due to this shear, will be kQ/GAdz. 
The second member on the right side of (b) represents 
the potential energy of shear stored in the element, 
while the first member represents the energy due to 
bending (Eq. 52). By using (a) and (b), the energy stored in the 
strut during buckling will be represented as follows: 


“% l §2y2dax 1 KS? sdy\? 
vay f BT ifs GA (ar) & ‘e) 
The work done by the compressive load during buckling is (see Eq. 
138), 
fe fdun: 
t= ff (52) ax (a) 


Assuming that the deflection curve of the buckled strut is a sine curve, 


Fig. 169.—Buck- 
led strut. 


TH 


y = 6 sin i (e) 
and substituting (e) in (c) and (d), the following will be obtained, 
S71 S21 kr? 
= Deh ee« Dijnd wee tees 
Oo Ane ae ) 
Sr? 


= §2=_. 
18s 0 
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Now, from equation (150), 


f Meet 

oo aes 1 

Yer = I? 1 te EI kr?’ (g) 
GA I? 


Comparing this with Euler’s formula (143) it can be concluded that, 
due to the action of shear, the critical load is diminished in the ratio 


i 
EI kr? ~ (154) 
ChE 
Noting re 
ae On 
no = Se 5 a oa Sa (h) 
equation (g) becomes, 
1 
Sapte ~ 
Sa 


In the case of solid bars, Sa is very large in comparison with S,, 
and the effect of the shearing force can be neglected. In the case of 
built up columns, especially when spacing plates or battens only are 
used (Fig. 171 (a)), Sa may become of the same order as S., in which 
case the effect of shearing force can no longer be neglected. This 
will now be considered. 

The Effect of Shearing Force in Latticed Struts—Equation (155) 
obtained above, can be used also for the case of latticed struts. S., 
as above, will represent the critical load obtained from Euler’s formula. 
The magnitude of Sz will depend on the spacing details. In the case 
of ‘solid struts it has a simple physical meaning. It is easy to see that 
the magnitude of Sq is such that 


Q 
= = 6 () 
represents the shear produced by the shearing force Q. It will have 
the same meaning also in the case of latticed struts; and for determin- 
ing its magnitude the lateral displacement produced by the shearing 
force must be considered. This method will now be developed for 
particular cases of practical importance. 

Consider the latticed bar shown in Fig. 170. The cross-sectional 
area of channels can be considered as large in comparison with 
cross-sectional areas of the diagonals and battens. The extension of 
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a diagonal produced by shearing force Q will be (Fig. 170 (b)) 


Qa/sin ¢ cos ¢HAg in which, 


es tensile force in the diagonal 
COs 
ake length of the diagonal 


Aq = cross-sectional area of two diagonals. 


va 


SNS 


(a) 


a= 


(SDV SEE 


(d 
Fic. 170.—Buckling of latticed bars. 


The corresponding lateral displacement is, 


— Qa 
sin ¢ cos? ¢HAag 


= 


(k) 
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The compression of a batten and the corresponding lateral displace- 
ment (Fig. 170 (c)) is, 


be (m) 


where 
b = the length of the batten 
A,» = the cross-sectional area of two battens. 


From (k) and (m), the angular displacement produced by shear Q is, 


oe bi + b2 _ Q Qb 
Ko sin ¢ cos? HAqg = aHA, 
Comparing this to equation (1), 
1 1 b 


Sa sin ¢ cos? HAg 1 aE A » 
Substituting in (155), 


coe wHT 1 
A ie 1 Cell 1 os b (156) 
12 \sin ¢ cos? ¢HAqg aHA, 


If the sectional areas Ag and A, are very small in comparison with the 
cross-sectional area of channels (Fig. 170 (a)), the critical load (156) 
may be considerably lower than that obtained from Euler’s formula 
(148). 

Equation (156) can be used also in the case represented in Fig. 
170 (d), it is necessary only to measure the angle ¢ as shown in the 
figure, and eliminate the member due to deformation of battens. 

In the case of a strut where battens alone are used as in Fig. 171, 
in order to obtain the lateral displacement produced by the shearing 
force Q, the deformation of an element of the strut cut out by the 
sections mn and m:n; must be considered. Assuming that in these 
sections the deflection curves of channels have points of inflection, the 
condition of bending will be such as shown in Fig. 171 (b). The deflec- 
tion will consist of two parts: the displacement 5, due to bending of the 
batten, and the displacement 6. due to bending of the channels. Tak- 
ing into consideration that at the ends of the batten two couples are 
acting equal to Qa/2, the angle 6 of rotation of the ends of the batten 
will be (see Eq. 69), 

9 — Ya_b _ Qa b _ Qab 
2 3HI, 26HI, 12EI, 
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here b = the length of the batten 
EI, = the flexural rigidity of the batten. 


The lateral displacement 5, produced by this bending of the batten will 
be 


a Qa’b 
2 Q4KET, (n) 


Fig. 171.—Battens in compression members. 


The displacement 62 can be calculated from the cantilever formula 
a3 

1.@ 6) ae ae ( 

23K, 48EI, P) 

The angular displacement produced by the shearing force Q will be 


_ dit 62 _ Qab Qa? 
a (ae Oia Been 


be 
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therefore 
WO een Or 
Sa 12HI, © 24H, 
and equation (155) for determining the critical load becomes 


EIr? 1 
Ser = Ta rete, ab A a? ) Gop 
Ne 12EI, 24E1, 


where, as before, HJ7?/l? represents the critical load calculated from 
Euler’s formula. It is easy to see that when the flexural rigidity of 
battens is insufficient the actual critical load will be much lower than 
that given by Euler’s formula, and in these cases the application of 
more accurate formula (157) becomes necessary. 


CHAPTER VIII 
COMBINED BENDING AND TWIST 


50. Circular Shafts.—In considering twist of circular shafts (see 
Par. 8), it was assumed that the shafts were submitted to the action 
of torque moment only. In practice the shafts are usually submitted 
not only to twist but also to bending actions arising from the weight 
of the shaft itself, the weight of pulleys, and to the thrust or pull of 
cranks and belts. 

In order to obtain the maximum stress at any cross-section of 
such a shaft it is necessary to consider at this section: (1) shearing 
stresses due to torque moment M,, (2) normal stresses due to the 
bending moment M, and (8) shearing stresses due to the shearing 
force Q. If the shaft is not short the maximum combined stress will 
usually occur at the circumference of the shaft where stresses (1) and 
(2) attain their maximum values, and stress (3) is equal to zero. By 
using equations -(31) page 28, and (50) page 52 these maximum 
values become, 


mae Md (a) 
Lor: ) 
and 
Mad 
oye (b) 
where, d = the diameter of the shaft, 
4 
i = “ = polar moment of inertia of the cross-section, 
e 1 . 
— a — moment of inertia of the cross-section about a diameter. 


Combining these stresses as explained in paragraph 18, and using 
equations (56) and (57) page 67, the following expressions for the 
maximum and minimum principal stresses are obtained: 


Dinax = Yop + lor/ 2 + 4p? (c) 
WA = 
72 


Pmin = 8p — ¥8V'p? + Ape (a) 
183 
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Substituting in these equations the values of p ‘and p, given by (a) 
and (b) and noting that 27/d = rd*/32, we have, 


Die oo (M +V/M? + MM) (158) 


Dnin: = * (M — VM? + M?) (159) 


It is seen that the maximum principal stress (Hq. 158) has the same 
value as a direct bending stress, which would produce the bending 
moment 


M, = 4(M + VM? 4+ M2). 
It is therefore sometimes called the equivalent bending moment. The 
maximum shearing stress at the same point is, 
Pmax — Pmin 16 "ret Ar .9 
(Dimas = ) — ae / M? SF M? (160) 

Further calculations will now depend on the particular theory of 
strength adapted. (See page 498.) For steel shafting maximum shear 
theory should be considered as the most satisfactory. Therefore, the 
diameter of the shaft must be determined in such a manner as to make 
the maximum shearing stress (Eq. 160) equal to the maximum shear- 
ing stress at simple tension, i.e., equal to half of the working stress 
Pw chosen for simple tension. 

The equation for determining the diameter d, en becomes, 


ee | 
av + M2 = 5Pu (161) 
(Further discussion of the subject given in Par. 138, page 509.) 


Example 66.—A steel bar ABCD (Fig. 172) of constant circular cross section, 
built in at the end A, is submitted to the action of the force P acting at the end 
D and perpendicular to the plane zy of the bar. Determine the most dangerous 
section and also the maximum principal stress at this section, the deflection of 
the end D, and the rotation of the same end about the axes parallel to X and Y 
axes. Take a = 6 = 30 in., r = 15 in.,d = 5in., H = 380.108 lbs. per sq. in., Pois- 
son’s ratio 1/m = .8, and P = 1,000 lbs. Consider d as small in comparison with 
the lengths a, b and r. 

Solution.—The part CD of the bar is in a state of simple bending; and the 
maximum bending moment at C is equal to Pb. The part CB of the bar is in a 
state of bending and also of twist. The twisting moment along CB is constant 
and equal to, 

M,;' = Pb (a) 
The maximum bending moment for the same part is at B and is equal to 


M' =Pr (b) 
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The weakest section of the part BC is at B where the principal stresses, from 
equations (158) and (159), assume the values: 


16 ae es 
Pmax = 73 (M’ + VM? + M:?) (c) 
16 Ss ee 
Pmin = 73 (M’ — VM? + My”) (d) 
For the part AB, the torque moment is constant and equal to 


Wh = IEF (e) 


while the maximum bending moment, for the same part, occurs at the section A 
and is equal to, 
M"” = P(a+b) (f) 


iMel, IWO4 


The weakest section of the part AB is therefore at the end A, where the principal 
stresses are: 


1 2 ak Mie 
pmax = 4 (M" + / M2 + M,'’?) (g) 
1 an eee See 
pmin = 8 (M" — MEE HL) (h) 


Adopting the maximum shear theory, which will also be used in further calcula- 
tions, the following maximum shearing stress will be obtained from equation (160) 
for section B of part BC: 


Ge OL ee ; 
(pt)max = ai ate + M,’2 = See + b? (k) 
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and the following will be obtained for the section A of part AB: 


(pmax = 8M + Me = EV GTO EP a) 
Comparing (k) and (1) it can be concluded that the weakest section is at the end 
A, where 

(pt)max = OS VO IB? = 2,520 Ibs. per sq. in. 

The angle of rotation of the end D about the diameter parallel to the Y axis is 
due to bending of the parts AB and CD and to the twist of the part BC. The 
rotation due to bending will be (from Eq. 70, page 74) 

P(a + 6)? _32P(a_+ by ® 
2EI End 
and that due to twist will be, 


Pbr — 32Pbr 
GI, ~ Gad4 (n) 
Adding (m) and (n) we have the angle of rotation for the end D about the axis 
Y’-Y” parallel to Y equal to, 
32P(a + 6)? | 32Pbr (p) 
End* Grd! 
The angle of rotation of the same section about the axis parallel to X axis is due 


to bending of the part CB and to twist of the part 4B and can be written down as 
follows: 


32Pr? . 32Pra és 
End! ' Grd! q 


It must be noted that the angle given by equation (p) can easily be obtained by 
using the grapho-analytical method. (See Fig. 172 (c).) The angle due to bend- 
ing will be obtained as the reaction at the end n, produced by a continuous imagi- 
nary loading given by the triangle mnp. The angular displacement of the part CD 
with respect to the part AB, equal to the twist of the part BC, is equal to Pbr/GI>. 

It is represented in Fig. 172 (c) by an imaginary concentrated force. The 
corresponding reaction at the end n gives the second term in equation (p). 

In calculating the deflection at D, the same imaginary loading will be used. 
The bending moment at the end n produced by the triangle mnp gives, 


= 2@anoe 
eae a 
This is the deflection produced by the bending of the parts AB and CD. 
The bending moment at the end n, produced by the imaginary concentrated 
‘load is equal to, 


Qy 
Mi= Gy (s) 
This represents the deflection at the end D, due to the twist of the part BC of 
the bar. 
So far, angular changes in the planes parallel to XZ plane were considered. 
The angular changes in planes parallel to the YZ plane are due to twist of the 
part AB and to bending of the part BC. This can be represented by the imaginary 


loading of the beam ut in Fig. 172 (d). The corresponding deflection at the end 
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D of the bar will be given by the bending moment at the end ¢, produced by the 

triangle ust, together with the bending moment produced by the concentrated 
load Par/GI,. In this manner we have 

12 JEG 
MS ant Or, (t) 
Adding (r), (s), and (t) we have for the complete deflection of the end D of the bar: 
P(a +b)? | Po’r . Pr? , Par? 

2 ayo. Pee neve CIR ee 

Example 67.—Determine the deflection at the middle O (Fig. 173), produced 
in a throw by a force P acting perpendicular to it. The calculations must be made 
for two different conditions: (1) that the ends are simply supported, (2) that the 
ends are built in. 

The lengths of the parts of the throw are taken as shown in the figure and 
the transverse dimensions of these parts are considered small in comparison with 
the lengths. The dimensions are as follows: 

a = length of the journal. 

e = length of the pin. 

r = radius of the throw. 

d = diameter of the journal and of the pin. 

h = width of the web. 

c = thickness of the web. 


ll 


P(2a+e) 
| 4El 


(e) 


Kies List 


Solution.—Assuming that the ends m and s are simply supported (Fig. 173) 
and using the grapho-analytical method as before, the imaginary loading cor- 
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responding to the angular changes in planes parallel to the XZ plane will be 
as in Fig. 173 (c). The triangle ACB corresponds to bending of parts mn, pq, 
and ts. The concentrated imaginary loads Par/2C represent the angles of twist 
of the webs.* The angles of rotation of the ends m and s about the diameter 
parallel to the Y axis, from Fig. 173 (c), are, 
P(2a +e)? , Par 
16ET * 2C > 
The deflection at the middle O, from Fig. 173 (c), is, 
P(2a +e)? , Pa’r (b) 
48EI 2€ 
In order to obtain the complete deflection at O, the angular changes in the plane 
parallel to YZ plane must be considered. The corresponding imaginary loading 
is given in Fig. 173 (d). The triangular loading corresponds to the bending of 
the web, and the concentrated load Pra/2GJ, represents the twist of a journal. 
The deflection at O, corresponding to the loading of Fig. 173 (d), will be, 
Rie ize 
6EI ' 2GI, (c) 
Adding (b) and (c), the complete deflection at O for the case of simply supported 
ends becomes, 


P(2a +e)? | Pa’r Pra 

48ET * 2C +5 7+ GT, (d) 
In order to obtain a solution for clamped ends, two ae and opposite couples M 
at the ends m and s must be applied in the plane XZ. The magnitude and direc- 
tion of the couples M@ must be such as to annihilate the rotation of the ends given 
by equation (a). The corresponding imaginary loading is given in Fig. 173 (e). 
The angles produced by the couples ™ are, 
M(2a + e) 


On 


Comparing (a) and (f), 
M(2a +e) , Mr _ P(2a+e)? , Par 
ia Ciena aC (g) 
From which M can be easily obtained. 
The deflection produced by the couples M is, from Fig. 173 (e) 
M(2a +e)? Mra : 
SEI C Us) 
This deflection must be subtracted from (d) in order for us to obtain the 
deflection at the middle O for the case of clamped ends. 


51. Single Throw Crankshaft.—General.—As a practical example 
where bending and twist are acting simultaneously, a problem on 
stresses and deformation of crankshafts will now be considered Fig. 
174. The analysis will first be made of the deformations of a single 
crank due to various forces and moments. 


* Torsional rigidity C can be obtained for a rectangular section from equation 
37, page 33. 
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The assumptions made to simplify the problem are: (1) that the 
crankshaft is simply supported at the middle cross sections of the 
journals, and (2) the throw is considered as a bar mnpgst whose cross 
sectional dimension is small in comparison with the lengths 7, e, and 
f. The calculations made on these assumptions are in good accord 
with the results obtained* on the basis of a more detailed consideration 
of the deformation of a single throw, where, as is usually the case, the 
dimensions of the cross section are not small in comparison with the 
lengths. The principal symbols are: (See Fig. 174). 


Fie. 174.—Single throw crankshaft. 


4 
C, = 35 @ = torsional rigidity of the journal and the crank pin. 


C, = torsional rigidity of the web with respect to twist around q-s 
axis. The cross section is rectangular with sides h and c, whence 
(Eq. 37, page 38) C2 = BchiG. 


4 
B, = El, =e E = flexural rigidity of the journal and the crank 
pin. 
hee 


Ba= Hl, = 12 E = flexural rigidity of the web against bending in the 


plane through q-s, perpendicular to the plane 
of Fig. 174. 
3 
B; = ET; =< E = flexural rigidity of the web against bending in 
the plane of the throw. 
The axes of coordinates are chosen as shown in Fig. 175. The 
XY plane coincides with that of the throw and the Z axis is so directed 


* See author’s paper in Trans. Amer. Soc. Mech. Eng., Vol. 44, p. 653. 
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that rotation of a right hand screw from Y to Z would produce motion 
in the positive direction of the X axis.* 

The external forces acting on the throw are: (Fig. 175) 

1. The thrust of the connecting rod on the crankpin, which acts 
in a plane perpendicular to the X axis, can be resolved into two 
components, P and S, parallel to the Y and Z axes, respectively. 

2. The centrifugal forces due to the web and crankpin, represented 
by two equal forces Q, par- 
allel to the Y axis. 

3. The couple at the 
end which is usually re- 
solved into three compo- 
nents, namely: 

m, the bending moment 
in the plane of the throw; 

M, the bending moment 
in the plane perpendicular to the plane of the throw; and 

M,, the twisting moment. 

The positive direction of moments is shown in the figure by arrows. 

The effects due to these different groups of forces will now be 
analyzed separately and the combined effect will be obtained by the 
method of superposition. In this manner formulae necessary for the 
study of multi-throw crankshafts will be obtained. 

Bending in the Plane of the Throw.—Referring to Fig. 176 (a), 
consider the bending of the throw produced by the forces P, Q, and 
by a couple m acting at the left support in the XY plane. In order to 
make further development clear, the following rule of signs for couples 
and rotation of ends is adopted. The relation between the positive 
sense of the moment m and the positive direction of the Z axis is the 
same as that between rotation and translation of a righthand screw. 
The same rule is used in determining the sign of the angle of rotation 
of any cross-section of the journal. In accordance with this, the angle 
¢1 (Fig. 176 (a)), representing the rotation of the left end is positive, 
and the angle ¢2 is negative. The reactions A and B at the supports 
are obtained as follows: 

m m 


oot 5i a Ris ews 
ee ee a ree ay ce 


The diagrams of bending moment for journals and crankpin obtained 
as for a simply supported beam are given separately for different groups 


* This direction will be used further in considering bending and torsion of a 
multi-throw crankshaft, 


Fig. 175.—Arrangement of axis. 
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of forces in Fig. 176 (b), (ec), (d). The webs of the crankshaft are 
subjected to direct tension equal to the reactions A and B respectively 
and also to pure bending. The bending moments for the right and 
for the left web are Ae and Be respectively. It is seen now that the 
stresses produced in the elements of the crankshaft can easily be 
obtained by using the simple formulae for bending and direct stresses. 


(2e+f)B, (2e+f)B, 


Fic. 176.—Bending in the plane of the throw. 


In discussing deformation the grapho-analytical method (par. 23 
page 84) will be used. In applying this method the assumption 
must be made that the beam is submitted to the action of a continu- 
ously distributed load the value of whose intensity at each cross-section 
is numerically equal to M/B, where M denotes the bending moment 
at the given cross section and B the flexural rigidity at the same section. 
The reactions at the supports, calculated for this imaginary loading, 
give the numerical value of the angles of rotation of the terminal 


1927 APPLIED ELASTICITY 


cross-section of the beam. In the case of the crankshaft, this imagi- 
nary loading gives the angular changes due to the bending of the journals 
and crankpin. In order to take account of the deformation due to the 
webs, two additional concentrated forces (see Fig. 176, (b), (c), (d) 
numerically equal to the angular deformation of the webs must be 
added.* 

The angles ¢1, ¢2, of rotation at the supports of the throw will be 
calculated in their component parts (¢1’, $2’), (61, 62”), (61, 62""") 
due respectively to the forces P, Q, and the moment m. 

In the case of bending by the force P, the distributed imaginary 
load is represented by the triangle mnp (Fig. 176 (b)), and the addi- 
tional concentrated imaginary load at each web is Per/2B;. This 
quantity is readily obtained. Since the webs are each uniformly bent 
into circular arcs by the couples Pe/2, the curvature, 1/p, from the 
formula 1/p = M/ET, is equal to Pe/2B3, and the angular deforma- 
tion is Per/2B;. Then, 

(2e +f)? er | 


ee te = P| 16h, one 


The centrifugal forces Q give, by the same rule, the continuous loading 
and concentrated forces as shown in Fig. 176 oh Hence, 


vv -9 (“SF Bae N. 


1” 


Similarly, the moment m, Fig. 176 (d), gives: 
Wel eer er (et f)?r) 
$1 5 eRe Gerry eeece en °B,| 
ee ee 
o2 mw eRe o! Gear rane 
The sum of the effects of all the forces shown in Fig. 176 (a), then, is: 


1 = ma; + Pt, + Qte (162) 
g2 = —Maz — Pt, — Qte (163) 
where 
a AO ti ee (erry) 

1 al ect pany tember ene (164) 

te ES lee ft 
ag = 6B, SEY es (165) 

Qe $f)? 
Phar w1G8: on. (166) 
ig CLOT) ae 

ty = OB, + (167) 


* See example 66. 
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Bending in the Plane Perpendicular to the Plane of the Throw.—The 
bending of the throw (Fig. 177 (a)) by the force S, parallel to the Z 
axis, and a couple M, acting in the XZ plane, is now to be considered. 
A moment Sr/2 about the X axis is applied at each support to prevent 
rotation under the action of the force S. 


S(2e+f) 


(b) 


M(e+f)r Mer 


(2e+f)C> (2e+f)C2 


Fig. 177.—Bending of crank by forces perpendicular to throw. 


By the same method as above, the angles of rotation produced by 
the force S (imaginary loading given in Fig. 177 (b)) are, 


ge ae (2erini)* er 
ee ta s| i6B, eer ey 


The case of M is more complicated. The angles of rotation of the 
ends are affected not only by the angular deformation of different parts 
of the throw in the plane of M, but also by the deflection of the webs 
and the twist of the crankpin. The former can be calculated by the 
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grapho-analytical method as above (loading as in Fig. 177 (c)). These 
angles are: 
Hes 2e +f er (e+ f)’r b 
Vil = Mi Saat (Ge fy, ne tO (b) 
is eee 2e+f, 2e(et+f)r 
a M( 6B, | (2e ae) 


The rotation of the ends due to the bending of the webs and to the 
twist of the crankpin can be taken from Fig. 178 (a), where the cor- 
responding distortion of the crankshaft is shown diagrammatically in 
an exaggerated manner. It is seen that these angles are each equal to 


waaeuess 
(2e + f)’ 


Fig. 178.—Bending of crank by couple perpendicular to throw. 


where 6 is the displacement shown in Fig. 178 (b). This displacement 
consists of twice the deflection of the web and the displacement due to 
the twist of the crankpin. The deflection of the web considered as a 
cantilever is 
IM Sante 
2e+f 3By 

The displacement due to the twist is obtained by multiplying the 
angle of twist by the length r and equals to 


saftt 
(Qe + fC; 
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In this way 
» 2r’ ihe 
oe (sa. + f) Be 2 (2e+f)Cy 
and 
Phe BP oe = 2r? = age 
v1 v2 2e +f M305; HB, Get fc) © 


The complete angles of rotation, equal to the sum of (a), (b), and 
(c), are: 


vi = BM — uS (168) 
Yo = —B.M + uS (169) 
where 
Bees e*r Gomi 2r3 
Pi = “3B, Qe +f, * @etf%G, ' 3Ge+fB, + 
fr? 
Ge, = 7) 
ae et)! eee I nia 
7 6B, (Qe+f)?C. 82e+f)?B. (e+ f)?Cy Te 
we (eae J) cel 
Seat == 20, (172) 


These, then, are the angles of rotation of the terminal cross-sections 
about axes parallel to the Y axis, produced by the forces and moments 
given in Fig. 177 (a). As to rotation about the Z axis produced by 
these forces, conclusions can at once be drawn from a comparison of 
the cases represented in Figs. 176 and 177 and the use of the reciprocal 
theorem (Par. 35, page 126). It is easy to see that the forces of Fig. 
176, i.e., those in the plane XY of the throw, produce displacements in 
the XY plane only. Reciprocally, then, the forces in the XZ plane 
will not produce displacements in the XY plane and therefore there 
will be no rotation produced by them about the Z axis. The rotation 
about the X axis produced by the forces of Fig. 177 (a) will be con- 
sidered below. 

Twist of Simply Supported Throw.—Figure 179 is a diagrammatic 
representation of a throw twisted by the moments M; applied at the 
middle cross-sections of the journals. As before, the dotted lines 
represent the deformed crankshaft. The total twist consists of the 
sum of the deformations of the portions e of the journals, of the 
erankpin, and of the two webs. Now if 6; and 42 are angles of twist 
of the journal and the crankpin, respectively, 

Mie. Mif 


ie mice as C1 
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Further, the bending of each web produces the angular displace- 
ment 6; equal to the angle between the tangents to the curve of 
flexure at its ends. The bending moment is equal to the twisting 
moment M;. Since the moment at each cross-section is constant, the 
curve of flexure of the web is a circle. Considering it as a beam of 
length 7, 


The total relative angular displacement 6, measured at the middle 
sections of the journals, will then be, 


Fig. 179.—Twisting of crank. 


where, 
2e+f . 2 
a 
The couples M, produce not only the twist @ but also the rotation y 
of the terminal cross-sections about the Y and Y’axes. This rota- 
tion, due to the bending of webs and.the twist of the crankpin (Fig. 
179 (b)), is calculated as in (c) page 195. Then, 


6 
teeter 


The flexure of the web produces a deflection, 


w= 


(173a) 


and the displacement due to the twist of the crankpin is 
Myr 


= hr = — 
afi | 2 C. 
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Then 
iis 
y= De M, 

ytune= & ee oS 

and ; 
vy = Mis (174) 

where 

ae ne iia 

— +f G Gi oo 


Now, the twist of the throw produced by the forces of Fig. 177 (a) 
can easily be found; denoting this twist by 40, and applying the recipro- 
cal theorem to the cases of Figs. 177 (a) and 179 (a), it is found that 

My = M6 
or, employing (174) and (175), 
My 
M, = Ms 
This twist is in the direction of the twisting couples M;, of Fig. 179 (a). 
When there are two bending moments, WM, and Ms», one at each sup- 


port, the corresponding twist is obtained in the same manner and will 
be equal to, 


Ci (176) 


Oo = (Mi + M2)s (176a) 


If, in the case of Fig. 177 (a), M be made equal to zero and in Fig. 
179 (a) the moment M, + (Sr/2) be substituted for M;, the combina- 
tion of these two cases gives that shown in Fig. 180. In the further 
development of the subject the values of the angles ¥ and yo, Fig. 
180, are necessary. Using Equations (168), (169), and (174), 


= (M+ a) — ws 
Yo = Fane a + uS 


By using (172) and (175) these equations can be written as follows: 


Yi = Mis — Sr (177) 
Yo = Mis + Sve (178) 
where 
fo lei) er fe hie 
Mite eee a 14h OC, Oe EE, (a 1 c) Co) 
go (ee) er 7 A 
a eae MGR, 0) 80, 920: ae s ia ed) 
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Twist of Throw Clamped at Middle Cross-section of Journals.—The 
solution of this problem will be found by superimposing the solution 
of the case shown in Fig. 181 on that shown in Fig. 179 (a). The 
couples M of Fig. 181 must be chosen in such a manner as to anni- 


Fic. 180.—Twisting and bending of crank. 


hilate the angles of rotation y produced by the twisting moments M,, 
(Fig. 179 (a)). In this way we obtain the equation 


y= (d) 
The angle y is given by equations (174) and (175). The angle y’ 
is calculated by using equations (168) and (169) of the case shown 
in Fig. 177 (a). It is necessary only to put S = 0 in these equations 


Fria. 181.—Crank having clamped ends. 


and to take into account the fact that in Fig. 181 there are two terminal 
couples M acting in the same direction. Then, 

Wy’ = (81 — B2)M (e) 
where 6; and 2 are given by equations (170) and (171). Substituting 
(e) and (174) in equation (d), 


M ==— 
Bi — Be Use 
The angle of twist 6; for this case will be, 
Oy = @9— 20 (f) 


where @ is the twist of the throw simply supported (Eq. 173), and 4, 
(dq. 176) is the decrease of twist due to the bending moment M, 
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The quotient 6,/0 gives the ratio in which the torsional flexibility of 
the throw decreases as a result of constraint. 

Substituting equation (181) in (176) and using (173), there will 
be obtained from (f), 

A ES a : 2s" 

6 6 (81 — B2)w 
where 61, 62, s, and, w are given by equations (170), (171), (175) and 
(178a). 

Numerical Example.—Referring to Fig. 174, let di; = 10.25 in., 
a = 13 in., r = 11 in., b = 6.5 in., h = 5.5 in., ¢ = 14 in., whence e 
= 9.25 in., and f = 18.5in. From notation page 189 we get, 


(182) 


beet 10220 10m, nod) ea = 
B, SH 64 Ss 542H; By = 12 Se 1,258E 

2 OPERE ay ho ane Ne eke nO 
C1 = -—35— = 1,0856; C2 = 3.6142 + 5.5%) 7 0626 


Taking #/G = 2.6 and substituting this value in, (182), 
Cie 000558 
OS 0.040,8 
Therefore the torsional flexibility, as compared with the case of no 
constraint, is decreased by 14.2 per cent. 

52. The Multi-throw Crankshaft.—General Case.—Consider now 
the crankshaft with many throws (Fig. 182 shows only a portion of this 
shaft). Assume it to be simply supported at the middle cross-sections 
of the journals and number these supports in order 1, 2, 3 . 
Then the throw lying between supports 7 — 1 and7z will be the 7 — 1th 
throw, and all forces acting on it will have this subscript. When the 
twisting and bending moments at every support are known it is easy 
to calculate the deformations of any throw from the foregoing equa- 
tions. The twisting moment at any support can be calculated with- 
out difficulty from the equations of statics. For calculating the 
bending moments, the condition of continuity of the elastic curve at 
the supports must be taken into consideration. In Fig. 182 two 
consecutive throws cut out of a multi-throw crankshaft and having 
supports 7 — 1,7, and7 + 1, are represented. The bending moment at 
the support 7 is resolved into two components, namely, the components 
m;' and M;' when the throw on the left of the support 7 is considered; 


= 1 — 0.142. 


* The exact formula for torsional rigidity gives C, = Bch’G = .250 x 14 X 
5.5°@ = 580G. This differs somewhat from the result given above, but the 
difference is small and does not affect substantially the conclusion made. 


® 
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and into the components m;" and M,’ for the throw on the right of the 


support 7*. 


As before, m denotes the bending moment in the plane of the 


— 


Fie. 182.—Multi-throw crankshaft. 


throw considered, and M the bend- 
ing moment in the plane perpendicu- 
lar to the plane of the throw. 
The positive directions of these 
moments are shown in Fig. 182 (a). 
The representation of the same 
moments by vectors is given in 
Fig. 182 (b). Asm,'’and M;' onthe 
one side, and m,;” and M,7 on the 
other represent the same bending 
moment, the resultant of m,! and 
M;' must be equal and opposite to 
the resultant of m,;” and M ; asshown 
in Fig. 182 (b). Therefore, denot- 
ing by 7: the angle between the con- 
secutive throws at 7 and resolving 
the couples in the directions y:-1 
and i=15 
M;'+'Ms cosy: — m,"siny; = 0 
mi?! + M;siny: +m cosy: = 0 
(183) 
Two more equations are obtain- 
ed from the conditions of continuity. 
Consider the throw on the left of 
the support 7. The positive direc- 
tions of all the forces and couples 
acting on this throw are shown in 
Fig. 183. Denote by ¢,' and y;! 
the angles of rotation of the cross- 
section at the support 7 about the 
axes ‘2/;-1 and y’;-1, respectively. 
The same rule holds for the signs of 
the angles as before. 


Using Equations (162) and (163) and taking into account the direc- 
tions of the couples m”;_1 and m;!' and of the forces Q:-1 and Pj-1, 
o;' = mia, — mi-1a2 — Pi-iti — Qi-ate (184) 
* The letters J and r, in the superior position, m:!7", indicate that the moment 
is acting on the left throw or the right throw from the support 7%. 
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where a, a», t; and f2 are given by equations (164), (165), (166), and 
(167). In the same manner, by using equations (168), (169), (177), 
and (178), 

Wi’ = M,'B, — M316. + (M;):-1s + Si_we (185) 
where (1, 82, s, and v2 are given by equations (170), (171), (175) and 
(180). 


Fia. 183.—Element of multi-throw crankshaft. 


Considering now the throw on the right of the support 7 and 
denoting by ¢;" and y,” the angles of rotation of the cross-section at 7 
about the Z; and Y; axes of this throw, the following equations are 
obtained in the same manner as above: 

oi% = Mia, — M'iziae + Piti + Qite (186) 

Wir = MiB — M'iiiBe + (Mi )is — Sini 
Here (Mi); = (M:z)i-1 + Si-ir represents 
the twisting moment at the support 7, and 
the coefficient v1 is given by equation 
(179). The small angles of rotation calcu- 
lated from (184), (185), and (186) can be 
represented by vectors whose directions 
coincide with the directions of the corre- 
sponding axes of rotation* and whose mag- 
nitudes are proportional to the correspond- 
ing angles of rotation (Fig. 184). Now as 
¢;! and y;' on one side and ¢,”" and y,7 on 
the other represent the rotations of the same i hg a ae 
cross-section of the journal at the support fintity at aipoert 
2, the resultant rotation of ¢,' and y,’ must 
be equal to that of the rotations ¢,” and y,’ as shown in Fig. 184. From 
this figure: 

* There exists between the positive direction of the axis of rotation and the 
direction of rotation the same relation as between rotation and translation in a 


right-hand screw. 
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o;! = oi cos yi + 7 Sin ¥: 
y;) = —¢7 siney; + V7 cos ay (187) 


These equations together with those of (183) give a system of four 
equations for the support 7. Analogous equations can be written for 
all the intermediate supports. In this manner are obtained a number 
of equations equal to the number of unknown quantities m,', m:7, M;', 
My, wherez = 1, 2,3, . . . n, and mis the number of supports. 

When equations (184), (185), and (186) are substituted in (187), 
those of the latter number take the following form: 


mitay — Mi102 — Pit — Qi-ite = (mio — miyiae + Pitt 
+ Qite) cosy: + [M 7B, — M' 4:82 — Swi + (M,);s] sin y: (188) 
M;'8, — M*;_.B2 + (M,)i-is + Sie = [MBi — M4182 
— Swi + (M)is] cos yi — [mar — miiziag + Piti + Qiteo] sin vy: 


Now, equations of the type of (183) give: 


fae M;r —- M;! cos Ve ee M;! a M;r COS Y; 
sin y; Cae sin y; 
de M';_, + M*;1 cos NipeAl 
sin Oi ‘ Gey 
a Muy + M41 cos yini 
sin Yit1 


M1 = 


Substituting these values in (188): 


a2 ; 
Eo aineye 3 M'-1 — a2 cot yisrM1 — 2a; cot 7M; | 
eal a1 COS? ¥; ; | 
: = sin . Ar ¥ ; 
eS Vi sin 7; ager yi} Met {Bs sin y; | 
COS Yi COS Yi+1 cos y:M’; 
"% eae & a a] May —=25 ARE: tt = (Pioabs 
SIN Yi+1 SIN Yi41 


+ Qi-ite + (Piti + Qite) cos y; — Sivi sin y; + (M))js sin ¥;. 

— M182 + (a1 + B1)M;' + (a1 — B61) cos y;Mz 
Sealine te sin Yi COs Tee Ms seg sin Yi 
SIM Yi+1 SIN Yi+1 
= (—M,).-18 + (M,)is cos y; — Si1v2 — Sv, cos yi — 
(Pit: + Qite) sin y; 


(190) 


Mis 


These equations play the same role in calculating multi-throw crank- 
shafts as the well-known equations of three moments of Clapeyron 
for the calculation of continuous beams. (See Eq. 87, page 113.) 
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Special Cases of Equations (190).—When y2 = y3 = y, Equations 
(190) take the following simplified form: 


a 
= Sey Poa a2 cot yM" 3 — 2a, cot 7M ;! 
= eae 4+. 6, cos y cot y + 8, sin y| Me + (Gyan y 
— ae cos y cot y) Min, — ae cot yM 41 = Pith + Qiite (191) 


+ (P ity + Qit2) COSD aaa Siv1 sin “y; + (M,) js sin Y- 

— M*,182 + (a1 + 61) M;' + (a1 — 61) cos yM ie 

+ (82 + a2) cos yM'iy1 + eM ia, = —(Mi)iis + 
(M,);s COSN Vaan S102 = S041 COs y= (P ith + Qit2) sin NY 


Equations (191) take the form of (192) given here, when the crank- 
shaft is subjected to twisting only. Substituting therein P;1 = 
P= 9:1. =Q; = Si1 =S; =0, and putting (Mi) = Qh) = 
M, 


Soin fe > (845 cot yM";-1 7 2a4 cot 7M ;! 
ay 5 i ° 
(Gees + a, cos y cot y + 8: sin 7) Mi + (82 sin y (192) 


— a2 cos y cot y) M41 — a2 cot yM"4, = Mis sin y. 
—BoM';1 aie (ay a Bi) M;! 44 (ay Core B1) cos y¥M iz 
a (ae ae B») COS YM ay + agM" 544 = M,s(cos Vis i) 


53. Application of Equations to the Three-throw Crankshaft.— 
General.—In the case of the three-throw crankshaft, 


ot 1, 1 
re 20 OPW SY 21008 ag, Ol ae 


Since the shaft is assumed to be simply supported, the bending 
moments at the terminal cross-sections are equal to zero, 1.e., 


a Pe ML = We = 


Under these assumptions equations (191) for the two intermediate 
supports become: 
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1 
(ax + 61) Mat — Mar — 8) My — 3(ar + B1)Ms! + any 
il 
= —(M,):s — 5(Mi)as — Siva + San 
- eae, + Qsta) 
5 1 1 
a,M,' — (ea SI “a ) My + (562 = jor) Ms! ala goes" 
v3 
2 
2 
5(Pat a Qute) | = goss 


= = (M.)28 Se | (Pits + Quite) — 


(193) 


— BoMy" + (ai + Bi)M;3' — A — Bi) Ms = —(M2)2s — 


5(M.)a8 = Sov2 + Sor: = GH is Qst2) 


5) 3 3 
— aM! + Sao + aiM;' — (Ga ui B1) Me = q(Mi)ss | 
Va 


1 3 
i V8 Pa + Qoete — (Pats “f- aut) |- i S301 


Crankshaft Subject to Twist by the Couples M, Acting at the Ends.— 
Equations (193), written for the two intermediate supports, then reduce 
to: 


(ai°+ Bi)M,' — (en — Bi) Me — ce + Be)M;3' + a.M3" 


3 
= 5M. 


5 é 1 
aM! = (Gea i “6,)M," ar (8: = jon) Ms" 
4 4 | a 
1 3 (194) 
Le 5M" = gus. 


—B.M." + (ay + B:)M;! a lon aa Bi) M3" ve 5M.s 


1 5 3 3 
os aoM,! + joe! 4- aiM,! aE (Gar + b1) My => qs. 


As a numerical example the three-throw crankshaft of a 900 hp. 
Diesel engine will be considered (Fig. 185) all dimensions of which 
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are given in paragraph 51, page 199. From these and equations (164), 
(167), (170), (171), (175), (179), and (180) it is found that: 


a, = 0.851 ad, a7 = 01932 at 
1 By 
Sr par Be = 0.381 ae aa ost (195) 
1 
= 0.640 Qe tir, =0 p59 © Des Sy sig. ie 


Bier na) J 
Substituting these figures in equations (194): 
1.715M,! + 0.0065M,.” — 0.429M;! + 0.478M;" = —0.348M, 


0.851M,' — 1.712M," + 0.1663M;' + 0.239M;" = 0.174M, 
— 0.881M." + 1.715M;' + 0.0065M;" = —0.348M;, 
— 0.478M,.' + 0.239M." + 0.851M;' — 1.712M;" = 0.174M,;, 
from which, 
M,' = —0.210M.; M." = —0.260M;; M;' = —0.260M;; 


M; = —0.205M;. 
The angle of twist for any crank is now easily obtained. Equation 
(173) gives the twist if there is no constraint, namely @ = Mw. The 
diminishing of this angle, due to the effects of the bending moments M, 
is calculated from equation (176a), page 197. 
For the first throw, 
6o/ = —0.210M;s 
For the second throw, 
69’ = —(0.260 + 0.260) Ms. 
For the third throw, 
60" = —0.205M;s. 
The decrease of torsional rigidity due to the constraint, is: 
For the first throw, 


/ 
0305 
6 Ww 
Le., about 3%. For the second throw, 
So = ODES = 0.0775, 
i.e. about 7.8%. For the third throw, 
tr 
ee. a 0.205s = 0.0301, 


i.e. about 3%. 
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(b) Scale = 25 x 104 pound-inches 


Plane perpendicular to plane of throw 


Fia. 186. 
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In this manner the question of torsional flexibility* of the shaft 
considered is solved. It is seen that the effect of the constraint in the 
first and third throws issmall. For 
the middle throw this effect is about 
half of that calculated above (Par. 
51, page 199) on the assumption that 
the throw is clamped at the middle 


of the journals. Similar results 
may be expected for any three- 


throw crankshaft with y2 = y3 = 
120 degrees. 

The bending and twisting of the 
same crankshaft due to the forces 
P, Q, and S acting on the crank- 
pins may now be considered. The 
forces P and S are obtainable from 
the gas pressure and inertia force 
diagrams. Hxamining first the case 
given in Fig. 185, where the maximum force acts on the first throw, the 
values of the forces considered are as follows: 


Figs 1876 


Number of | Angle of crank, 


S d 
eee Anoeas P, pounds S, pounds @, pounds 
1 20 — 65,000 29 ,400 7,700 
2 140 — 9,400 — 5,830 7,700 
3 260 — 4,300 11,100 7,700 


Substituting in (193) the numerical values of (195) and the values of 
the forces given in the preceding table 


1.715M,' + 0.0065M." — 0.429M;' + 0.478M 3" = 
—399 X 103 Ib. in. 
0.851M,! — 1.712M." + 0.1663M;! + 0.239M," = 
—206 X 10% lb. in. 
— 0.381M,." + 1.715M;' + 0.0065M 3" = 
—96 X 10% lb. in. 
—0.478M,! + 0.239M,." + 0.851M;3! — 1.712M3" = 
GAL x 10% bs im 
* This torsional rigidity of the crankshaft, as it will be seen later in chapter 
XI on dynamics, must be known in studying torsional vibrations. 
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from which, 


M.' = —258 X 10% Jb. in. M2" = —7.15 X 10* lb. in. 
M;' = —54.5 X 10? lb. in. M,;" = 40 X 108 lb. in. 
These values substituted in equations (189) give: 
mz! = —140 X 10% lb. in. mo = —287 X 108 lb. in. 
mat = 27.5 X 10* lb..in. m3" = —86 X 103 lb. in. 
Q P, Q 


Scale = 25 x 104 pa ata inches 


Fig. 188. 


The diagrams of bending moment for the first crank, where the 
maximum bending moment is to be expected, are given in Fig. 186. 
The upper one gives the moments in the plane of the throw and the 
lower those in a plane perpendicular to the plane of the throw. The 
stress in any element of the throw may now be calculated in the usual 
manner. 

Secondly, consider the case shown in Fig. 187, where the maximum 
force is acting on the second crank. The corresponding values of 
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forces, obtained from gas pressure and inertia force diagrams, are 
as follows: 


Number of | Angle of crank, 
iis einai P, pounds S, pounds Q, pounds 
1 90 3,030 13,250 7,700 
2) 210 —70,000 30,600 7,700 
3 330 — 8,100 — 5,970 7,700 


Proceeding now as above, equations (193) give: 


M.? = 101.5-10? lb. in. MM.’ = —68.5- 103 lb. in. 
M;' = —218-10? lb. in. M3" = —23.8- 10? lb. in. 
which values, substituted in equation (189) give: 
We! = 137 2X 410° Ib: in. Mis = Nb >< 102A bein. 
ms’ = —98.3 X 10° 1lb.in. ms” = —238 X 10° Ib. in. 


The greatest stresses are now to be expected in the second throw. 
The diagrams of bending moments for this throw are given in Fig. 188 
from which the corresponding stresses can be calculated in the usual 
manner. 

54. Open Coiled Helical Spring.—Azial Load.—In considering 
close coiled helical springs (Par. 9, page 31), it was assumed that the 
angle a, which the coils make with planes perpendicular to the axis Z 
of the spring (Fig. 189), is very small. Now, in open coiled springs 
this is not the case; and the effect of this angle on the stresses and 
deformation in the spring will be considered. Let OX be a tangent 
to the center line of the wire at any point O and the plane XY parallel 
to the axis Z, i.e. tangential to the cylindrical surface containing the 
helical center line of the wire. The moment of the force P on the 
normal cross section O, equal to PR, is acting in the plane containing 
this point and the axis Z. In the figure this moment is represented 
by the vector OA lying in the tangent plane XY and perpendicular to 
the Z axis. The relation between the positive direction of the moment 
PR and the direction of the vector OA is the same as between rotation 
and translation of a right hand screw. Resolving OA in the X and 
Y directions we have a torque moment, 


M, = OB = PE cos.a; (a) 
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and a bending moment, 
M = OC = Pit sina (b) 


acting on the cross section at O. The maximum principal stress will 
now be found, by using equation (158) 


16 > 
Pmax = Ae PR(1 ote sin a) (196) 


in which d equals the diameter of the wire. 
The maximum shearing stress 
will also be, from equation (160), 


16 
(pines — rai PR. 


It will be noted that this is 
the same as previously found for 
a close coiled spring (Eq. 34). 
The extension 6 of the spring will 
be found from the consideration 
of the energy stored in the spring 
during deformation. Theenergy 
of deformation in an element ds 
of the spring, by using equations 
(83) and (52),-1s: 

3 Mads. Mids 

au 2EKI “ 2G5F 
which gives for complete energy 
the expression, 

M? M? 
’ = (sar + aer,) 

OS oni oc) 
where the length of n coils of the 
spring is denoted by, 
oy, ; _ 2rkhn d 

1G. 189.—Open coiled spring under tension. = coe & ( ) 
Now 6 may be found by equating the work done to the sum of the 
energies due to bending and twist: 


Pé M , M2 
pile. Gi + 2GI » 


1) 
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from which, by using (a) and (b), 


5 = PIR? (ee a oe 2) ns 


EI 
32PIR?2 /2sin2a Bees ' 
at (197) 


For a = 0, this equation reduces to equation 35, page 31. It should 
be noted that equation (197) was obtained on the assumption that 
the wire of the spring is of circular cross section. For sections 
having other forms, the corresponding value of torsional rigidity C 
(see. Par. 10) instead of GI, must be used. 

Extension of the spring is accompanied by rotation of the ends about 
the Z axis. The magnitude of this rotation may easily be obtained 
from the consideration of angular deformations of the element ds 


(Fig. 189). 
The angular deformation due to twist, from equation 29, is 
Mids 
leis (e) 


The corresponding axis of rotation is OX, therefore rotation, due to 
(e), about Z axis, is 
M.ds ‘ 


The angular deformation due to bending will be, from equation 48, 
Mds 


7 (g) 
where the corresponding axis of rotation is OY. 
Rotation due to (g), about the axis Z (Fig. 189) will be, 
Mads 
— Fp cos @ (h) 


hence the total rotation about Z axis, due to deformation of an element 
ds, 18, 


M,. M 
—— — k 
ds aE sin a — Fay COS a) (k) 
If one end of the spring be fixed the angle of rotation of the other end 


about the Z axis will be, 


=1(=5r sin a as ate a (1) 
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; E : 
or substituting (a) and (b) and putting G = aS the following 
a) 
m 
result for a circular cross section will be obtained: 
Bi : 
= — — 198 
p Tt mB Sin 2a (198) 


In the case of other forms of cross-section, the corresponding value 
of torsional rigidity C instead of GI, must be inserted in (1). 

Axial Twist—Let OD (Fig. 189) represent (*) the axial twisting 
moment M,. Then torque moment and bending moment acting on 
the cross section at O will be, 


M,; = M, sin a (m) 
M =M.,cosa (n) 


The corresponding angular deformations are given by (f) and (g). 
It must be noted that the bending moment, represented by vector OK 
has an opposite direction to that of vector OC, considered before, 
therefore for the angle of rotation about the Z axis, equation 


ds (ar sin a + S cos a); (p) 
instead of equation (k), must be used. Assuming that the spring 
is fixed at the bottom, and using equation (m) and (n), the angle of 
rotation of the top end about the Z axis will be for a circular cross 
section: 

sin? a@ , cos? a 321M, (sin? a , 2 cos? a 


és = IMG + ar) = ot (Fe + SS) 209) 


By using the reciprocal theorem (page 126) and remembering that . 
the axial tensile force P produces a positivet angle of rotation (Eq. 
198) about the Z axis it can be concluded that the twisting moment 
M, will produce extension of the spring 61, which will be found from 
the equation, Pd, = M.¢, from which, by using (198), 


32) ol Sen 
ser ple sin 2a (200) 


bi 


Axial Bending My.—By using the same method, as above, bending 
of the axis of the spring by couples M; in the plane of the Fig. 190 (a) 


* The same rule of right hand screw (p. 211) is used. 
t Following the rule of right hand screw (p. 211). 
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can be obtained. Let vector OA (Fig. 190 (b)) perpendicular to the 
plane of the Fig. 190 (a) represent the couple M, acting on the cross 


section at O. Resolving it in two compo- 
nents, shown in Fig. 190 (b), we will have 
(1) moment, 

M, = M, cos 0 (r) 
represented by the vector OB producing bend- 
ing of the wire in the plane tangent to the 
cylindrical surface of the radius R, and (2) 
moment M, = M;, sin 6, represented by vector 
OC, acting in the axial plane through O. Vec- 
tor OC can be resolved into two components as 
was done previously with the vector OA (see 
Fig. 189). In this manner expressions for the 
torque moment* and bending moment, in the 
plane of coil, are obtained as follows: 

M, = —M; sin 6 cosa (s) 
M = My sin 6 sina (t) 
Assuming a circular cross section and combin- 


ing (r) and (t) vectorially, the resulting bend- 
ing moment will become 


M,vV cos? 6 + sin? 6 sin? a (u) 
The potential energy stored in an element 


ds = Rdé/cos a of the spring by using (u) and 
(s) will be, 


Rdé (cos? @ + sin? a sin? @) 
= | ee 
sin? 9 cos’ a 
ee oar, | 


(w) Fra. 190.—Open coiled spring 


under pure bending. 


Integrating (w) within the limit @ = 0 to @ = 2rn, and remembering 


fy "sin® 6d0 = ff, cos? 6d0 = 7, 


the following expression for the potential energy of the spring will be 


that 


obtained: 
_ Rrn Bie + sin? a) 
~ cosa QEI 


+ M,? 


A 8M,71 ke + sin? a) a COs? a 


ad4 EK G 


cos? 2] 7 
2G15 


* The direction of torque moment which we had in Fig. 189 is taken as positive. 


214 APPLIED ELASTICITY 


Now the angular deflexion y of the upper end of the spring, if the lower 

end is fixed, will be found from the condition that the work done by the 

bending moment M, will be equal to the energy stored in the spring, or 
My  8M,?l Ee + sin? a) < cos? E] 


Te Gre E G 


From which, 


nz 2 
ke 16 ay) me eo a) in = a (201) 


Let the length of the axis of the spring be denoted by h = 1 sin a, 
then from (201), the curvature of this axis due to bending will be, 
ry 16M, 72(1+sin?a) , cos*a 
== = 202 
pee on Taal E + G | Ce 
and the deflection of the upper end of the spring, if the lower be fixed, 
will be 


OQ = 


pean 8Mih2 F2(1+ sin? a) , cos?a 
20 2  d‘sin =| E a G | (203) 
All formulae developed in this paragraph 
must be considered as approximations only, 
because R and a were treated as constants; 
though actually they vary during the de- 


formation of the spring. * 


Example 68.—Determine the deflection of the 
upper end of the spring and the stresses produced 
by the force P (Fig. 191). 

Solution.—Comparing equation (202) with the 
equation (48) for the curvature of a solid bar sub- 
mitted to pure bending, it is seen that instead of 
flexural rigidity of the bar we have in the case of a 
helical spring the quantity 

sin @ 
(1 +sin?a) , cosa (a) 
2EI 2GTp 
From this it can be concluded that for obtaining 
the deflection of the spring the known formula for 
the deflection of a cantilever can be used. It is 
only necessary to substitute (a) for the flexural 


Ira. 191.—Open coiled spring 


bent by lateral force. rigidity of the cantilever. In such manner we 
have, t 
Se 1+ sin?a cos? a 
= 3 ral ~2ET See | (b) 


If a = 7/2, this reduces to the known cantilever formula. 

* The theory of buckling of helical springs under the action of axial compression 
is discussed by R. Grammel, see Z. F. Angew. Math. u. Mech. vol. 4, p. 384, 1924. 

} The effect of shearing force on deflections is here neglected. 
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In order to find out the stresses, forces acting on the cross section of the wire 
at any point O (Tig. 191) will now be considered. These forces reduce to (1) 
the force P acting in the center of the cross section (2) the couple 


M, = IP (c) 
acting in the plane of the Fig. 191 and (3) the couple 
M, = PR cos @ (d) 


acting in the plane perpendicular to the axis Z. By using (m) and (s) together 
with (c) and (d) the following expression for the torque moment at O will now 
be obtained: 


M, = PR cos 6 sin aw — Px sin 6 cos a@ (e) 

By using (n) and (t) we have for the bending moment in the plane of the coil the 
following expression: 

M = PR cos 06 cosa+ Pz sin 6 sina (f) 


Bending moment in the plane perpendicular to the plane of the coil, from (r), 
becomes 


M, = Px cos 6 (g) 
Combining (f) and (g) vectorially, the following expression for the complete 
bending moment will be obtained 
/M? + M2 = Pv/(R cos 6 cos a + x sin 6 sin a)? + 2? cos? 0 (h) 
Maximum stresses will be obtained at the fixed end, where x = h. ‘Two sections 
at this end of the spring will now be considered, namely Section 6 = 0 and Sec- 
tion 6 = 7/2 (see Fig. 191). For 6 = 0, from (e) and (h), we have 
M, = PR sine (k) 
VM? + M2 = P»/R? cos? a + h? (1) 
It is easy to see that in this section bending stresses are predominant. 
For 6 = 7/2, we have, 


M,; = —Ph cosa (m) 
/M? + My? = Phsina (n) 
For small a torque moment in this section will be much greater than bending 


moment. Combining shearing stresses of twist with normal stresses of bending 
(see Par. 50) maximum principal stress easily can be obtained. 


CHAPTER IX 
CURVED BARS 


55. Theory of Bending.—Pure Bending of a Curved Bar.—A curved 
bar under the action of equal and opposite couples at its ends is said to 
undergo pure bending (Fig. 192). Considering the simplest case, 
when the bar has a longitudinal plane of symmetry and external 
couples are acting in this plane, it is easy to see that bending will take 
place in this same plane. The solution of the problem of stress dis- 
tribution and deflection of the bar will be obtained on the assumption 
that transverse sections of the bar originally plane and normal to the 


Fig. 192.—Curved bar in pure bending. 


central line remain so after bending.* Let ab and cd denote two cross- 
sections of the bar and d@ denote a small angle between them before 
bending. During bending, under the action of the couples M, the 
cross-section cd will rotate with respect to ab. Let Ad¢ denote the: 
small angle of rotation. Due to this rotation the longitudinal fibers 
on the convex side of the bar will be compressed and the fibers on the 
concave side will be extended. Let n-n denote the neutral surface. 

* This theory was developed by Winkler, Der Civilingenieur (1858), page 232. 


See also his book Elasticitdét und Festigkeit (1867), page 253. 
216 
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The extension of any fiber distant* y from the neutral surface will be 
equal to yAd¢ and the corresponding unit elongation will be 
yAd¢ 
— (r — y)de (a) 
where r denotes the radius of the neutral surface. Assuming that 
there is no lateral pressure between the longitudinal fibers, the stress 
at distance y from the neutral axis will be 
EyAd@ 
P(r = ydo (») 
It is seen that the stress distribution follows a hyperbolic law instead 
of a linear law, as in the case of straight bars (see Fig. 192 (c)). From 
the condition that stresses distributed over a cross-section are equiv- 
alent to a couple, it can be concluded that the neutral axis must be 
displaced from the center of gravity towards the center of curvature 
of the bar. It is easy to see also that, in the case of a rectangular 
cross-section, greater stresses will act on the concave side. In order 
to make the stresses in the most remote fibers (both in tension and in 
compression) equal, it is necessary to use cross-sections in which the 
center of gravity will be nearer to the concave side than it is to the 
convex side of the bar. Let 


R = radius of curvature of the center line of a curved bar. 
ry = radius corresponding to neutral surface. 
y = distance of the center of gravity of cross section from 
neutral axis. 
h = depth of the cross section. 
hi, ho = distances of the most remote fibers from neutral surface. 
A = area of the cross section. 
S = longitudinal force. 
Q = shearing force. 
y = distance of any element of the cross section from neutral 
axis. 
y1 = distance of any element of the cross section from the 
axis throughout the center of gravity. 
vy = distance of any element of the cross section from the 
axis through the center of curvature of the bar. 
u = radial displacement in bending thin circular rings. 
mA = modified area of the cross section. 
s = distance measured along the axis of curved bar. 
der = critical pressure per unit length of a circular ring. 
* y is positive towards the center of curvature. 
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In order to obtain the two unknown quantities 7 and Ad¢ in equa- 
tion (b), two equations of statics will be used. The first equation is 
based on the condition that the sum of all stresses over a cross-section 
is equal to zero. The second equation is based on the condition that 
the moment of these stresses about the neutral axis is equal to the 
moment M of the external couples. The equations are:* 


_ EAdé [( ydA 
rc mr (c) 


_ EAde fy2dA _ 
fora = eds (d) 


Equation (c) will be used for determining rv. The integral of 
equation (d) can be simplified as follows: 


y2dA das ti poe os rydA 
(sae fe a )@4 = Ue ee (e) 


The first integral on the right side of (e) represents the moment of the 
cross-section about the neutral axis and the second, as seen from 
equation (c) is equal to zero. Therefore, 


yrdA 
[== (e) 


where y denotes the displacement of the neutral axis from the center 
of gravity. 
Substituting in equation (d) 


EAd@ M 
ae ede (204) 
Now from equation (b) 
My 
PS Avr —y) tt) 
The stresses in the most remote fibers will therefore be 
Mh, Mh: 
Dovast = eee and Pnin = — ea) (205) 


If r is determined from equation (c), the maximum stresses will be 
found from (205). 

If the depth of the cross-section is small in comparison with the 
radius F for the central line of the bar, y can be neglected in comparison 
with r. Then, from equation (c), it follows that the neutral axis 


* The integral ‘sign in these equations (c, d, e, e:) indicates that integration 
is taken over the entire area of the cross-section. 
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coincides with the center of gravity of the cross-section and, from (d), 
that 


EAdé I _ 
rise ea 
or, 
_ MRdé _ Mas 
alo Aa Digees ue 


where ds denotes the length of the element of the central line between 
the sections ab and cd. 

In developing equation (b), the lateral pressure between the longi- 
tudinal fibers was neglected. In the case of a narrow rectangular 
cross-section the exact solution,* which takes this lateral pressure 
into account, gives the following value of p: 

_ 4M ab 


Bera Neos ea ie. Barbet. b 
imate b + a? loge | + b loge 5 + » log. ”) 


in which, 
N 4 (b? Oe 4q2b2 (1 ay 
= Oe a ) 


a and 6 denoting the inner and outer radii of the curved bar and v 
denoting the distance from the center of curvature of the center line 
of the bar to the point for which the stress p is to be determined. 

Comparative calculations show that the approximate solution is 
accurate enough for practical applications. 

General Case.—If a curved bar be submitted to the action of any 
system of forces acting in its plane of symmetry, the forces at any 
cross-section can be reduced to a couple and a force applied at the 
center of gravity of the cross-section. The stresses produced by the 
couple can be obtained as explained above. 

The force can be resolved into two components, a longitudinal 
force S in the direction of the tangent to the center line of the bar and 
a shearing force Q normal to the tangent. The longitudinal force 
will produce tensile or compressive stresses distributed uniformly 
over the cross-section and equal to S/A. Due to these stresses, 
the central line of the bar will undergo extension or compression and the 

* Exact solution of this problem belongs to H. Golovin, Bulletin of the Tech- 


nological Institute (St. Petersburg), 1881. The same problem was independently 
solved by L. Prandtl. See Féppl, Technische Mechanik, Vol. 5, p. 72, 1907. 
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angle dd between two consecutive cross-sections will be changed. The 
magnitude of variation of the angle will be, 


SOs) 
Ad¢ = AE’ R (207) 
The transverse force Q will produce shearing stresses in the cross- 
section, the distribution of which can be taken the same as in the case 
of a straight beam (see equation 54, p. 64). 

56. Particular Cases.—It has been shown in the. previous para- 
graph that the bending stresses in curved bars can easily be calculated 
provided the position of neutral axis is 
known. In the examples which we now 
propose to consider, a method of deter- 
mining this displacement of neutral axis 
with respect to the center of gravity of the 
cross-section is developed, from which the 
stress distribution can be calculated. 

Rectangular Cross-section.—In order 
to obtain the magnitude of the radius 
r of the neutral surface equation 


ydA 
ve ela 0 (a) 


of the preceding paragraph, will be used. 
Fie. 193.—Case of rectangular Denoting by v (Fig. 193) the distance of 
bf ds an element of area dA from the axis O-O 

through the center of the curvature, we have 


v=r—y,andy =r-—v. 


a he — v)dA =a 
v 


A 


r= (208) 
iis 


In the case of a rectangular cross-section dA = bdv 
Substituting in (208) and remembering that A = bh, the following 
equation for determining r will be obtained: 


] 
epee Sa EL (209) 


log. v 
ui 


Substituting in (a), 


from which 


c 
loge — 
Oe 7 


Q a 
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If the depth h of the cross-section is small in comparison with the 
radius F& of the central line, the known series 


PORE an seh ely B\Y hs 
eee Okita a alts Gr) ty op) areal) 
can be used. Then ~ 


y=R-r=Rh—- 


R 
Le dtaN Le aN 
EG) eon ee 
A first approximation will be obtained by taking only two terms in 
the denominator on the right side. Then, 


1 h? 
ais ap ca ay - oF (210) 
3 \2K 
By using three terms of the series (b), a second approximation, 
h? Af hin? 
ay ora ici (sR) | ee 


will be obtained. 

It is seen that the displacement y of the neutral axis decreases 
with decrease of the ratio h/R. For small values of this ratio a linear 
stress distribution, instead of a hyperbolic one, can be assumed with 
very little error. In order to compare the values of the maximum 
stress obtained by assuming linear stress distribution, with that 
obtained on the basis of hyperbolic stress distribution, Table XII 
is given. 


Tasite XII.—Comparison oF HypPEeRBOLIC AND LINEAR STRESS DISTRIBUTIONS 


Hyperbolic stress Linear stress rahe Boo a 8 
distribution distribution : 
assuming 
R/h eee ee eee ere aes ator Soman ae || LITLOAIT SLT eSS 
: distribution, 
_Pmax) Pminy Pmaxy Pmin; % 
M/AR M/AR M/AR M/AR 
if 9.2 — 4.4 6 — 6 35 
2 14.4 —10.3 12 —12 17 
3 20.2 —16.1 18 —18 10.9 
4 26.2 —22.2 24 —24 9.2 
10 62.0 —58.0 60 —60 3.2 
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For R/h> 10, equation (50) page 52 can always be used with sufficient 
accuracy. 

Circular Cross-section.—Denoting by y: the distance of any element 
of area dA of the cross-section from the center of gravity (Fig. 194), 
and by h the diameter of the cross-section, the length of the strip will be 


214i? — he = “ye. : 
Substituting in (208), 
A A 


a) anon a a * +h/2 14 eae: 2 
if VM h ye dv af Vigh Y. dy 
a v —h/2 yy 
A 


r= 


n(R - Vr: — ©) 


WLLLLLILLLLLLLLL LLL fp 
R — —_ —— 
al 
OC ee La. O 
Fig. 194.—Case of circular section. Fie. 195.—Case of trapezoidal section. 


Trapezoidal Cross-section.—The length of an elemental strip distant 
v from the axis eae oe 195) through the center of curvature will be 
b = be + (bi — bs) — a 

Substituting in eae (208), 


r=4, = = (213) 
~ pbde the — hha” Se 
i he loge | — (61 — be) 


It is easy to see that by a suitable choice of the ratio b;/b2 the stresses 
Pmax and Pmin determined by equations (205) can be made numerically 
equal. 
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If b: = bs, equation (213) coincides with the equation (209) 
obtained above for a rectangular cross-section. 
 Cross-section.—In this case equation (208) will be (Fig. 196) 


bie -+- bof aoe bie + bof 


= d rary ag (214) 
dv dv d Cc 
b cade pal a ee - 
Wh v bs ff v b1 loge a be loBe G 


if 


Fig. 196.—Case of | section. Fic. 197.—Case of I section. 


I Cross-section.—F rom equation (208), 


tees bihi + behe + bshs (215) 


d 
bs loge” + bs loge, + bs log. : 


Direct Determination of the Distance y.—In previous considerations 
the distance y of the neutral axis from the center of gravity of the cross- 
section was determined as the difference R — r. As h/R decreases, 
this difference becomes small. For sufficient accuracy in its determina- 
tion, r must be calculated very accurately. In order to avoid this 
difficulty and to obtain y directly, the following method can be used. 
Let y; denote distance of any element of the cross-section from the 
axis through the center of gravity parallel to the neutral axis, then, 
y: = y + y and the equation (a) becomes 


(yi — y)dA jf yidA ff dA 
ye Ri yy ya . B= ii te) 


The first integral on the right side represents a modified area of the 
cross-section and can be represented as follows: 


yid A = 
ee = mA (d) 
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where m denotes a constant to be determined in every particular case. 
The second integral on the right side of (c) can be transformed as 
eae 


fai 


Substituting ne and (e) in BW) 
ie ES 


A = }(A +m) = 450 +m) ©) 


from which 


m 
In calculating m from equation (d), the term 
1 
R- Y1 
can be expanded in the series as follows: 
| i Yr yr 
ear? rasta Fm ee ) 

Then 

yidA _ Yi yr? 

ae, afte + Ut... )ynda 
and 


nie anf $y +... judd (217) 


Take, for ee a rectangular cross-section. Then 
A = bh; dA = bdy; 
Substituting in (217), 


ey eee Yi ur = 
ian (1+ 84% 4... )nay = 


Se: 1 A RA SOR We ee 
era merleishars Gio) 3 
This series converges very quickly and m can be calculated very 
accurately. Substituting in (216), y will be obtained. 


In the case of a circular cross-section of diameter h the same manner 
of calculation gives 


One ia) 3 alan) o eal at? 


Graphical Determination of y.—If the shape of the cross-section is 
such that it cannot be simply expressed analytically, a graphical 


m 
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method of calculating m can be used. It is seen from (d) that in 
calculating the modified area every elemental area must be diminished 
in the ratio 


(6) 
Fig. 198.—Graphical determination of neutral axis. 


This can be done (Fig. 198) by retaining the width of the elemental 
strips unchanged and by diminishing their length in the ratio 
LE ee 
R— Y1 
In such a manner the shaded area in Fig, 
198 will be obtained. The difference of the 
areas CDF and ABC gives the modified 
area mA. Now m and y can be obtained 
without difficulty. 


Example 69.—Determine pmax and pmin for 
the trapezoidal form cross-section mn of the hook 
represented in Fig. 199. If 


P = 4,500 lbs., b1 = 15 in., be = 3¢ in., 
aq = 1% in, c = 5in. 
Solution.—From (213), 
Jan 3.750 
~154xX5-3x 14% 5 
= 334 loge 14% wa 15¢+4 36 
3.750 
= 7580 = 2.373 
The radius of the central line, 
= bi t+ 2b2h _ 


Therefore, : 
y =R —r = .361 in, 


hy =r —qM = 2.373 — 1.250 = 1.123 in.; hy = c — r = 2.627 in. 
Ay = 3.75 X .861 = 1.85; M = P X R = 12,300 lbs. in. 
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The stresses produced by this bending moment, from (205) will become, 


12,300 X 1.12 antes 
pmax = 135 Lose = 8,100 lbs. per sq. in.; pmin = —4,800 lbs. per sq. in. 


On these bending stresses a uniformly distributed tension stress P/A = 4,500/3.75 
= 1,200 lbs. per sq. in. must be superimposed. 
pmax = 8,100 + 1,200 = 9,300 lbs. per sq. in. 
pmin = —4,800 + 1,200 = —3,600 lbs. per sq. in. 
Example 70.—Determine the dimensions 6; and b; of the J cross-section (Fig. 
197) so that pmax and pmin will be numerically equal during pure bending. Given: 


hy = 1in., ho = 2 in., hz = 1 in., 

@= dine, c= ¢ in: b> = link, b1 - b37— oan. 

Solution.—From equations (205) it follows that the maximum compression 
and maximum tension will be equal if 


lin 1G 

i © ee 
or 

cae Ce ee, 

o— 7 6 


from which, 


ee 347 = 2 OKO) iho (a) 
From equation (215), 
es ) (b) 
bi loge 44 + bz loge 84 + bs loge % 
From (a) and (b) a = 
4 6 
biloges — bz loges + bs loge & = 4.20 
or 2 
ie ee Aes SPOR 
.288b; + .154b; £20 406 = 26 (ec) 


Remembering that b; = 5 — b; and substituting this in (c¢), 0.184b, = .491. 
Therefore, 
491 


b; = Eves 3.67 in.; bs = 5 — bi = 1.88 in. 
Cc 57. Deflections of Curved Bars.— 
Application of Castigliano’s Theorem.—In 
order to obtain the deflection of a curved 
bar by the use of Castigliano’s theorem 
an expression for the potential energy of 
deformation is required. The potential 
energy of deformation in the element 
ABCD of a curved bar (Fig. 200) is equal 
to the work done by the external forces 
Fie. 200.—Element of curved bar S, Q, M during the deformation. The 
couples M produce rotation of sections 
CD and AB with respect to each other, thus diminishing the angle d¢ 
by the amount (see Equation 204) 
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_Md¢_ Mads 
Ria bh a RAVE: 
The porenPondE energy is he by 
M?ds 
dU, = 5 MAd¢ = ORAyE (a) 


When the depth of the cross-section is small in comparison to the 
radius f of the central line, the approximate equation (206) for the 
angle of rotation can be used. Then, 

M?ds 

QET. 

The longitudinal! forces S produce an elongation 
Sds 


EA 


which increases the angle d¢ an amount given by (Eq. 207) 
Sds- 


dU, = (a1) 


Therefore, the work done by the forces S during their application is 
S?ds 
2EA 
The couples M, previously applied, will now produce during the 
application of forces S, the negative work.* 
MSds 
AER 


The corresponding expression for the potential energy will be, 
| Stds _ MSds (b) 
2HEA AER 
Furthermore, the shearing forces Q will produce sliding of one cross- 
section with respect to another, equal to 

kQas 

AG 
where k = numerical factor depending on the shape of the cross-section 


(see paragraph 17, p. 63). The corresponding potential energy will 
be, 


—MAi¢ — a 


dU, = 


kQ?ds 
(c) 
2AG 
*In developing this equation the direction of forces and couples shown in 
Fig. 200 is considered as positive. 


dU; = 
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Adding (a), (b), and (c), the total energy of deformation of an element 
of the curved bar will be, 
* M? Ss MS kQ? 
aU = (sR4a5n + aan ~ ame t aag) ® 
The complete energy of deformation for the curved bar will be* 
= M? iS? MS kQ? 
ES ff (skaye +aan~ apr t24q)® 9) 
In many cases the effect of the longitudinal and transverse forces 
can be neglected and the approximate formula (ai) , instead of (a), 


can be used. Then, 
M?ds 
Sp is 2hI 


As an example of the application of Cas- 
tigliano’s theorem, a curved bar with a cir- 
cular central line (Fig. 201) and having a 
rectangular cross-section clamped at the 
end A and loaded by a vertical load P at 
the end B will now be considered. For 
any cross-section m-n: 
M = —PReos ¢, S = —FP cos 4, 

Q =P sin ¢ (d) 
By using the Castigliano theorem, the de- 
flection of the end B of the bar in the ver- 
tical direction will be, 


aU 
6 a (e) 


(218) 


Fia@. 201. 


Substituting (219) for U, and using (d), 
PR (APR. 008 cian aha fy Gok, 
SrA ee me $+ 2k(1 + —)sin o|de 


or 


+= aalya tal +) ~ 4] o 


Taking for y the first approximation (210), 
a PR [ 12k? 


meer Wi) ay <1 +2b(1 +2. aah 


in which, for a rectangle, k = 1.5, 1/m = Poisson’s ratio. 
* The integration is taken along the axis of the curved bar. 
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If the first term in the bracket is large compared with the others, 
as 1s usually the case, the effect of the longitudinal and transverse 
forces can be neglected. The equation for the deflection will then 
become 

arPR?* 
Sra (221) 
_ Deflection Curve for a Bar with a Circular Central Line.—In order 
to obtain an expression for the deflection curve, the differential equa- 
tion of this curve will first be obtained. Let ABCD (Fig. 202) repre- 
sent the central line of a circular ring after deformation and u the small 


ds 


Fig. 202. 


radial displacements corresponding to this deformation. In order 
to obtain the variation of the curvature of the central line during bend- 
ing, an element mn (Fig. 202, (b)) of a length ds = Rd¢ will be con- 
sidered. The initial curvature of this element is 


dG. ab) oak 
ds  Rdd BR (a) 
The curvature of the same element after deformation can be taken 
equal to the curvature of the element m,n: and represented by the 
equation, 


1 do + Ade 

p  ds+ Ads (b) 
in which dd + Ad¢ denotes the angle between the cross-sections ™1 
end n, of the deformed bar, and ds + Ads the length of the element 
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min. From Fig. 202 (b), by neglecting small quantities of higher 
order, we have: 


du dsu 
Add = ds? ds, Ads = Bee 
Substituting in (b), 
dee a 
1a ie ds? “* 
pP aes 
ie (1 R) 
or, neglecting the small quantities of higher order, 
1 _ de Uy, au 
p merch) a 
Substituting 1/R for d¢/ds, 
=! Cae | u du 
co Rides (c) 


The same variation in curvature can now be obtained as a function 
of the bending moment M. Neglecting the displacement y of the 
neutral axis and using the approximate equation (206), 
is? Adee 
Bre dst 


By comparing (c) and (222) the general equation of deflection 
curve will be obtained: 7 


(222) 


Oe la eos (223) 
aS he EI 

When F becomes infinitely large, this equation coincides with the 
known equation for the deflection curve of a straight bar. 

In the next paragraph some applications of equation (223) will be 
given. 

Bars with a Very Small Initial Curvature—lIf a beam with a small - 
initial curvature is bent by transverse forces only, the known equa- 
tion for the deflection curve of a straight bar can be used without 
appreciable errors. Another result will be obtained if there are, in 
addition to the transversal loading, longitudinal forces acting on the 

* The use of the minus sign here corresponds to the arrangement taken in ~ 
Fig. 200, in which the positive bending moment produces the decrease of the 
curvature. 

} This equation was established by J. Boussinesq. See Comptes Rendues, 
Vol. 97, p. 848, 1883. Various applications of this equation are given in a paper 
by R. Mayer in Zeitschr. f. Math. wu. Phys., Vol. 61, p. 246, 1918. 
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bar. It can be shown that a small initial curvature greatly changes 
the effect of these longitudinal forces on the deflection. A general 
expression for the deflection produced by these forces in the case of a 
slightly curved bar can be obtained by using a trigonometrical series. * 

A beam with small initial curvature and having simply supported 
ends will now be considered. Let y) denote the very small initial 
deflections and y; the additional deflections produced by external 
forces, so that the complete deflection is 


Y= Uo oe Ua (a) 
Let the initial deflection curve be represented by the series 
Yo = by sin ™ + by sin“ 4 Pease (b) 


and the deflection produced by the load be 
Yi = a sin a + de sin aa a 


Taking the forces shown in Fig. 159, the results obtained in paragraph 
45, p. 161, can be used. It is only necessary to take instead of 
d (see Eq. 138, p. 162) the quantity: 


Baa) eee ae e- 


a (25, Wapbn-+t 2 nay?) (224) 


According to this, the work done by the longitudinal forces S 
during the displacement da, will be, 


= 2-2 
ph een ley, 4b dag 
OAn 21 
and the expression for the deflection curve will become, 
in” sin = in ann oe 
opjs| Sin 7 sin | r sin | i a i 
fem Hix'|, l— a 24 — 2a gi 
4 sce 
6; sin - be sin = 
+ a? was + Se yas ee. auc ie2) 


Here a? has the same meaning, as before (see Equation 120). 


* See Author’s paper, Uber die Biegung von Stiiben, die eine kleine anfangliche 
Kriimmung haben, Festschrift zwm siebzigsten Geburtstage August Féppls, pp. 74-81, 
1923. 
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' The expression within the first bracket on the right side repre- 
sents the deflection of a straight bar, while the second bracket gives 
the additional deflection due to the initial curvature. Take, for 
instance, a bar which has an initial deflection yo = 6 sin ra/l, Le., 
maximum deflection takes place at the middle of the span and is equal 
to b. If longitudinal compressive forces S alone act on the bar, 
then the deflection at the middle produced by these forces, from 
(225); will be 


Aes ab 
~ {ge 
and the deflection curve will be 
. 7a a2b s. Qae b 4 
wae by: = Osi ps an = (226) 


If instead of compression, longitudinal tensile forces are acting 
on the bar, it is only necessary to insert in the previous calculations 
—a? instead of a2. For the example considered above, the deflection 
will become 

y = rae sin o (227) 
- The longitudinal tensile forces diminish the initial deflection. Tak- 
ing, for instance, S = S.,, we will havea? = 1 and y = 4bsinrv/l. 

It will be seen, therefore, 
that tensile forces equal 
to the critical load diminish 
to half the initial deflec- 
tion. 

58. Circular Ring. — 
The Case of Two Opposite 
Forces (Fig. 203)—\From 
the condition of symmetry, 
it can be concluded at once 
that, at the horizontal cross- 
sections mn, only normal 
stresses will act and that the 

' magnitude of the longitudi- 
nal force at these sections will be equal to P/2. The magnitude of 
the bending moment M,) at the same section will be found from the 
condition that the section remains horizontal. Considering one quad- 
rant of the ring (Fig. 203 (b)) and using the principle of least work, the 
equation for determining M, will be 


Fig. 203.—Circular ring under diametrally oppo- 
site forces. 
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dU 
dM 


The bending moment at any cross-section kl (Fig. 203, b) is, 


=() (a) 


M=M,—- SR — Cos ¢) (b) 


Neglecting the effect of the longitudinal and shearing forces we have 


from (220) 
= 1/2 M*Rdd 
Cag i SET 
Substituting in (a), 


dU - | ar = al — cos ¢) [Rag 
2 
dM, J, =a 


from which, 


PR;, 2 
M. = 5 (1 2 =) = 182PR (228) 


Substituting this in (b), the following general expression for bending 
moment will be obtained: 


(c) 


The greatest bending moment will be at the top and the bottom of 
the ring and can be obtained by substituting in (c), ¢ = 7/2: 


M = —*~ = —.318PR (229) 


In order to obtain the elongation 6 of the vertical diameter of the 
ring, produced by the forces P, the Castigliano theorem is used. The 
potential energy of deformation of the ring is, 


AR a / 2 


Therefore, the peers will be, 


= @ aif, Map a 


PRR Na 
=a f, “g X g(o0s 6 — 7) de = 


3 
= (;-" a Sagas (230) 
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The same result can be obtained by substituting (¢) in equation 
(223), giving the following differential equation: 


GT Ree Ra ag! ag 37 (27 
gat Re = oETe ~ © #) 
A general solution of this equation is: 
: Pict Lice 
u. =A cos ¢ + Bsin ¢ + ar — gay ? Sin > 


The arbitrary constants will be determined from the conditions of 
symmetry: 


du ae 
Tenge yee Ua BUG 5 
Then. 
PR? 1 eal ree PR’ 
Uu = — app 88 % — apy? DO + 
The increase in vertical diameter of the ring is: 
PR3/(r 2 PR* 
b= — 20 ears = Ger (G5) = 149 Gr 
The decrease in the horizontal diameter is: 
PR 720 PR 
51 = 2(u)ymo = pr (= —5) = -187 pp (231) 


Stresses in a Flywheel.*—Due to the effect of spokes, the rim of a 
rotating flywheel undergoes not only extension but also bending. 


Let X = tensile force in the spokes, 
R = radius of the central line of the rim, 
A = cross-sectional area of the rim, 
I = moment of inertia of the cross-section of the rim, 
2a = the angle between the spokes, 
A, = cross-sectional area of a spoke, 


= mass per unit length of the rim, 


= mass per unit length of a spoke, 


w = angular velocity of the wheel. 


*See Bauer, Dinglers Pol. Jour., p. 353, 1908. See also John G. Longbottom, 
Inst. Mech. Eng. Proc. (London), p. 43, 1924. 
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Consider an element of the rim (Fig. 204 (b)) between consecutive 
cross-sections pl and mn, which bisect the angles between the spokes. 
Let So and M> denote the longitudinal force and the bending moment 
respectively on these cross-sections. From the condition of symmetry, 
it follows that the shearing force on these cross-sections will be zero. 


\ 
\ 


Fig. 204.—Stress distribution in flywheel. 


Now the equation of equilibrium of the element mp will be, 


280 sina +X ~ sina: (wR = 0 (a) 
from which, 
ps 1 ete (b) 
g 2 sin @ 


The longitudinal force at any cross-section k, determined by the 
angle ¢ (Fig. 204 (b)), is 


-4 6 qh? X.cos 


Nt 
S = So cos ¢l+ es 2R sin 9 ; Sate a (c) 
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The bending moment for the same cross-section will be, 


2 
M = M, — SoR(1 — cos ¢) + ee OR sin? $ 
or substituting (b), we have, 
XR 
M=M. +53, (1 — cos 4) | (d) 


The magnitude of the bending moment M, and of the force X 
can be calculated by using the principle of least work. The potential 
energy of deformation of the element mp of the rim consists of the 
energy of bending and of tension, therefore, 


_, (* MRds « StRdd 
Tia 2 f 2HI +2 2BA (©) 


The tensile force in a spoke at a cross-section distant r from the 
axis of the wheel is, 


2 
EO Cas eae gems 
1 2g | rT) 


and the corresponding potential energy is,* 


RS2dr . 
Ur= f oua. () 
Now, equations for determining M) and X are: 
eUy 
aM, ~ 0 (k) 
dU, 'dUs 
x far (l) 
From (k), 
eX fe 1 
Lee 72°\sine YX = (m) 
From (l), 
2 qw*R? 1 
So ruin cae - (n) 
a AR? A 
OS ie) tiene 
in which, 


is il sin 2a a. 
file) = 5 in al ae AY 


1 sin 2a a 1 

a) = =, —-| —— 5 |) = == 
CN sree Waar is 3) 2a 

*In this consideration the length of spokes is taken equal to R. In real con- 


ditions it will be less than that and X will be somewhat larger than it is by 
equation (n). 
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Several values of functions f; and f, are given in Table XIII, in which 
n denotes the number of spokes. 


TasBLe XIII 
(DSA eae | 4 | 6 8 | 10 | 12 
fila) = .643 .957 1.274 1.592 1.910 
fr(a) = .00608 .00169 .00076 .000395 .000125 


| 


By using Table XIII, the force X can be calculated from (n), 
and the bending moment M), from (m). In the usual calculation 
of the stresses in flywheels, the bending of the rim is neglected. The 
error involved in this method of calculation, as can be seen from above, 
will depend on the relative dimensions of the spokes and rim. 

The above method can also be used in calculating the stresses 
produced in locomotive wheels by the shrink fit of the tire. 

Stresses in a Plate with a Circular Hole-——As was _ previously 
explained,’ a circular hole produces in a plate submitted to simple 
tension a high stress concentration. ‘The 
stress distribution over the cross-section 
through the center of the hole is as shown 
in Fig. 18, page 9. An approximate method 
of determining this stress concentration 
will now be considered: Let p denote the 
magnitude of the tensile stresses uniformly @ 
distributed over the ends of the plate. At 
points n-n the stresses will be equal to 3p, 
provided that the diameter of the hole is 
small in comparison with the width of the 
plate. This disturbance of stress distribu- 
tion will be produced only in the immediate 
neighborhood of the hole. If a circle con- 
centric with the hole and of comparatively 
large diameter D be taken, it can be assumed 
that the stresses at the points of this circle 
are not materially affected by the presence 
ofthehole. Let Fig. 205 represent a circular ring cut out of the extended 
plate by a circle of diameter D. If we now assume that a stress of 
magnitude p sin ¢ is acting on the outer circumference of the ring 


Fia. 205.—Plate with circular 
hole. 
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(see equation 4, page 2), the stresses at the points n-n will be approxi- 
mately the same as in the extended plate. In this manner the prob- 
lem on stress distribution near the hole is reduced to that of an 
annular ring* subjected at its outer boundary to the given forces. 
The stresses over the cross-section a-n of the ring can be reduced to 
a longitudinal forcet So = pD/2 and a bending moment M>. 
The longitudinal force at any cross-section mm is 
S = lopD cos* (a) 
The bending moment at this cross-section is 
M=M,+ %pD(i — cos 6)[14D(1 — cos 6) + 4h cos ¢]  (b) 


The magnitude of M> can now be determined from the equation of 
least work, dU/dM, = 0. Substituting (218) for U, 


a/2 w/2 
a Mas ~y f Sd¢ = 0 (c) 
0 0 
from which 


ae! 2 a vis ceva eee 
My = =-pD'[@ - 25 +55 -U-wp-gtl 
Where, 


h = the depth of the cross-section of the ring, 
R = the radius of the central line of the ring. 


Now the complete stress at the point consists of two parts: (1) 
the tensile stress produced by the longitudinal force Sp and equal to 


Bs So fad pD 

Pua OR te) 
and (2) the bending stress (Eq. 205) 
Moly _ Mu, _ 27 
Pa = Av@ — hy) eed 1) u) 
Remembering that, for a rectangular section, 
y=R-—"5, 
loge 7 


the stresses p: and ps can be calculated for any value of the ratio D/d. 
Then, Pmax = Pi + pe. The results of some calculations made in 
such a manner are given in Table XIV. 


* See Author’s paper, Jour. of the Franklin Institute, Vol. 197, p. 505, 1924. 
+ The thickness of the plate is taken equal to unity, 
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Taste XIV.—Cosrricrents or Stress CONCENTRATION PRopUCED BY CIRCULAR 


Hoes 
ee ee ee ee 
LD Gh SS an he ae ee 3 4 is 6 8 10 
Me fids 2 eaddencson cecal! SUR . 2238 . 2574 .2838 .38239 .3536 
PV Nee sae LO 1) B33 125 120 Ve14 is J 
Daf) Sogn COCO RAN 1.93 TSBs 1 ASB: 1.95 NY) 
jinn Ane aa 3.83 3226 3.08 3.03 3.09 3.30 


By comparison with the results of the exact theory, it can be 
concluded that for 5 < D/d < 8 the results of approximate calcula- 
tion agree closely with the exact solution 
(Pmax/p = 3) forasmall circular hole. When 
D/d < 5, the hole has a perceptible effect 
on the distribution of the forces acting on 
the external boundary of the ring, and as a 
result, some increase of the ratio DPmax/p is 
obtained. 

The increase of the same ratio for D/d 
> 8 is due to insufficient accuracy in the 
elementary theory of curved bars for the 
case where the inner radius is very small in 
comparison with the outer one. 

The approximate method described 
above can be used also in the case of a hole 
with a bead (Fig. 206). The calculation 
worked out for the thickness equal to unity Frc. 206.—Plate with reinforced 
and for b = 11, a/d = .01, gave the values say 
(shown in Table XV) of the ratio p max/p for various values of D/d: 


TaBLE XV.—STRESS CONCENTRATION PRODUCED BY A CrRcULAR HOLE WITH A 


BEAD 
DY Gh = 4 5 6 
Pest Boson seeseeod tee sn 2.56 2.03 2.56 


In Table XV it can be seen Pmax/p varies but slightly with D/d. 
Taking this into account, further calculations are made for the case 


240 APPLIED ELASTICITY 


D/d = 5 only. By varying the dimension b, the influence of the area 
of the cross-section of a bead on the stress concentration can be studied. 
If A, = d X 1 denotes the diametral section of the hole, and Az = 
(b — l)a the cross-section of the bead, the stress-concentration for 
several values of the ratio A»/A, will be as given in the Table XVI. 


Taste XVI.—Errect or THE AREA OF THE CROSS-SECTION OF A BEAD ON STRESS- 


CONCENTRATION 
| Alo eal es agree tie © .10 PAG) .30 .40 =D0 
Pmax/D = level elislaleuensey oes DOS PaAilee 1.90 1.69 eos 


The results obtained can be used also in the case of other shapes of 
bead cross-sections, provided that the dimension a of the bead in the 
radial direction can be considered as small in comparison with the 
diameter d of the hole. Take, for instance, a plate in tension, 7/6 
in. thick with a circular hole of 40 in. diameter. Let the edge of the 
hole be stiffened with two iron angles 4 x 4 X 7%, in. Insucha case, 
A2/A, = .40 and the Table XVI gives pmax/p = 1.69. 

The approximate method outlined here can be developed also for 
any other shape of hole. 

Case of Piston Ring.—A piston ring has usually a rectangular 
cross-section of constant width 6 and of a variable depth h (Fig. 207). 
The variation of h with the angle ¢ 
must be chosen in such a manner as 
to obtain a ring which, when assem- 
bled with the piston in the cylinder, 
produces a uniformly distributed pres- 
sure on the cylindey wall. Letrdenote 
the radius of the cylinder, and r + 6 
the outer radius of the ring in the 
unstrained state. An approximate 
solution of the problem can be obtained 

Pras 207.-Piston ting: if the outer radius instead of the 

variable radius of curvature of the 

central line of the ring be taken. Then by using equation (222) we 
have 


Sere ey mec (a) 
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The bending moment M at any cross-section mn of the ring 


produced by the pressure q uniformly distributed over the outer 
surface of the ring will be 


M = —qb- 2r? sin? . (b) 

Substituting this in (a) and taking bh?/12 for J and 6/r? instead* of 
I 1 
nt on Oe 


the following equation for determining hf will be obtained: 


12 * 2 X r*sin? Ms 
eeu. 2 , 
r2 # h3 (c) 


from which 


g 


: 24r* sin? 9 
Safes ay Ri ae : 
h E 5 (d) 
A maximum value for h, equal to ho, will be obtained by substituting 
@ =7a7in (d). Then 
3 — 9g 24r* 

£0) oes aes (e) 
If the pressure g is given, the magnitude of 6 and fy can be determined 
so as to make the maximum stress in the ring equal to a given value 
w. Because, from the known equation 


6qb2r? sin? ¢ 


12qr? sin? 2 
2 
p — S = bh? —- 2 -) (f) 


it can be seen that the maximum stress will occur at the cross-section 
A opposite to the slot B of the ring. For this cross-section, h = ho 
and ¢ =z. Substituting in (f), 
12qr? 
Pmax — i (g) 


from which hy can be calculated if the working stress p, for the ring 
is given. Substituting now hy in (e), the value of 6 will be obtained. 

It must be noted that if two equal and opposite tensile forces P be 
applied to the ends B-B of the ring, the bending moment at any 
cross-section mn, produced by these forces, will be 


Pr(1 — cos ¢) = 2Pr sin? $ 


* § is considered as small in comparison to r. 
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i.e., the bending moment varies with ¢ exactly in the same manner as 
that given by equation (b). Therefore, if the ends of the open ring 
be pulled together, and in this condition it be machined such that the 
outer radius is equal to r, then such a ring when assembled will produce 
a uniform pressure against the wall of the cylinder. * 

59. Symmetrical Ring Submitted to Uniform Pressure.—As an 
application of the theory of bending of curved bars, we propose to 
consider here several different problems on the bending of sym- 
metrical rings submitted to uniform hydrostatic pressure. Such 
kind of problems may be encountered in the design of tanks submitted 
to internal pressure, in the design of reinforcing rings for submarines, 
and in other cases. 

General.—Let Fig. 208 represent a ring submitted to uniform 
internal pressure g, X and Y being the axes of symmetry. It can be 


eee = (a) 
Fig. 208.—Case of symmetrical ring. 

seen from the condition of symmetry that the cross-sections A and 
B do not rotate when the ring is deformed by the pressure. Thus, 
it is only necessary to consider the deformation of one quadrant of 
the ring. From the equations of statics the tensile forces at A and 
B are ga and qb respectively. The statically unknown quantity M, 
will be determined by using the principle of least work (see Par. 34, 
p. 123) from the equation 

au 0 

dM, ) 


*The description of a new method of cutting piston rings, see Zeitschr. 
d. Ver. D. Ing., Vol. 68, p. 254, 1924. 
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Taking into consideration the potential energy of bending only and 
assuming that the cross-section of the ring is constant, equation (a) 
becomes 


l 
f, Mas = 0 (b) 
in which J denotes the length of a quadrant of the ring. It is seen 
from Fig. 208 (b) that the bending moment at any cross-section C is 


= FP 2 2 2 
M = My + MOS 2F 4 We gaa — 2) = My — 4 wy 


2 2 
roe cc) 
Substituting in (b), 
Bie thee oe 
(ar pit gust 1) =0, 
or 
Me eT (232) 


where J, and J, denote the moments of inertia of the are ACB about 
the X and Y axes respectively. 

By using equation (232), the diagram of 
bending moments for any symmetrical ring 
submitted to the action of a uniform pres- 
sure can be obtained. 

A Rectangular Frame.—In the case of a 
rectangle (Fig. 209), 


3 
I = 402+ = 
a 
: 002 3) 
3 3 
Det Tay. = te + ab(a + b); 
cere Fie. 209.—Case of rectangular 
Substituting in (232), frame. 
Se 2 


The bending moment at B will be 


oe oa 2 
Now the diagram of bending moment in the usual manner can be 


obtained. 
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A Ring with Parallel Sides and Semi-circular 
Ends.—In this case (Fig. 210), 


I, = s(b-a)8 +66 — a)? + 4a + 2a%(b — a); 
3 
I, = (6 —a)a? +7; 
L= b= pe 


Substituting in (232), the bending moment at A 
becomes 


gat. q La ys 4 gs 
Fie. 210.—Case of sym- un 2 2b + (x — 2)a E ( @) Be 2° ay 
metrical ring having two ra 
parallel sides. 3a2(b = a) + 5 (b = | 
The bending moment at B is 
Ciaran ee ae PRE Reged ee 
Ulises eg eae Na ara gas 
RO ae 
5 (b — a) | 
Taking, forinstance, a:b = 1:2, then My) = —.76qa? and M, = .74qa’. 


Elliptical Ring.—In this case (Fig. 208) the calculations are more 
complicated and the use of tables of elliptical integrals becomes 
necessary.* The sum of the two moments of inertia can be repre- 
sented as follows: 


J, +1, = «ar 
where a denotes a numerical factor calculated for elliptical rings. 
The magnitude of the bending moment at A (Fig. 208) will be 
My) = —8qa? 


where 8 denotes another numerical factor. 

Similarly the bending moment at B will be M,; = yqa?; here y 
denotes the numerical factor. 

Table XVII gives the values of the factors a, 8 and y for a 
number of different values of the ratio a/b. 


* See Ligowsky, ‘“‘Taschenbuch der Mathematik,” p. 64, 1893. 
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TaBLte XVII.—Benpinc Moment Factors ror Evurpticat Rinas 


ON ano sia 1.0 & 8 off 6 5 4 as) 

Oo Pet ean Oe 1.571 | 1.663 | 1.795 | 1.982 | 2.273 | 2.736 | 3.559 | 5.327 
[Samet te shouesehs 0 .057 133 237 391 .629 | 1.049 | 1.927 
a San ee ae 0 .060 .148 283 .498 .870 | 1.576 | 3.128 


Now the bending moment M at any cross-section of the ring can 
be obtained by using equation (c), page 243. 

60. The Buckling of Circular Rings and Tubes under External 
Pressure.— Buckling of a Circular Ring.—It is well known that a circu- 
lar ring or tube can be collapsed by external pressure alone; and if the 
flexural rigidity of the ring is insufficient, such failure can occur 
at stresses far below the elastic limit of the material. This 


Fiq. 211.—Buckling of circular ring under uniform pressure. 


phenomenon must be taken into consideration for such problems as, 
for instance, the design of boiler tubes and reinforcing rings for 
submarines. 

The pressure at which the circular form becomes unstable and 
buckling occurs is known as the critical pressure. Its value will be 
obtained by use of the general equation (223) for the deflection curve. 

Assume that under external pressure the ring (Fig. 211) is buckled 
into an elliptical form as shown by the dotted line. Let: 
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q = external pressure per unit length. 


R = the radius of the central line of the ring. 
u = radial displacements during buckling. 
uy = radial displacement for the cross-section A. 
M, = bending moment at the cross-section A. 
So = q(R — uo) = Longitudinal compressive force at the 


cross-section A. 
The bending moment at any cross-section B of the buckled ring 
will be 
M =M,+q-A0- MO Nas (a) 
Now, from the triangle AOB, 


OB AB “AO 22210 -Al 


or 


AB — AO- AD = 14(0B — AO) = 14[(R — u)? — (R — wy)? 
Remembering that u is small in comparison to # and neglecting small 
quantities of higher order, 

1ZAB* — AO- AD = R(up — wu). 
Substituting this value in (a), we have 
M = My — qR(uw — uw). 
Equation (223), page 231, becomes 


d? Te 
Ae + u = — 57 [Mo —gR(wo — u)], 
or 
du gh) — —MoR? + quo 
je a a (b) 
A general solution of this equation will be 
Balen : MR? + qR3u 
u=Csnkd + Deoskd + — ae em (c) 


which can be verified by substituting (c) in (b). In this solution, C 
and D are arbitrary constants to be determined from the conditions 
at the cross-sections A and F of the buckled ring, and 


23 
=14+9) (a) 


From the conditions of symmetry, it follows that 


(5 ee Gb al (e) 
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From the first of these conditions it also follows that, in the solution 
(c), C = 0 and from the second, 


sea fc 
sin y= 0 (f) 


The smallest root of this equation is 


kr 
ona 
or 
i 
Substituting this in (d), the value for the critical pressure 
3HI 


will be obtained. * 

Other roots of the equation (f) such as kr/2 = 27, kr/2 = 37, 
and so on correspond to greater values of pressure g.and to a larger 
number of waves of the buckled ring. In Fig. 211 (b) is shown, 
for instance, the buckled form 
for kr/2 = 27. These higher 
forms of buckling are of interest 
in studying the stability of short 
cylindrical tubes with fastened 
ends. x VA 

Buckling of a Circular Arch.— xe : ye 

~ 


If a circular arch having hinged 
ends be submitted to uniform 
pressure, it can buckle as indi- 
cated by the dotted line in Fig. Fria. 212.—Buckled circular arch. 

212. The critical value of the 

pressure depends on the magnitude of the angle a and can be calculated 
from the equationT 


a ae 
sa 


de = = (= -1). (234) 


we 
* This equation was obtained by M. Levy, Jour. d. Math. pure et appl. (Liouville) 
Ser. 3, Vol. X, p. 5, 1884. See also A. G. Greenhill, Mathem. Ann., Vol. 52, p. 465, 
1899. 
+ See Author’s paper on the stability of elastic systems, Bulletin of the Poly- 
technical Institute in Kiew, 1910. French translation, Annales des Ponts et Chaus- 
sées, 1913. See also H. Hurlbrink, Schiffbau, Vol. 9, p. 640, 1907-1908. 
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The problem on buckling of the ring in the direction perpendicular to 
the plane of the ring is also solved.* 

Buckling of Circular Tubes.——The theory of buckling developed 
above for a circular ring can be used also in the case of a long circular 
tube submitted to uniform external pressure. Considering an ele- 
mentary ring cut out of the tube by two cross-sections one inch apart, 
the moment of inertia of the cross-section of this ring will be 


Le 
as 0 
where ¢ denotes the thickness of the wall of the tube. In order to 
take into account that the cross-section of the ring will not be distorted 
during bending, 
E 
1 


are. 


instead of H must be taken. Equation (233) for calculating the critical 
pressure becomes 
E 


— i t 
a 4(1 Ss 2.) Rs (235) 


This equation can be used as long as the corresponding compres- 
sive stress in the tube is less than the proportional limit of the material, 
otherwise the true critical pressure will be less than that obtained 
from (235). 

In order to determine the critical pressure for conditions beyond 
the elastic limit the following equation can be used.+ 


q ie alee ee 
are Dy R? 
ogee ee (236) 


in which p, denotes the stress corresponding to the yield-point of the 
material in compression. As the thickness is reduced, the critical 
pressure approaches the limiting value Ht*/4R*, which is slightly less 
than that given by equation (235) and its value is, in all cases, less 
than tp,/R, i.e., less than the pressure corresponding to the yield point. 

In the case of short tubes the stability increases due to the fastened 
ends, and the critical pressure will be greater than that given by equa- 


*See E. L. Nicolai, Zeitschr. f. Angew, Math. u. Mech., Vol. 3, p. 227, 1923. 
See also Author’s paper, Zeitschr. f. Angew, Math. u. Mech., Vol. 3, p. 358, 1923. 
+See R. V. Southwell, Phil. Mag., Vol. 29, p. 67, 1915. 
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tion’ (235) and will depend on the length | of the tube. The theory of 
buckling in this case becomes more complicated.* Several values of 
Yer, expressed in atmospheres, obtained from this theory for steel tubes 


and for various values of the ratios t/R and R/I are given in Table 
VILE. 


TasLe XVIII.—Critican Pressure In ATMOSPHERE FOR STEEL TUBES 


HOOU Ties ately ee: 8 1.2 ISO) |) POI sae® | ae |) Bho 
R/l 
0 .035) .28 .95) 2.25, 4.4] 7.6 12 18 
ait olks) | e@) 29 GoG |) WA ay |p 1/ 23 31 
4 seit |) odl 5.9 | 13 21 32 47 66 
3 56 | 3.2 OPS LS 32 51 76 111 
4 (6 | 4.5 11.6 | 25 45 70 101 140 
5 BO (ORO 15 32 55 87 132 190 
1.0 2.0 
2.0 4.2 


The figures in the table give the true value of the critical pressure 
as long as the corresponding compressive stress is below the proportional 
limit of the material. The pressures are calculated for H = 28.106 
Ibs. per sq. in. Fora material having a modulus /;, the figures given 
in Table X VIII must be multiplied by #,/EH.+ 

61. Thick Cylinder.—General.—lIf a cylinder be submitted to the 
action of uniformly distributed internal and external pressures, the 
deformation will be symmetrical about the axis of the cylinder and 
there will be no shearing stresses acting on the sides of an element such 
as abcd (Fig. 213) cut out from the wall of the cylinder by two radial 
planes and two concentric cylindrical surfaces. Let p, denote the 
normal stress over the sides ab and cd of the element, and p, the normal 
stress over the side ad. Then the stress over the side be will be p, + 
dp,/dr dr. Taking the sum of the projections in the p, direction of all 
the forces acting on the element abcd, the following equation of equilib- 
rium will be obtained: 


* See R. V. Southwell, Phil. Mag., p. 503, 1913. See also R. v. Mises, Z. 
d. Ver. deutsch. Ing., p. 750, 1914. 

+ Experiments on the collapse of short tubes by external pressure are given by 
G. Cook, Phil. Mag., p. 51, 1914. Bibliography of the subject, by the same 
author: see Brit. Assoc. Rep. (Birmingham), 1913. 
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dp, : 
p,rdd + pgdrdd — (», + edn \(r + dr)d¢ = 0, (a) 


r 


or, neglecting small quantities of higher order, 


Ps — pr — 1oR = 0. (b) 
In order to obtain stresses p, and py, the deformation of the cylinder 
must be considered. From the condition of symmetry it can be 
concluded that during deformation the points in the wall of the cylinder 
do not undergo displacements in a tangential direction. For all points « 
lying on a cylindrical surface of radius 7, the radial displacements will 


Fria. 213.—Stresses in thick cylinder. 


be the same. Let u denote these displacements. Then, fora eylindri- 
cal surface of a radius r + dr, the radial displacement will be 


Therefore, unit elongation of the element abcd in the radial direction 
will be 


o = ar (c) 


The unit elongation of the same element in a tangential direction will 
be equal to the unit elongation of the corresponding radius, i.e., 


i (d) 


r 
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Using now equations (10a) for combined stresses the following 
expressions for p, and p, will be obtained: 


eta Sones Dees 
m? 

ma tia) . 
m? 


Substituting in (b), the following equation will be obtained: 
CU, A Ath es 


dr? sie dr es (f) 
A general solution of this equation is 
B 
AeA (g) 


which can be verified by substituting (g) in (f). A and B, the arbi- 
trary constants, will be determined from the conditions at the inner 
and outer surfaces of the cylinder. Substituting (g) in (e), 


area [4(a+=) -5(0-5)} ( 
m? 

t= [40 +5) +2 (1- a] () 
m? 


Let gq; and go denote the internal and external pressures respectively, 
then the conditions at the outer and inner surfaces of the cylinder 
will be 
(Pr)rb= —Qo and (Dr)rma= —q- 
Substituting (k) in these equations, the following values for the 
constants will be obtained: 
1 1 


A _marg; — bq, Bs ol m (qi — qo)a*d? (m) 
fh b2 — a ’ EL be — a 
Substituting this in (k) and (1), 
a’q: — b?qo _ (Gi — Go)a7b? 
Peni a2 oi 72(b2 — a2) (237) 
29; — b? 5 — qo)a2b? 
a os rai a g d0) (238) 


r2(b? Ls a’) 


252 APPLIED ELASTICITY 


Internal Pressure.—In the case where go = 0 and an internal pres- 
sure alone is acting, equations (237) and (238) become 


_ agi a 

ee) 220 
_ aq, b2 

po gtta( +8) 20 


It is seen from these that p, is always a compressive stress and p¢ 
a tensile stress. The maximum tensile stress takes place at the inner 
surface of the cylinder and is equal to 

a? a 0? 
(Dé) r=a = : . woe (241) 

With increase of b this stress approaches the limit equal to q: 
the internal pressure. In other words, the maximum stress always 
remains greater than the internal pressure. 

Outer Pressure.—If an outer pressure acts alone on the cylinder, 
qi = 0; and from equations (237) and (238), we have 


ge aad pte 

Pn aaa ear) (242) 
gob? (a? 

yee eeaenlera. (248) 


It is seen from these that p, and ps are both compressive stresses and 
that p¢ is always greater than p,. The maximum compressive stress 
will be at the inner surface of the cylinder, where 


2qob” 
EB risers (244) 


With increases of b, this compressive stress approaches the limit 
—2q0, 1.e., it becomes twice as great as the external pressure acting 
on the cylinder. In Fig. 213 (c) there are given the ratios p,/qo and 
p¢+/qo for different values of a/b. 
Deformation of the Cylinder.—The displacement u will now be 
considered. Substituting (m) in (g), the following will be obtained: 
1 1 
Baka es eae 
marqi — b*qo ze Tin (qi — Qo)a*b? (245) 
E B-—@ E (0? —a?)r_ 
When q = 0, the increase of the internal radius of the cylinder will be 


aq; (bo? + a? 1 
E \b? — hare) 


u= 


6; = elves — 


(246) 
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When q; = 0, the diminishing of the external radius of the cylinder 
will be 


62 a (i) pas — 


bgo Ge ridi eed 
E \b? — a a, 
Stresses Produced by Shrink Fits—By using (246) and (247), the. 
problem on stresses produced by shrink fits can easily be solved. 
Assume that the external radius of the inner cylinder is larger than 
the internal radius of the outer cylinder (Fig. 214), and let 6 denote 
the difference of these radii. Then, after assembly, a pressure X 


(247) 


har F 
i] CEN kt 
la t 
2 
oO 
oO 
Ww 


Fig. 214.—Built-up cylinders. 


will be produced between the cylinders. The value of X will be 
determined from the condition 
Xb /b? + a? =) ee ee ') 


Pe ie dae Gees E \c? — b? m 


from which 


eo Oe) a) 
™ bo ob?) 02) 
This pressure will produce compressive tangential stresses in the 
inner cylinder and tensile tangential stresses in the outer cylinder. 
Combining these assembly stresses with the stresses which may be 
produced by internal pressure, it will be seen that more favorable 
stress distribution will be obtained than in the case of a solid tube. 
This is the reason why in cases of very high internal pressures, as for 
instance, in guns, built-up cylinders consisting of several tubes are 
used. 


x (248) 
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Substituting (248) instead of q; in equations (239) and (240) the 
stress distribution produced in the outer cylinder* by the shrink fit 
will be obtained. It is easy to see that the most unfavorable condition 
takes place at the inner surface of this cylinder. 

Taking the maximum shear theory page 502 as the basis for calculat- 
ing the shrink fit allowances the following equation will be obtained 
from equations (239) and (240) 

2X 6% 1 B6.6 (0107) 


jy ame mL aa OETA hme b b%(c? — a?) (s) 


In the case of a hub and a solid shaft a = 0 and we have, from (s), 


EH6 
Pw = ae (t) 


It is seen that for such a material as steel an allowance of .001 in. per in. 
makes a maximum difference between the principal stresses equal 
to .001 # or 30,000 Ibs. per square inch. 

For annealed medium carbon steel this stress difference approaches 
the yield point of the material and with further increase of the allow- 
ance 6, permanent set may be produced. 

For the case of hollow shafts a table of maximum difference (p, — 


p,) for different magnitudes of ratios 5 and : can easily be calculated 


from equation (s). 

A distribution of initial stresses analogous to those described 
above can be obtained in a solid tube by applying a high internal 
pressure sufficient to produce permanent set in the inner part of the 
tube. It is clear that after removing this internal pressure some 
stresses will remain in the tube due to permanent set. The inner 


part will then be in a state of compression, and the outer in a state 
of tension. 


Example 71.—To determine the stresses in a built up steel cylinder (Fig. 214), 
submitted to the internal pressure gq: = 30,000 lbs. per sq. int Assume that ¢= 
8 in., b = 6 in., a = 4 in. and the shrinkage 6 = .005 in. 

Solution.—The pressure between two tubes, due to shrinkage, is from equation 
(248), 

30 X 10° X .005(62 — 4?)(82 — 62) 
6 X 2 X 62(82 — 42) 

* Inner cylinder is always in more favorable conditions. : 

| This method is used in manufacturing guns. See L. Jacob, Résistance et 
Construction des Bouches & Feu. Autofretage. Encyclopédie Scientifique, Paris. 
See also A Method of Gun Construction by Radial Expansion, by 8. J. Brown, 
United States Naval Institute Proceedings, Vol. 46, p. 1941, 1920, 


xX = 


= 4,050 Ibs. per sq. in. 
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The corresponding stresses p¢ for the inner tube are, from equation (2438), 


2Xb? 2 X 4,050 x 6? 
(P$)rea = — a oe ‘a = = —14,700 lbs. per sq. in. 
2Xb? a? + b? : 
(Po)rao = — Rivet op 10,500 lbs. per sq. in. 


The corresponding stresses for the outer tube, from equation (240), are 
X(b? + c?) _ 4,050(62 + 8?) 


(P¢)rab = eae = a gr = +44,500 Ibs. per sq. in. 
2b2X 2 xX 6? & 4,05 ? 
(Do)rae = Ae ay ig S awe = +10,400 lbs. per sq. in. 


Stresses produced by internal pressure gi = 30,000 lbs. per sq. in. calculated as 
for a solid cylinder with inner radius a = 4 in. and outer radius ¢ = 8 in. are, from 
equation 240, 


4 2 2 
(p'¢)raa = Gite slr 50,000 lbs. per sq. in. 
62 pan a? 
' 2qia? 
(p'¢)rac = 55 — 2 = 20,000 Ibs. per sq. in. 


(p'o)raate/2 = 27, 500 sie per sq. in. 

The variation of these stresses along the thickness of the cylinder is given by 
the curve mnq (Fig. 214 (b)). Combining these stresses with stresses due to 
shrinkage, the stress eral aN given by shaded area will be obtained. 

It is seen that 

(pé)max = 27,500 + 14,500 = 42,000 lbs. per sq. in. 

This stress is less than that found above for a solid cylinder. 


62. Bending of Curved Tubes.—In the theory of curved bars 
previously developed it was assumed that during bending the dis- 
tortion of the shape of cross-sections of the curved bar is very small 
and has no substantial effect on the stress distribution. An entirely 
different conclusion will be obtained in the case of bending of thin 
curved tubes. It is an established fact that curved tubes with com- 
paratively thin walls prove to be more flexible during bending than 
would be expected by the usual theory of curved bars.* The con- 
sideration of the distortion of the cross-section during bending 
becomes, in such, cases, necessary.t Consider an element of a circular 
curved tube contained between two neighboring cross-sections ac and 


* Extensive experimental work on the flexibility of pipe bends was done by 
A. Bantlin, Z. d. Ver. deutsch. Ing., p. 43, 1910. See also Forschungsarbeiten, 
Vol. 96. Some experiments were made also by 8. Crocker and 8S. Sanford, See 
Amer. Soc. Mech. Eng. Annual Meeting, December, 1922. 

+ The distortion of cross-sections of circular pipes was considered in the paper 
by Th. Karman, Zeit. d. Ver. D. Ing., Vol. 55, p. 1889, 1911. The case of a rec- 
tangular cross-section of curved pipes was considered by the writer. See Am. Soc. 
Mech. Eng., Spring Meeting, May, 1923. 
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bd (Fig. 215). It is easy to see that the tensile forces P at the convex 
side of the tube and the compressive forces P: at the concave side have 
resultants 7’ in the direction towards the neutral axis. Consequently, 
the previously circular cross-sections become elliptical. The effect 
this flattening of the section has on the deformation of longitudinal 


Pp a 


Fig. 215.—Bending of thin tube. 


fibers of the tube will now be considered. Let: the outer fiber ab 
after bending take the position aib;, and its displacement towards the 
neutral axis be denoted by 6. The extension of the fiber will be 

= ayb, — ab = ayby — aye, — (ab — aye). (a) 
Denoting by d¢ the angle between the cross-sections ac and bd, by Ad¢ 
the variation of this angle during bending, by R the radius of the 
central line of the tube, by r the radius* of the cross-section, and assum- 
ing that the neutral axis passes through the center of the section, we 
obtain 

ab, — aye; = rAdd, 
ab — ae, = (R+ r)d¢ — (R+~7r — ddd = bd¢. 
Substituting in (a), 
»\ = rAdd — dd¢. 


* The half of the sum of external and internal radii of the cross-section of the 
tube. 
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The unit elongation of the fiber ab will be 


x nN ete od° On 
© Gris = Ree Pag wR er (b) 

The first member on the right side represents the elongation due 
to the rotation of the cross-section bd with respect to the cross-section 
ac, during the bending. The second member on the right side repre- 
sents the effect of the flattening of the cross-section. It is easy to 
see that this effect may be very marked. Take, for instance, R + r = 
60 in. and 6 = .02in. Then, 

Sree eed 
R+r_— 3,000 
The corresponding stress for steel tubes is 
E oy 30) Xx 10% 

R+r 3,000 
That is, a very small flattening of the cross-section produces a large 
decrease in the stress in the fiber ab. Similar conditions exist also 
on the concave side of the bend. The compressive stress of the fiber 
cd will be substantially diminished by the flattening of the cross-section. 

As a result of the flattening of the cross-section as described above, 
the fibers of the tube most remote from the neutral axis do not share in 
the stress distribution as required by the ordinary theory of bending. 
This has an effect on the deformation as if the moment of inertia of the 
cross-section had been diminished. Instead of the equation (206) 
for solid curved bars, the following equation for thin tubes must be 
used: 


é 


= 10,000 lbs. per sq. in. 


MRad 
Adé = “chr (249) 


in which k denotes the factor which takes into account the flattening 
of the cross-section during bending. This factor depends on the 
thickness of the wall ¢ and on the magnitude of the radii R and r and 
can be calculated from the consideration of the energy of deformation. 
In the case of thin tubes the following approximate formula for 
calculating k can be used: 


k=1— (250) 


i.e., the effect of the flattening of the cross-section on the flexibility 
of the bend depends on the magnitude of the ratio tR/r? only. With 
decrease of ¢ and & and with increase of r, the factor k decreases, i.e., 
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the effect of the flattening of the cross-section increases. Consider 
now the effect of the flattening on the stress-distribution. Instead 
of the simple equation for normal stresses p = My/I in which y 
denotes the distance from the neutral axis, the following more compli- 
cated equation 


p= ar (1 = Pu) © 
must be used, in which ; 
fc +6 Bao 


It is seen from (c) that the maximum stress will no longer act in the 
most remote fibers but in those distant r/+/38 from the neutral axis. 
The magnitude of the maximum stress will be 


MD 


Jere —) 4/ mye (251) 


in which D = outer diameter of the pipe, and 
2 


~ 3k/3B 


Several values of y are given in Table XIX. 


TaBLeE XIX.—Maximum STRESS IN BENDS 


By mee hes 2 3 5 1.0 


AY ESCO Oey Oe Rene ter 1.98 1.30 .88 


It is seen that in cases where tR/r? is small, the real maximum stress 
is materially greater than that given by the usual theory in which the 

flattening of the cross-section is neglected. 

An analogous theory can be developed also in the case of a 
rectangular cross-section.* For a thin tube of a square cross-section, 
for instance, the coefficient k in the equation (249) depends on the 
magnitude of the quantity 

YT Re 
in which ¢ = the thickness of the wall, 


Rk = the radius of the central line, 
b = the length of the side of the cross-section. 


| 


* Such problem is to be considered in the design of a Fairbairn crane. 
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For calculating & the following equation is to be used: 


eA Det bay 
290s 3.237 ee 
Taking, for instance, 
2 = land} = 50, 
it will be obtained: y = 25. 
Substituting in (252), 
Kee Ls 


The maximum stress and the maximum deflection will be about 
twice as great as that given by the usual equations for curved bars. 


“CHAPTER X 
THIN PLATES 


63. Bending of a Plate to a Cylindrical Surface.—General.—Assum- 
ing that a rectangular plate, long in comparison with its width, is 
loaded in such a manner that the loading does not vary along the 
length of the plate but may vary in the direction of the width, then at 
points remote from the short sides of the plate the deflection surface 
can be taken as a cylindrical one. On this basis, in calculating deflec- 
tion and bending stresses, the consideration of bending of any strip 


B 

] er ee ) 
mms ae 
ae 

j~—_— 1 ——___»] 


(b) 


Fia. 216.—Bending of plate into a cylindrical surface. 


such as AB of unit width is sufficient (Fig. 216 (a)). Denoting the 
thickness of the plate by ¢ and the deflection by w and remembering 


that in the case under consideration (see page 53) instead of 


1 
m? 
E& must be used, the following equation for the deflection curve of the 
strip AB is obtained: 


D— = —M, (253) 
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in which 
ee alt Ss 
x Re (254) 
12(1 --) 


This quantity is called flexural rigidity of the plate. 

In this manner the problem on bending of a plate into a cylindrical 
surface is reduced to the solving of equation (253), which has the same 
form as equation (59) page 71 for deflection curve of a beam. A 
particular case of the deflection due to the action of a uniformly dis- 
tributed pressure will now be considered more in detail. This case 
is of practical importance in design of ships and tanks submitted to 
hydrostatic pressure. 

Simply Supported Edges.—In this case the edges of the plate can 
freely rotate during bending but do not suffer displacement in the 
direction of the X axis (Fig. 216). Due to this latter condition, the 
deflection of an elementary strip AB will be accompanied by an exten- 
sion in the axial direction, as shown in Fig. 216 (b). The magnitude 
of the tensile forces S due to this extension will be found from the 
condition that the extension of the strip is equal to the difference 
between the length of the deflection curve and the length / of the chord 
AB. A good approximation* for S will be obtained on the assumption 
that the deflection curve is a sine curve 


=~ oil a (a) 


where 6 denotes the deflection at the middle. 
Then by using equation (138), the extension of the central line of 


the strip will be 
d ae 
=f (ie) @ 7 (b) 


Taking for the deflection of the middle the approximate equation 
(see equation (140), p. 163) we have 


ae (c) 


Ne nekeey 
in which 
ed 
So = 394 D! 1° 


* An exact solution of the same problem was given by I. Boubnoff. See 
“Theory of Structure of Ships,” Vol. 2, p. 545 (Petersburg), 1914. 
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and, as before (equation (120)), 


Of = Ss See = Saag a a os (255) 
Substituting in (b), 
ey re in (e) 
~ 41 + a2)? 


Assuming that any lateral contraction during bending is prevented, 
the following expression for the extension will be obtained: 


si(a — a) rat? (f) 


Cd Ren 77 Ge? 


Equating (e) and (f), an equation for determining a? will be obtained 
as follows: 


2 
Of (lose a8) (256) 
or by using (d), 


aateras(Q0-YOO am 


If the dimensions of the plate and the load g are known, the right side 
of (257) can be calculated. The solution of (256) can be simplified 
by letting 

lta=xz. (g) 
In this case, (256) becomes 
3602 

t2 

i.e., the quantity x is such that the difference between the cube and the 
square of this quantity has a known value. From a slide rule or a 
suitable table, x can be determined and then a? will be obtained 
from (g). 

The deflection and stresses in the strip AB can now be calculated 
by using Table VIII, page 161 given for tie rods subjected to lateral 
loads. It is necessary only to remember that in the case under con- 
sideration the equation (123) becomes 


Re eS ar 
a) -4,/8 2 28) 


Taking, for instance, a steel plate of dimensions = 45 in. and t = 


3¢ in., loaded by a uniformly distributed load g = 10 lbs. per sq. in., 
then 


) 


Ue og ee en ee 
z= 120, F = 310 ,and 1 mo oh 
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Substituting in (257), 
o?(1 + a”)? = 290 (259) 
from which 


OH = BY ginel Y= ot = BIR. 


The tensile stress produced by the longitudinal force S will be 


S ase 2?D : 
pi =~ = * =2* = = 11,300 lbs. per sq. in. 
t t tami? 
and the maximum bending moment at the middle of the strip will be 
(equation 134, p. 160) 


[? 
Mmax = vay : Wi(u) (h) 
By using Table VIII, 
¥i(¥)uns.ss = 181. 


From this it will be seen that, due to the action of the longitudinal force 
S, the bending moment is greatly diminished and is only about 13% 
of that which is produced by the action of transverse loading alone. 
Using now (h), 
2 
Mmax = gee  .181 = 332 Ibs. in. 


The corresponding stress will be 


OMinax G2 332 : 
Ce ee a * xX 8? = 14,200 lbs. per sq. in., 
and combining the tensile and bending stresses, the maximum stress 
during bending of the plate will be 


Dmax = Pi + po = 11,300 +. 14,200 = 25,500 lbs. per sq. in. 


It is easy to show that, due to the action of the longitudinal force, 
the maximum stress does not increase in the same proportion as the 
intensity of the load. Taking, for instance, the previous numerical 
example and assuming that q = 20 lbs. per sq. in., then, from (257), 


a?(1 + a2)? = 290 x 4 = 1,160, 


from which 


a? = 9.85; u == = 4.93. 


2 
The stress produced by tensile force S will be 
Die cee 18,600 Ibs. per sq. in. 


t 
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In calculating the bending stress, equation (h) will be used. From 
Table VIII, for u = 4.93, 
Wi(u) = .082. 
Therefore, the maximum bending stress is 
OPO Minox Un O 20 foe 
eins Gilt) aw eS Be 
The complete stress will then become 
p = 18,600 + 17,900 = 36,500 lbs. per sq. in. 
In other words, due to the action of the longitudinal forces S, the 
stresses increase less rapidly than the load. In the case considered 
above, when the load is doubled, the stresses are increased only 43%. 
Clamped Edges.—The same method can be used also for the case 
of a plate with clamped edges. In calculating the tensile forces S, 
equation 


xX 8? X .082 = 17,900 lbs. per sq. in. 


= 3(1 — cos (k) 


instead of equation (a) may be used. 
It is easy to see that (k) satisfies conditions at the clamped edges 


because the deflection w and the slope = at «=o and at x=] 


become equal to zero. Substituting (k) in (b), the extension of the 
strip during bending will be 


il ’ rdw\? 621? 
== EAD Es i oh 
af () ea 


Remembering that in the case of clamped ends (equation 141, p. 164) 


& sre, 
oe 
Vis ry 
equation 
: a a 3852 
at 280 


instead of equation (256) will be obtained for determining a”. 
: l 
Taking, as before, 5 = = 120, ¢ = 10 lbs. per sq. in.; and remembering 


that the deflection 4 a clamped ends is five times less than in the 
case of simply supported ends, the equation for poten ane a? will 


be (see equation 259) 
2 a)" _ 290 
at(1 + ap ~ 25 () 
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Noting 
ars 
il + 4 C= by 
equation (1) becomes 2? — a? = 2.90, from which a = 1.849 and 
a? = 3.40. 
The tensile force is less than in the case of supported edges considered 
above in the ratio 3.40/5.97; therefore 
3.40 , 
Pi = 67 x 11,300 = 6,480 Ibs. per sq. in. 
In calculating the bending stresses, Table VIII must be used. In the 
case under consideration, 


ar 
ee ae 2.89. 


Then from Table VIII, 
; Yo = .686, ws = .488. 


The bending moment at the clamped edges will be 
2 
(eS Canaleiuny tts 


The corresponding bending stress will be 
po = 49,300 lbs. per sq. in. 
Combining the tensile and bending stresses as before, 
Dmax = 6,430 + 49,300 = 55,700 lbs. per sq. in.* 

Comparing this stress with that obtained above for the same plate 
with simply supported edges it is seen that clamping the edges pro: 
duces an increase of stress. This result can be explained as follows: 
Due to the clamping of edges, the deflection of the plate diminishes, 
and as a result the longitudinal force S is diminished as also is its 
effect on the maximum bending moment. In the case of simply 
supported edges the maximum bending moment was only .131 of that 
produced by transverse load. But in the case of clamped edges the 
maximum bending moment is .686 of that produced by the transverse 
load, i.e., the effect of longitudinal force is more pronounced in the 
case of simply supported edges. 

Deflection of Plates Having a Small Initial Cylindrical Curvature. {— 
In considering this problem the results already obtained for the bending 
of bars with small initial curvature (Par. 57, p. 280) willbe used. Let 

eee 
Wo = 6 sin 7 (m) 


* It is assumed that this stress is below the elastic limit. 
+ See author’s article in the book ‘Festschrift zum Siebzigsten Geburtstage 
August Féppl,” p. 74 (Berlin), 1923. 
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represent the small initial deflection of the plate with the maximum 
deflection at the middle equal to b. If a uniform loading q will 
now be applied, an additional deflection will be produced, accom- 
panied by an extension of the middle surface of the plate. Let, as 
before, S denote the tensile force for a strip AB (Fig. 216) of unit 
width and a? the ratio of his force to the critical force (equation 
(255), p. 262). Then the additional deflection produced during load- 
ing will be (see equation (225), p. 262) 

50 5. ete ab 5 ee 


(eee sin i Taney sin 5 (n) 


The first member on the right side represents the approximate 
expression of the deflection for a straight line strip, used above for 
flat plates; the second member represents the effect of the initial curva- 
ture. By adding (m) and (n), the complete deflection will be obtained 
as follows: 


Wy, = 


6 5 ae a? - at 
ss is ae 0 oe Be 
wW=Wi tw = sin +3 Ee ] l 320 Sins 
69 + b TH 


ee ts (p) 


In order to obtain the magnitude of a, the extension of the strip 
AB must be considered. Using the same reasoning as that for flat 
plates (see equation (b), p. 261), the following expression for the 
extension of the strip will be obtained 


wash (2) ar 
Noy lcs) ee) 


or substituting (m) and (p) for wo and w and integrating, 


Bees 569 — ba ba? 
Nee gee ee | 


Making this equal to the extension (f), the following equation for deter- 
mining a? will be obtained: 


59 — ba? — oes ee 
Cael + 27% at oe 


from which 
ae b2 
(1 2 = 3(° oe) = — 35 (1 + a2)? (261) 


If 6 = 0, equation (261) reduces to the equation (256) for a flat 
plate. 
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In order to show the effect which an initial curvature produces on 
the maximum stress, plate of the same dimensions as before will now 
be considered. Let 

oan 5 in, f= ; 10-8 12 S91 
and assume that the maximum value of the initial deflection is b = 36 
in. Substituting this in (261) and remembering that 


60 5 ql* 


Ferris a O60 
the following will be obtained: 
a?(1 + a)? = 351.6 — 3(1 + a2)? (r) 
Denoting, as before, 
[Fat x, 


equation (r) becomes 
x* + 2x? = 351.6, 
from which 
x = 6.45 and a? = 5.45. 
The tensile stress produced by the longitudinal force S will be 
Sa ge ea 
ee Poe ac, 
This stress is somewhat less than the corresponding stress for the flat 
plate (page 263). 
In order to determine the bending stresses, it must be noted that 
the deflection given by equation (n) consists of two parts, the first 
being the same as that for a flat plate and the second 


= 10,200 lbs. per sq. in. 


ODE. me 
T+ qi in (s) 
representing the effect of the initial curvature. Therefore the maxi- 
mum stress will be obtained if the stresses due to (s) are added to those 
for the flat plate (equation (h), p. 263). The first can be calculated 
as follows: 
The bending moment corresponding to (s) is 
a? a? Tx — Darr? Saree 
Slehe many i | Sie (Ree a 
Dividing the maximum of this moment by the section modulus (?/6 
of the strip, the following stress will be obtained: 
— a? 6Dx*b _ Gl MG 
Gas ee eet 


5 6 sin 
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Substituting here the quantities calculated above for a? and pi, the 
bending stress due to the effect of the initial curvature will be 
—6 
1+ 5.45 
Combining this with the tensile stress pi calculated above and the 
bending stress previously obtained in the flat plate, (page 263), the 
following complete stress will be obtained: 

Dmax = 10,200 + 14,200 — 9,500 = 14,900 lbs. per sq. in. 
Comparing this with the result obtained for the flat plate of the same 
dimension, it must be noted that, due to the initial curvature, the 
tensile forces S are somewhat diminished and the bending stress at the 
middle is greatly diminished; so that the complete stress pmax 18 
reduced, due to the effect of initial curvature, from 25,500 lbs. per sq. 
in. to 14,900 lbs. per sq. in. This effect is obtained on the assumption 
that the initial deflection is equal to the thickness of the plate. By 
increasing the initial deflection, further reduction in the maximum 
stress can be obtained. 

64. Combination of Pure Bending in Two Perpendicular Directions. 
General Consideration.—The bending of a rectangular plate by 
moments uniformly distributed along the edges will now be considered 
(Fig. 217). Let M, denote the bending moment per unit length of the 


X 10,200 = —9,500 lbs. per sq. in. 


x 


Fria. 217.—Plate under pure bending. 


edge parallel to the Y axis and M, the moment per unit length of the 
edge parallel to the X axis. In order to obtain the relation between 
the magnitudes of bending moments M, and M; and the curvatures 
of the deflection surface, the same assumption will be taken as for the 
case of pure bending of beams (page 50). Let Fig. 218 represent an 
element cut out from the plate by two pairs of planes parallel to the 
XZ and YZ planes. Then the fundamental assumption is that during 
the bending produced by moments M, and M; the lateral sides of the 
element remain plane and rotate about the n-n axes in such a manner 
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that compression occurs in the upper part of the element and exten- 
sion in the lower part. The middle plane nn does not undergo any 
deformation during this bending of the plate and becomes a neutral 
surface. Let 1/p:, and 1/p. denote the curvatures of the neutral 
surface in sections parallel to the ZX and the ZY planes; then the 
extensions of an elemental sheet abcd, distant z from the neutral 
surface, in the directions of X and Y axes, will be 


Cx => -—y) Cy = —- (a) 


act 


t 
| MMI WIV ta 


Me 
50 dz 
z | 


Fig. 218.—Element of bent plate. 


Now, by using equation (10) page 12, the corresponding stresses will 
be 


Ez 1 al 
[Ve = vite ( ar Wh ar | (b) 
m* 
Kz 1 Th ah 
Py = 7 & ae a) (c) 
m? 


Equaling the moments of the internal stresses (distributed over the 
sides of the element) to the moments of external couples, the following 
equations will be obtained: 
+het 
f estune = M,dy, (d) 


Pat 


+h 
f eaene = M.dz. (e) 


rat 
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Substituting (b) and (c) for p, and p,, and remembering that 


+16t Et 
iB 2°dz 


1 F 1 
ee fat (i) 
where D denotes flexural rigidity, as before (equation (254), p. 261), 
the following equations will be obtained: 


1 

p[-+=-| = M,, (262) 
Pi m p2 . 
(ht pocth 

D EB += =| = Mz, (263) 


which correspond to the equation (48) page 52 for the pure bending of 
a straight beam. 
Denoting the deflections of the plate by w, and using for small 
deflections the known approximate formula 
1 Ow 1 0?w 
Bh EE ee re 
equations (262) and (263) will be represented in the following form: 


0?w 1 0?w 

-D(Ga =f Fone M, (264) 
Ow 7 lL Ow 

=D aoe) oe (265) 


which equations correspond to the equation (59) for the deflection 
curve of a straight beam. 

Deflection to a Spherical Surface.—If M, = Mz = M, the curva- 
tures of the deflection surface in two perpendicular directions will be 
the same: 

(Wages 9 Oe ety | 
ue pee ae 
1.e., the deflection surface will be a spherical surface. The radius of 
the sphere, from (262), will be 
1iM_1 (266) 


Limitations for the Equations Obtained—In the considerations 
above, it was assumed that there is no stretching of the middle surface 
and that this surface is the neutral surface during bending of the plate. 
It can be shown that this assumption is accurate enough only in cases 
where the deflection of the plate is small in comparison to its thickness 
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t. For this purpose consider here the bending of a circular plate 
produced by the couples M uniformly distributed along the edge. It 
follows from the previous theory that the deflection surface will be a 
spherical one the curvature of which is given by equation (266). 
Let AOB (Fig. 219) represent the diametral section of the bent circu- 


Fig. 219.—Deflection limitations. 


lar plate, r = the initial radius of the plate, and 6 = the deflection 
at the middle. If there is no stretching of the middle surface in radial 


direction, then OB =r, 6 = 5 and CB =r, = p sin 6. Therefore, 


the deflection of the plate will be accompanied by a compressive strain 
ina direction tangent to the edge. The magnitude of this strain will be 


ik ed oe p sin es Om 
oe erat ans 00 tag (g) 
It will be noted from Fig. 219 that 
=‘p(1 — cos 6) = is (h) 
From (g) and (h), 
6 aa 
G = oy (k) 


This represents the upper limit* of strain in the middle surface which 
was neglected in the theory given above. The maximum strain, 
taken in consideration by the same theory, from (a), is 
t 

ae 1 
2 (1) 


*In real conditions there will be some extension in radial direction, and the 
compression ¢ in the tangential direction will be smaller than that given by equa- 
tion (k). 


Cs = Cy = 


i ee 
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It is clear now that the strain (k) can be neglected only in the case if 
5 is small in comparison to ¢t, and only on this assumption can the 
tables and equations given below for some special cases of bending of 
plates be used with sufficient accuracy. 

Thermal Stresses in Plates.—Equation (266), obtained above for 
spherical deflection, can be used also in calculating thermal stresses 
produced in a plate by non-uniform heating. Let 7 denote the differ- 
ence in temperature of the upper and lower sides of the plate, and 
a the coefficient of linear expansion of the material. Assume that the 
variation of the temperature through the thickness of the plate follows 
a linear law. The corresponding expansions will follow the same law, 
and if the edge of the plate is free, the deflection produced by these 
expansions will be a spherical one. The difference between the maxi- 
mum expansion and the expansion at the middle surface is aT'/2, 
and the curvature of the spherical surface will be obtained from the 
equation 


Me 
2, 2p 
from which 
1 aT 
a ae Tie | (267) 


This bending of the plate will not produce stresses if the edge of the 
plate is free and the deflection is small in comparison to the thickness. 

If, however, the edge of the plate be clamped, bending moments 
along the edge will be produced during the heating. The magnitude 
of these moments will be such as to annihilate the curvature (267) 
produced by non-uniform heating. Because, only in this manner the 
condition at the clamped edge will be satisfied. Comparing (267) 
and (266), the following expression for bending moment will be 
obtained: 


The corresponding maximum of thermal stresses will be 


a) Le (268) 
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This stress is proportional to the coefficient of expansion a, to the 
difference of temperature on two sides of the plate, and to the modulus 
of elasticity. 

The difference in temperature 7’* is likely to increase with the thick- 
ness of the plate; therefore greater thermal stress can be expected in 
thick plates than in thin ones. 

Equation (268), developed for flat plates, can also be used with suff- 
cient accuracy in cases of spherical and cylindrical thin shells. 

65. Bending of Circular Plates.—The simplest case of bending 
produced in a circular plate by a uniformly distributed load g and by 
aforce P concentrated in the center of the plate will be here con- 
sidered.t The deflection surface in this case will be symmetrical 
about the axis which goes through the center and is perpendicular to 


Fic. 220.—Bending of circular plate. 


the plate; therefore a consideration of a diametral section of the 
plate through this axis will be sufficient for calculating deflections and 
stresses. Let Fig. 220 represent this diametral section and OZ 


*It must be noted that 7’ denotes the difference of temperature between the 
two sides of the plate and not that between liquids or gases in contact with the 
plate, for the latter may be much higher than T. 

+ Bending of a circular plate by a load applied not in the center was considered 
by Clebsch; see “Théorie de l’élasticité des corps solides,” p. 774, published 
by 8. Venant, Paris. A circular plate supported in several points at the edge was 
considered by A. Nadai; see Phys. Zeitschr., Vol. 23, p. 366, 1922, 
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represent the axis of symmetry. Let w denote, as before, the deflec- 
tion of the plate at any point A, and ¢ the slope at the same point. 
Assuming that the deflection is very small, the curvature of the plate 
in the diametral section XZ will be 
1 dw dd 
pS We aide (a) 
In order to find the radius of curvature p» in the section perpendicular 
to XZ, it is necessary to note that sections such as nm form, after 
deformation, a conical surface the apex B of which is obtained by the 
points of intersection of nm with axis OZ. Then AB represents the 
radius p2 and from the figure, 
ee (b) 
p2 x 
By using (a) and (b) and equation (262) page 270, bending moment* 
M, on the section mn will be obtained as follows: 
M, -D(2% +="). (269) 


dx m 2X 


In the same manner, the bending moment M» per unit length of the 
diametral section XZ will be obtained as follows: 


= ? , 1d¢ m4 
Heh c x m =e Ca) 


In order to obtain the equation for determining ¢, the equilibrium of 
an element abcd (Fig. 221) cut out from the plate by two cylindrical 


Ira, 221.—Hlement of bent circular plate. 


sections ab and cd and by two diametrical sections ao and bo will now be 
considered. The couple acting on the side cd of the element will be 
equal to 

M,2xdoa. (c) 


* As before, M; and M, denote bending moments per unit length. 
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The corresponding couple on side ab is 

(M, + oe dx) (a + dx)d6. (d) 
On the sides ad and bc of the sca couples are acting given by M.dz, 
which produce a resultant in the diametral section XZ equal to 

Mpdxdé. (e) 

In addition to these couples, shearing forces Q will act on the sides 
ab and cd of the element. The magnitude of these forces can be found 
as follows: Consider the side cd corresponding to the cylindrical section 
the axis of which is OZ and the radius of which is x. The shearing 
force Q per unit length of this section will be found from the condition 
of equilibrium of the inner part of the plate cut out by the cylindrical 
surface. The load acting on this part of the plate is rx’q + P. 
This load is statically equivalent to the resultant of shearing forces 
Q distributed over the cylindrical section; therefore 27#Q = ra°q + P 
from which the shearing force per unit eee will be 


ot HE, 
ois a9 5 
The shearing force acting on the ey cd of the element is 
ip (ee Ve 
Qurdé = d6 ( > + =) (f) 


Computing the moments of all forces acting on the element abcd 
about an axis perpendicular to the diametral section XZ and using 
(ce), (d), (e), and (f), the following equation of equilibrium will be 
obtained: 


(M, + de \@ + dx)d@ — M,xd@ — M2dxdéd + Qxrdxdé = 0 
from ane by neglecting small quantities of higher order, we have 
dM, i) 
Ve ee te, (g) 
dx” 2 2a 
Substituting (269) and (270) for M; and M», equation (g) becomes 
do ld?  _ a @ =) 
dx? ‘ade x? Qn 


or 


eleg 01 --5(G + ae) 
By integrating, 


Ld Gog) = 4 (% +5 loz. 2) +0, 


a z 
where C; = arbitrary constant of iat 
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The second integration gives 
ae Gi eae y C12? 
2 = 6 aD e Zt) gt 
from which 


a” loge) yo 


Dy EEG Yee iL! A Cit , Cs 
o= 16D 3c D log, = 1) F 5 as - (ZEA) 
Substituting 
dw 
o = ae 
the following equation for deflection will be obtained: 
dw qu? Px Cite Cp 
den 16D GI GED se waco Sat ae eee 
from which, by integrating, 
Lae on ae peace sl aA, 
w= BaD + 3D (log. « — 1) “ Cz log. + C3. (272) 


The arbitrary constants C,, Co, Cs; must be determined from the condi- 
tions at the edge. The method of determining them will now be shown 
for particular cases. 

66. Uniformly Loaded Circular Plate-——Clamped Edge.—Let r 
denote the radius of the plate, and take P = 0. Then the arbitrary 
constants C; and C2 of equation (271) will be determined from the 
conditions that ¢@ must be equal to zero at the edge and at the center 
of the plate. In this manner the following equations will be obtained: 


o . ae ec 


fee _ Oa Cs ay 
16D) a2 aes 
from which 
C2 = Oand C; = J (a) 
Substituting in (271), we have 
¢ = A (r* — 2). (273) 


Now the bending moments M, and M., from equations (269) and (270) 
of the previous paragraph, become 


MD (TE trea) eh Oe) ae 


M,=D($+1%) ~ 4 e(i+*)-a(i+5)]. © 


x mdz/ 16 m m 
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At the edge (x = r), equations (b) and (c) give 
2 yn 2 
M, = —" and M, = -£. (d) 


The corresponding maximum stresses in the radial and tangential 
directions will therefore be 

6 qr 3 qr? 2 2 
Byres ate eee (274) 
in which, as before, ¢ denotes the thickness of the plate. At the center 
of the plate (« = 0), from (b) and (c), 


Ge 


np a 1 
M,=m,-"(1+-), (275) 
and the corresponding maximum stresses are 
a Seed 1 
(Dz) max a" (Dy) max mad 8 (1 site =): (275a) 


In order to obtain the deflection of the plate, equation (272) will be 

used. Substituting in it the values for the arbitrary constants given 

by (a) and making P = 0, the following equation will be obtained: 
BaQe grin? 


The arbitrary constant C3 will be found from the condition that at 
the clamped edge (x = 7) the deflection is zero. Therefore, 


WwW 


o qr* 
OA 64D 
and the equation (e) for the deflection becomes 
SI ie Se se\e 
w= BaD (r wee. (276) 
Maximum deflection 6 will be at the center (x = 0), where 
yy 
= 64D (277) 


Simply Supported Edges.—In order to obtain the deflection for a 
plate with simply supported edges the principle of superposition will 
be used. It was shown (equation (d)) that, in the case of clamped 


2 
edges, negative bending moments M, = is are acting along the 


edge (Fig. 222 (a)). It is easy to see that by combining this case 
with that of pure bending shown in Fig. 222 (b), thus annihilating the 
bending moment at the edge, the bending of the plate with simply 
supported edges will be obtained. 
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Superimposing the constant bending moment +qr?/8 on the 
moments (b) and (c), the following expressions for bending moments 
in the case of a plate with simply supported edges will be obtained: 


M, =£(3+ ey (r? — 2%), 


m= fern (04 2} 


Fia. 222.—Circular plate with built-in edges. 
The maximum bending moment will be at the center (2 = 0) where 


Meg ge (8+ ~). 


16 
The corresponding maximum stresses are 
3 Se o 
/ = max =o |¢ Sa) Sage 8 
GS ee (py) a 8 (3 aia =) D) (278) 


For comparison of (pz)max aNd (py)max, for the cases of clamped and 
simply supported edges, a graphical 
representation of the variation in these 
stresses along a radius of the plate is 
given in Fig. 223. Thestresses for the 
simply supported plates are repre- 
sented by full lines; those for the 
clamped plate are represented by 
dotted lines. It will be seen that due 
to clamping, more favorable conditions 
are obtained. 
In order to obtain the deflection 
for the simply supported plate, it is 
Fig. OS kai bent circular necessary only to add to the deflection 
oe (277), found above for the plate with 
the clamped edge the deflection, 5, shown in Fig. 222 (b). The deflec- 
tion 69 can be obtained from the following consideration: 


zZ 
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In the case Fig. 222 (b) the deflection surface is a sphere, the radius 
of which will be found from the equation (266) page 270. Substitut- 
ing M = qr?/8, the following will be obtained: 


-9(1+ 2 
ae ae. qr’ 


wo(+ 3) 


therefore 


Adding this to (277), the deflection of the plate with simply supported 
edges will be obtained as follows: 


il 
5+— 
qr4 Gre qr m 
6 = — === : (279) 
64D 16D (1 + +) SMD 
ml. m 


For 1/m = .8, this deflection is about four times as great as that in the 
case of clamped edges. 

67. Circular Plate Loaded in the Center.—Clamped Edge.—Sub- 
stituting in equation (271) g = 0, the following equation for ¢ will 
be obtained: 


P2 
¢ = — 52 log. z ~1 +9242 (a) 


The arbitrary constants C; and C, will be found from the conditions 
that ¢ is equal to zero at the edge and at the center of the plate; 
therefore 


1 C, 
| =a log. x’ — 1) + 5 Ot + =| fir 0, (b) 
Be Lac sas 
[ - = op (2 loge # —1)+5C2 ciel =) 


from which, taking into consideration that 
(G lOeee) 5. = 0, 


the following values for the arbitrary constants will be obtained: 


tse 


Cu Taig (logs 1). Cor= 0: (c) 


Substituting in (a), 
Ea; r 


o= ep log. io (280) 
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Now, from equations (269) and se 


ve 
= 2[(0+ 2) be. - 1) a 
Vag 1 
Ma = 5 [(1+ 5p) 98 — al (©) 
at the edge (« = r) these moments become 
Hed as 
Mia = Ae! M,=-— aa (281) 
and the corresponding maximum stresses will be: 
ok aii a 
(Dp) aes = 2 mt?’ (Ci ee = mn whe (282) 


Comparing these to equation (274) for a uniform loading, it can be 
concluded that the load concentrated in the center produces, at the 
clamped edge of the plate, stresses which are twice as great as the 
stresses produced by the load of the same magnitude but uniformly 
distributed over the plate. Applying equations (d) and (e) at the 
center of the plate (x = 0), it will be observed that infinitely large 
stresses are obtained. This result is due to the assumption made, that 
the load is concentrated at a point.* By taking the distribution of 
the load over a small circle, the stresses assume finite values as will 
be shown later. 

Substituting the values (c) for the arbitrary constants in the 
equation for the deflection surface, the following equation will be 
obtained: 


re 1 
w = 55 (loge= — 5) + Cs. (f) 
In order to have w = 0 at the edge, it follows that 
CS Som 
3 16cD 
Substituting in (f), we have 
Ps? x 7 : . 
w= eH loge - + 16cD Cie (283) 
The deflection at the middle (« = 0) will be 
Pe 
~ 16rd" Soe? 


Comparing this with (277) it can be concluded that the deflection 
produced by a concentrated load is four times as great as that produced 
by a uniformly distributed load of the same magnitude. 

* Local stresses produced in a circular plate by a concentrated load are con- 


sidered in the paper by Hencky: Der Spannungszustand in rechteckigen Platten, 
p-. 54, Darmstadt, 1913. 


THIN PLATES 281 


Simply Supported Edge.—In order to obtain the deflection for a 
plate with simply supported edges the same method will be used as 
for the uniform loading (see Par. 66, p. 277). Superimposing on the 
deflection (283), found above for the case of a clamped edge, the 
deflection produced by moments M,; = +P/4 uniformly distributed 
along the edge, we will have the case of a simply supported edge. 

The curvature produced by moments M, = +P/4z will be (Eq. 
266, p. 270) 


and the corresponding deflection is 


re mi ee as 
=> ~ 8rD 1 


il 
ee Pr? Pre il Pr? 2a, m (285) 
= a eS 
167D 8D, 1 oa et 
m m 


i.e., about 2.5 times as great as that for the case of clamped edges. 
The expression for the bending moments can be obtained by adding 
to the moments (d) and (e) the constant moment P/4r. 

68. Circular Plate Uniformly Loaded along a Concentric Circle.— 
If the load is uniformly distributed along a circle of radius b (Fig. 224), 
it is necessary to consider the 
two parts of the plate sep- 


| 
ie, 


arately, the inner part x < b, y 

and the outer partt >b. By x | 

using the same general solu- r 

tion (272) as before and by i 
Z 


determining the arbitrary con- 
stants so as to satisfy the con- 
ditions of continuity between 
the two parts of the plate and by denoting with P the complete load, 
the following results can be obtained:* For the clamped edge, 


* See: Note of Paragraph 45 of Saint-Venant’s translation of the book by 
Clebsch ‘‘Theorie der Elasticitat fester Kérper’’ (Paris). 


Fig. 224.—Circular plate under concentrated 
concentric loading. 
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Weed = gpl — (a + b) logs 5 + (a — bY) + 


; (i+ *) (? — 2%) |, (286) 
Ward = gp | = (" + 2) log. +3 (1+ 55) Gael (287) 


For the simply supported edge, 


W 


Weed = gp) — (2? + b%) log. 5 + (Ge pee 


(288) 


P 
Desh = 37D — (ax? + 6b) log. = -b 


(7? —3")- |. aaa 


By using these equations together with the principle of superposition, 
any other case of deflection of a circular plate, by a loading distributed 
symmetrically about the Z axis, can be found. Consider, for instance, 


Fra. 225.—Circular plate with uniformly distributed concentric loading. 


the case shown in Fig. 225, in which the load is uniformly distributed 
over the inner part of the plate bounded by a circle of radius a. 

Substituting in (286) «=0 and P = 2rbdbq, the deflection 
produced at the center of the plate by the elemental ring loading, 
shown in the figure, will be given by 


dw = | - log. 5 — 0? + ; (1 se 2) r?| bdb 
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and the deflection produced by the complete load will be 


MEM te fe lies yr ee Z 
6 foe iA b? log, 5 — b+ 5 (1+ 5) 1] bdb = 
q — 4 eee) ‘ req? 
( log. i6 + 4 ) (290) 


If @ =r, equation (290) becomes that for a uniformly distributed 
loading (277). 

If we substitute in (290) 

a = 0 and xra’q = P, 

we will obtain the deflection (284) for concentrated load P. In order 
to determine the maximum stress at the center of the plate repre- 
sented in Fig. 225, the curvature of the deflection surface at this point 
must be calculated. 

Calculating the second derivative of (286) with respect to « and 
substituting P = 2rbdbq, the curvature at the center, produced by 
the elemental ring loading (Fig. 225), will be 


SU fe f. med 


=) bdb 


r 


from which the curvature produced by the complete loading, dis- 
tributed over the area of the circle of radius a will become 


ca 7 pf (- log. ae i= a) bdb = 


Gn ik a? 
are (1og. +25): (291) 


4D a 
The corresponding bending moment at the center will be, from (266), 
— ir 1\ d’w qa? a PE 
eae (1 a m/ dx? 4 (1 ci a) (log. a a mm ee 


and the corresponding stresses will be 
eas 


(P2)nnx = (Puma = 392(1+2) (loge + £5) 298) 


m 


Observing that, P = gra’, the following equation 


(Pz)max = (Py)max = a (1 + =) (tog. > + 2) (294) 


m 
for calculating the stresses produced by a load P distributed over the 
area ra? will be obtained. It is seen that these stresses increase with 
decrease of a, but remain finite as long as a is finite. * 


* Discussion on stresses produced by a concentrated force in the case of a rec- 
tangular plate, see author’s paper: Der Bauingenieur, p. 51, 1922. See also paper 
by A. Nadai, in the same periodical, p. 11, 1921. 
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69. Deflection of a Circular Plate Having a Circular Hole at the 
Center.— Bending by Couples.—In this case the same general equations 
(271) and (272) for the slope and the deflection can be used. 

Substituting in these equations gq = P = 0, the deflection of the 
plate by moments M,, and My, uniformly distributed over the outer 
and inner edges (Fig. 226) will be obtained. 


\ Ra SL ZZ 


Fic. 226.—Pure bending of circular plate with central hole. 


In this case, 


Soe: 
i » ae ee (a) 
2 

AiR EE Ext eniguh iia (b) 


4 
The arbitrary constants will be determined from the condition at the 
edges. 
Substituting (a) in equation (269) page 274, 
a Oh Uae tie Gre aa 
yee 2 x? a m G "3 a? (c) 


By putting « = a (and afterwards, x = b) we have the following equa- 
tions for determining C, and C2: 


1S (+8) - B0- D] =e 


(My — My 

D(a = v8) (1+ =) 

uit a*b?(Mia — My) ; 
D(a? = b) (1 - =) 


m 


from which 


(d) 


THIN PLATES . 285 


The constant C; will be determined from the consideration of the 
deflection of the plate. 4 

Assuming, for instance, that the plate is simply supported at the 
outer edge, the deflection at this edge will be zero and the equation 
for determining C3; will be, from (b), 


a? 
=e —— Ce log. a + G: = (0) 


As a second example, consider the case of bending of the plate by the 
couples M,, when the inner edge is built-in (Fig. 227). In this case, 


ue Wy 
EE) 
és 


\ 
| 
| 
= a 


Fie. 227.—Pure bending of flange. 


from (a) and (c), the following equations are obtained for determining 
the arbitrary constants: 


0, 
SG +) -S0- - 4s 
from which si 
C lo. 
TAC aaa 
ig a 1 
Ula eer | 
Substituting in (a), a “ 
‘se 


Des leery 
Now the bending moment M, (Eq. (269)) at any point will be 
- (es 25 BE (gk 1 b? i 
ae 


Bending by Loading U er, Distributed along Inner and Outer 
Edges.—If bending is produced by a loading uniformly distributed 
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along the edges (Fig. 228 (a)), general equations (271) and (272) can 
be used, it is neceessary only to put gq = 0, and P equal to the complete 
load. The slope will be 
—Px Cece 
O— aD log. # — 1) + C15 a0 ef (a) 


The arbitrary constants will be determined from the conditions at the 
edges. Assume, for instance, that the plate is built-in at the edges 


Fig. 228.—Plate with central hole loaded at inner and outer edge. 


(Fig. 228 (b)), then the equations for the determination of the arbi- 
trary constants will be 


ae —Pa = Cia Ce rf 
()ena = gry (2 loge a — 1) + jee Oe 


a 


_ —Pb eS Cin, aCre 
(>) 2=b = ep @ log. b 1) —_ ou oa i = (0. 


Calculating these constants and substituting in (a), the expression 
for @ will be obtained. The bending moments can then be found 
from general equations (269) and (270). 


Fig. 229.—Circular plate with central hole uniformly loaded. 


Bending by Uniformly Distributed Load.—It is easy to see Fig. 229 
(a) that, in this case, shearing force Q at a point distant x from the 
center will be 
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qr(xz* — b7) qe qb? 


Sl ae ea 
Substituting this in place of 
OE aig 
2 ur 20x 


in the equation of equilibrium (g) page 275, we will have 


oe net GU - Cees 
CTE bsp ee Yb 


and 


qu' ue Aig! Cre" 


WU = 64D leer Pp (lowe # 4 


Oe log. & + C3. 


The arbitrary constants must be determined as before from the condi- 
tions at the edges. 

Assuming, for instance, that the plate is built-in at the edges 
(Fig. 229 (b)), the equations for determining the arbitrary constants 
C; and C2 will be 


= 3 G A 
(@)eta = ae + 5 (2 log. a — 1) + = + = =0 


16D 
ot ae 7 Cib | Ce _ 9, 
($)2-b = 4 6p + @ oe pe Da) a = 0; 


the calculation of the corresponding bending moments can be done 
without difficulty. 


SSS899q“w 


Fig. 230.—Bending of cylinder piston. 


By combining the solutions considered in this paragraph, solutions 
of such problems as the bending in pistons of steam engines and the 
bending of flanges of cylinders and tubes can be obtained. Combin- 
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ing, for instance, cases represented in Fig. 228 (b) and Fig. 229 (b), an 
approximate solution of the problem on bending of a piston (Fig. 230) 
by steam pressure can be obtained.* 

70. Bending of Rectangular Plates.—The theory of bending of 
rectangular plates is more complicated than that for circular plates, 
and only some final results for the bend- 
ing moments and deflections are given 
below which can be used in design.{ It 
is assumed that the deflections are small 
in comparison with the thickness of the 
Ls plate, and that the edges during bending 

can freely displace in the plane of the 

plate, i.e., there are no forces acting in 
the middle plane of the plate. 

Simply Supported Edges.—In the case 

; | of a uniformily distributed load q the 

maximum deflection 6 will occur at the 

Fic. 231.—Rectangular plate sup-- center of the plate (Fig. 231) and can be 

ported at edges. : 

represented by the equation 


x 


Y¢ 


qa* 
pa (295) 

* Several problems of this kind are considered in the following papers: M. 
Ensslin, Dinglers Polyt. Journal, 1904. C. Pfleiderer, Forschwngsarbeiten, Vol. 97, 
1911. 

+ General theory of bending of plates can be found in the paper by H. M. 
Westergaard and A. Slater, Proceedings of the American Concrete Inst., Vol. 17, 
1921. The tables XX—XXVII are taken from the following books: 

I, Boubnoy, “Structural mechanics of a Ship,” (St. Petersburg) 1913. 

S. Timoshenko, “Theory of Elasticity,’’ Vol. 2 (St. Petersburg), 1916. 

H. Hencky, ‘‘Uber den Spannungszustand in rechteckigen Platten,’’. (Thesis 
in Darmstadt), 1913. 

A. Nadai, “Forschungsarbeiten auf dem Gebiete des Ingenieurwesens,” 
Vol. 170-171 (Berlin), 1915. 

Further development of the theory of bending of rectangular plates: See 
A. Nadai, Der Bawingenieur, p. 11, 1921; and p.1, 1924. 

H. M. Westergaard, Ingenioren, Vol. 32, p. 513, 1923 (Copenhagen). 

B. Galerkin, Rectangular Plates, Bull. of the Polyt. Inst. of St. Petersburg, 
1915, 1918, 1920. 

Huber, Comptes Rendus, Vol. 170, pp. 511, p. 13805, (Paris), 1920. Further 
references on the literature; See L. Féppl. Neure Fortschritte der technischen 
Hlasticitdts-theorie, Zeitschr. f. Angew. Math. & Mech., Vol. I, p. 466, 1921. 

Very complete study on bending of plates is given in the recently published 
book by A. Nadai: ‘‘Elastische Platten” J. Springer, (Berlin), 1925. 
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in which 
a = the shorter side of the plate, 
= the thickness of the plate, 
= a numerical coefficient depending on the magnitude of 
the ratio b/a. 


Denoting, as before, the bending moments per unit length of the 
sections perpendicular to X and Y axes respectively by M, and Mz, 
the maximum bending moments will occur at the center of the plate 
and their magnitudes can be represented as follows: 


(M1) max = Biga’, 
(CM) max = Boga? 


where 8; and #2 denote numerical coefficients depending on the 
magnitude of the ratio b/a. 

Several values of coefficients a, B:, and B: are given in Table XX. 
In calculating these values, Poisson’s ratio 1/m is taken as 0.3. 


~ 


R 


TABLE XX.—CoONSTANTS FOR CALCULATING UNIFORMLY LOADED RECTANGULAR 
PLATES WITH SimpeLy SuPPORTED EDGES 


(Wii), Se aoreae anes PaO! le ela Teo eieaele oy Lr ele (ees!) 229) 220) 1320) e420) 20) co 

REMMI Te ee csa\a/s th sree « 0443] .0530] 0616] .0697| 0770] .0843) .0906| .0964| 1017]. 1064). 1106}. 1336) . 1400) 1416) . 1422 
Stet iaretetccrela e's erels, eye 0479] .0553) 0626] .0693) 0753] .0812) . 0862] .0908) .0948) .0985} . 1017} . 1189] . 1235] . 1246). 1250 
(ONS) COS BORDOOSOROS 0479) .0494| 0501) .0504| . 0506) .0500) .0493| .0486) 0479] .0471] .0464) .0404) 0384) 0375) .0375 


It is seen from Table XX that maximum deflection and maximum 
bending ’moment for b/a = 4 nearly coincide with those for b/a =. 
This means that for long rectangular plates (b/a S 4) the effect of 
the short sides can be neglected and the deflection surface at the middle 
can be considered as a cylindrical one. 

Built-in Edges.—F or this case the maximum deflection takes place 
at the center of the plate and can be expressed by the same equation 
(295) as was used for supported edges. 

The maximum bending moment occurs at the middle of the longer 
sides and can be expressed by the equation 

(M))max = Ba’. 
Several values of the coefficients a and 8 are given in the Table X XI. 
From this table it is seen that for built in edges the deflection is much 
smaller than that for supported edges. 
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Taspie XXI.—ConsTANntTs FOR UNIFORMLY LOADED RECTANGULAR PLATES WITH 
CLAMPED EDGES 


i See a ees ee cles Ie hans | 1.50 | 1.75 | 2.00 | 5 


.0138 .0199 .0240 .0264 .0277 .0284 
.0513 .0665 .0757 .0817 .0829 .0833 


BWR 


It is seen also that for b/a = 2 the maximum deflection and the 
maximum bending moment nearly coincide with those obtained for 
b/a = ©. Therefore in calculating long rectangular plates (b/a> 
2) with built in edges, the results, obtained in Par. 63 for cylindrical 
bending can be used with very high accuracy. 

Two Opposite Sides (x = 0, x = a) Simply Supported, Third Side 
(y = 0) Built-in and the Fourth Side Free. Fig. 232.—It is clear that 
in the case of uniformly dis- 
tributed loading the maximum 
deflection will be at the mid- 
dle of the free side at the point 
A. This deflection can be 
represented by the equation 

aqb* 
° = Ee 
in which a is a numerical co- 
efficient depending on the mag- 
Fic. 232.—Rectangular plate having different nitude of the ratio b/a. Sev- 
edge conditions. eral values of this coefficient 

are given in Table XXII. 

The maximum bending moment M, takes place also in the point 
A, and its magnitude can be represented by 


(296) 


(M1) max = Biqa’. 


Maximum bending moment M, takes place at 8 the middle of the 
built-in side, and can be represented by the equation 


(M 2) max = Bogb?. 


Several values of the coefficients 8; and B» are given in the Table XXII. 
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TaBLeE XXIJ.—Constants ror Unirormity Loaprep REcTANGULAR PLATES 
SHOWN IN Fic. 232 
0h. ee eee | 0 % | yy | % | 1 
oS 1 casey 1.03 635 366 123 
Ch, = SS ee ee 0 .0078 0293 0558 0972 
By Sp Re Oe ee .500 .428 319 227 119 


Uniformly Loaded Plate Sup- 
ported at Many Equidistant 
Points.—If a uniformly loaded 
plate be supported at many 
equidistant points (Fig. 233), a 
good approximation for the max- 
imum stress and the stress dis- 
tribution near to a support will 
be obtained if a part of the plate 
near the support bounded by a 
circle of radius r = .22a* be con- 
sidered as a circular plate sim- 
ply supported at the edge, loaded 
at the center by a load P = 
—qa’, and uniformly loaded by 
the load g. The loads acting on 
the plate, on the basis of this as- 
sumption, are given in Fig. 233 
(b). Equations for calculating 
the stresses produced by such a 
load were developed in para- 
graphs 66, 67, and 68. 

71. Buckling of Rectangular 
Plates.— Simply Supported Rec- 
tangular Plate under a Uniform 
Compression.—lIf a rectangular 
plate supported on four sides 
undergoes a uniform compression 


LZ 


LL 


Q 


Fig. 233.—Plate on many equidistant 
supports. 


in the direction of the X axis (Fig. 234), a certain limit for the com- 


*See A. Nadai, Der Bawingenieur, Vol. V, p. 1, 1924. 


See also the paper by 


H. M. Westergaard and A. Slater mentioned in the footnote page 288. 
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pressive stress Pr can be established,* beyond which the flat form of 
compressed plate becomes unstable and lateral buckling of the plate 


may occur. wget 
This critical value of the compressive stress is given by the equation 
Per = kpe (297) 
in which 
r?2D 
es 298 
Pe b2t ( ) 


denotes the critical compressive stress as obtained by Euler’s formula 
. (equation (143), p. 164) for a 
x strip having the length b and 

the thickness ¢ equal to the 


b thickness of the plate, and 
where 
a mb\? 
y b= (yaa) 


Fig. 234.—Buckling of compressed plate. F 
denotes a coefficient depend- 


ing on the magnitude of the ratio a/b and on the integer m, which 
must be so chosen that k becomes a minimum. Several values of 
this coefficient are given in the Table XXIII. 

TaBLE X XIII.—ConstTants FoR CALCULATING CRITICAL COMPRESSIVE STRESS FOR 


SimpLy SuprporRTED RECTANGULAR PLATES 


OBI eese tore 4 | .6 | .8 |1.0 |1.2 |1.4 |1.6 |1.8 |2.0 |2.2 12.4 |2-7 18 


For longer plates (a/b > 3) k =4 always represents a good 
approximate. 

Three Sides of the Plate Supported, and the Fourth Free.—The same’ 
equation (297), for calculating the critical value of the compressive 
stress, can be used. The scheme is shown in Fig. 234. In this case 
the side y = b is considered as free. Several values of the coefficient 
k are given in the Table XXIV. 


* The solution of this problem belongs to G. H. Bryan; see London Math. Soc. 
Proc., Vol. XXII, p. 54, 1891. Other cases of buckling of rectangular plates were 
considered by the writer. See author’s papers: (1) On the stability of compressed 
plates, Bull. of the Polyt. Inst. in Kiev, 1907; (2) Z. f. Mathematik und Physik, 
Vol. 58, 1910; (3) Der Eisenban, Vol. 12, 1921. See also H. Reissner, Zentralbl. d. 
Bawverw. (Berlin), p. 98, 1909. ; 
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TasLe X XIV.—CriTIcAL Compressive STRESS FOR A RECTANGULAR PLATE WITH 
THREE SupporRTeD Epaes AND THE FourtH (y = b) FREE 


Ol pean FOr Op ee tee Ge Se 1220) 1205 1820. 4600 15.0 


DES other 4.40/1 .440)1.135) .952} .835) .755) .698] .610) .564| .516) .506 


Two Opposite Sides Simply Supported, the Third Built-in, and the 
Fourth Free.—The same equation (297) can be used. In this case 
sides (c = 0, = a) in Fig. 234 are considered as simply supported 
and side y = 0 as built in. The values of the coefficient k are given 
in the Table XXV. 


Taste XXV.—Criticau, ComprREssIVE STRESS FOR A RECTANGULAR PLATE WITH 
Two Opposite Sipus Simpity Supportrep, THE THIRD BUILT-IN, AND THE 
Fourtu (y = b) Fre 


OND). AE 1.0 j1.1 {1.2 |1.3 |1.4 |1.5 |1.6 |1.7 {1.8 |1.9 |2.0 |2.2 |2.4 12.6 {2.8 13 


= Sonera 1.70/1.56}1.47)1.41)1.36)]1.34/1.33}1.33]1.34}1.36]1.38)1.45]/1.47/1.41)1.36)1.34 


For larger values of the ratio a/b, a good approximationisk = 1.33. 

Two Opposite Sides Simply Supported, and Two Others Built in.— 
The sides x = 0 and x = a are considerd as simply supported. The 
corresponding values of the coefficient k in equation (297) are given in 
Table XX VI. 


TaBLeE XXVI.—CriticaL CompreEssivE STRESS FOR A RECTANGULAR PLATE, 
Two OppositE Sipes or Wuicu Are SimpLty SUPPORTED, AND Two OTHERS 


BuILT-IN 
Jf'® = oosecedsonaoal| clea salt Geel ch Te OM IO RE PI ule sel neo Nise ys P| 
Ke=...............|9.4417.69/7 .05|7 .00|7 .29|7 .83|7 .69)7 .05/7 .00!/7 .29)7 .05)/7 .00 


Rectangular Plate Supported on 
Four Sides and Submitted to the 
Action of Shearing Stresses Uni- 
formly Distributed along the Sides. 
The critical value of the shear- 
ing stress which may produce buck- 
‘ing of the plate can be represented 
DY the equation Fig. 235.—Buckling of plate due to shear. 


Pp 2D 
(ree (299) 
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The values of the numerical coefficient k are given in Table XX VII. 


Tasite XX VII.—CriticaL STRESS FOR A RECTANGULAR PLATE SUPPORTED ON 
Four Sipes AND SUBMITTED TO THE ACTION OF A UNIFORM SHEAR 


OG — eet ce meee eo if Teva || alee | al eby LG || late) OAD | A: |e 


TS sa he en he hs oe 9 AZ| 8.0 |-7.3) 7.1 | 7.0 | 6:8.) 6.65) 62 34Roam 


This table can be useful in choosing the thickness of the web of a 
plate girder. Near the supports the shearing force is the most 
important factor. Therefore the part of the web between two stiffeners 
can be considered as a rectangular plate with supported edges, sub- 
jected only to the action of shearing stresses. ‘Taking, for instance, 
the distance between the stiffners equal to 5 ft. and assuming for struc- 
tural steel H = 30 X 10° Ibs. per sq. in. and 1/m = .3 the following 
values of critical stress in lbs. per sq. in. for different thicknesses ¢ 
and different depths h of girders have been obtained by using Table 
XXVII. 


t=| 36" Ke" ug 26" 
h 
5! | 9 ,980 13,600 17,700 22,400 
i 7,730 10,500 13,700 17,400 
10’ 6,990 9,510 10,400 15,700 


By using the Tables XXIII-XXVI, the necessary thickness of 
steel sheets to be used in built-up sections (Fig. 236) can easily be 


= 


(a) (b) (c) 


é 


Fira. 236.—Case of built-up sections. 


obtained. It must be noted that the critical stress is proportional 
to the square of the thickness t, and inversely proportional to the square 
of the width b. Considering, for instance, the sides of the tubular 
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section Fig. (c) as long rectangular plates simply supported, the cor- 
responding critical compressive stress will be 
A? D — ®t #E 
ee hee so. a1 (a) 
Se 
Taking, for instance, t/b = .01, we will have 
Per = 10,800 lbs. per sq. in. 
This stress is far below the proportional limit of structural steel. 

In the cases (a) and (b) (Fig. 236) the compressed vertical steel 
sheets may be considered as long plates built in* along the upper edge 
and free along the lower edge. In such case Table XXV must be 
used. The critical stress will be 

a2D sehr? Ge LB 
eT ae a ar Sue (b) 


m? 
It is seen that the stability of the plate depends again on the magnitude 
of the ratio b/t. Assuming that the yield point of structural steel is 


30,000 lbs. per sq. in. and taking p,, equal to this stress, it will be found 
from (b) 


9 Q 6 
oe “J 1.339 Up Ue eee 


t 12730000 ~~ 791 

It is seen from this that when b/t > 35, lowering of working stress or 

reinforcement of lower edge of the compressed vertical sheets becomes 
necessary. 

* This assumption gives for the critical stress an upper limit. The true critical 


stress will be somewhat lower due to the fact that the fastening of the upper edge 
is not absolutely rigid. 


CHAPTER XI 
STRESSES PRODUCED BY DYNAMICAL CAUSES 


72. Effect of Inertia Forces.—General.—If an elastic body is in 
motion, the stress distribution will depend not only on the external 
forces acting on the body but also on the inertia forces. In many 
cases in modern engineering high speeds are used, hence the stresses 
produced by the inertia forces may be very large and cannot be 
neglected. If the conditions of the problem are such that the effect 
of elastic deformation on the motion of the body can 
be neglected, the problem on stresses produced by 
inertia forces is a comparatively simple one. Con- 
sidering in this case a moving machine element as 
absolutely rigid, the acceleration at any point can be 
found from the known motion of the machine, and 
the inertia forces can easily be calculated in the usual 
manner. Then, by adding these forces to the known 
external forces, the complete solution will be obtained 
exactly in the same manner as in a statical problem. 
Consider, for instance, stresses in a rope AB produced 
by a weight W, when in motion along the vertical axis 
X (Fig. 237). During motion at constant speed the 
conditions will be the same as in a static problem. 
There will be no inertia forces, and the tensile force 

Fic. 237.Ten- S in the rope must be equal to the weight W. A dif- 
sile stress from ferent condition will be obtained if the motion is not 
moving load. . 3 : : 

uniform. Assume, for instance, the weight is moy- 
ing upwards with an acceleration a, the corresponding inertia force 
will act in an opposite direction, and its magnitude will be 
Ww 
7 (a) 
This force must be added to the weight of the body so that the tensile 
force in the rope becomes 


S-W+ "a, (b) 


where g = acceleration due to gravitation. 
296 
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It is seen that the additional stress, produced by the inertia force, 
may become very high in cases where a large acceleration takes place. 
In the case where retardation occurs, the quantity a in equation (b) 
becomes negative and the tensile stress in the rope becomes less than 
that produced by a static load W. 

Stresses in a Rotating Circular Ring.—If a 
thin circular ring is rotating at constant angu- 
lar velocity w about the axis through the cen- 
ter and perpendicular to the plane of the ring, 
the inertia forces (centrifugal forces) are uni- 
formly distributed around the ring and are. 
directed radially outward. Their amount per 
unit length of the ring will be 


q Fig. 238.—Stress in rotating 
=o", ring. 
where g = weight of the ring per unit length, 
r = the radius of the center line of the ring. 


The tensile stress produced by these forces in the ring becomes 


quw’r? yw? 
UP Ag = ‘9 ) (300) 


in which y = weight per unit volume of the material, 
v = wr = circumferential velocity. 
A = cross-sectional area. 


It is seen that for a given material this stress (Hq. 300) depends 
only on the velocity v. 
For a steel ring these stresses become as follows: 


pit per sec. — =e... -|) LOO) 200) 3800 400 500 600} 800; 1,000 


p lbs. per sq. in. = 1060/4, 200/9 , 500/17 , 000|26 , 500/38 , 000/68 , 000/106 ,000 


set bce 


The above conclusion on stresses produced by inertia forces in 
rings can be generalized as follows: For two geometrically similar 
bodies of the same material rotating with the same circumferential 
speed the stresses in similarly situated points are the same, which can 
be explained as follows. Let M and m denote the masses of two similar 
and similarly situated elements cut out from two bodies under con- 
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sideration. These masses will be in the same ratio as the cubes of the 
corresponding linear dimensions of the bodies. The centrifugal forces 
acting on the masses will be Mv?/p and mv?/p, respectively, where v 
denotes the velocity of each of the masses p and p,; the distances from 
the axis of rotation which are proportional to the corresponding linear 
dimensions of the bodies. It is seen that the centrifugal forces acting 
on the two elements are proportional to the squares of their respective 
linear dimensions, 1.e., proportional to the areas of the sides of the 
elements. Therefore, the 
stresses distributed over these 
sides, and balancing the inertia 
forces, must be equal. 


Example 72.—Determine bend- 
ing stresses produced by inertia 
forces in a side rod and in a con- 
necting rod, both of constant cross- 
section, if the driving wheels have 
a constant angular velocity w (Fig. 
239). 

Solution.—In the case of the 
side rod the inertia forces act in a 
radial direction and are uniformly 

Fig. 239. distributed along the rod. If q 
denotes the weight per unit length 
of the rod, the corresponding inertia force will be 


q 


=r, 


At high speed this force may be very large in comparison with the weight g. Take, 
for instance, r = 15 in., and assume that the wheels make five revolutions per 
second. Then w = 107, and the inertia force per unit length will be 
1007? 
1° 386 
The maximum bending moment in the side rod corresponds to the inertia forces in a 
vertically downward direction and is equal to 


38.3 1 
M max = o( mas ye 


from which the bending stresses can be found. 

In the case of a connecting rod, a good approximation will be obtained on the 
assumption that the inertia forces are represented by the triangle ACB (Fig. 239). 
The maximum bending moment produced by such loading will be at the section mn 
distant a = 1/+/3 from the end B, this is equal to about 


-15 = 38.8¢ per unit length. 


1 
M max = nee + 1)l?. 
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Example 73.—A bar OC witha weight W at the end C (Fig. 240) is rotating with 
a constant angular velocity w about the axis O perpendicular to the plane of the 
figure. How will the cross-sec- 
tional area of the bar vary if the 
tensile stress produced by the iner- 
tia forces in all the cross sections is 
the same and equal to py? 

Solution.—The difference in 
tensile forces in the two cross-sec- 
tions mn and min;, due to the cen- 
trifugal force acting on the element 
dx of the bar, is Bia. 240. 


Ay 
== GG CHD. 
g 
in which A = cross sectional area of the bar at section mini, 
y = weight per unit volume of the material. 


In order to have the same stress in both sections, the difference dA of the cross 
sectional areas must satisfy the equation 


dA Py = ZAy ap tohe. 
g 
or 
Gal ee? anvohiy 
A JPw 
Integrating this equation, we have 
A = Ce7 1#?2?/29Pw (a) 


For determining the arbitrary constant C, the condition at the end « = / must 
be considered. Here the centrifugal force of the weight W is W/gw2l. Therefore, 
the cross-sectional area at this end of the bar must be equal to 
Wee Wel (b) 

JPw 
From (a), for the same cross-section, will be 
obtained 


Ay = Cea V2? /29Pw, (c) 
Comparing (b) and (ce), 
= Wes 
JPw 
Substituting this in (a), 


oy -yw2 (12 — 2) 
Ws are (d) 
GPw 


Example 74.—Determine the deflection of 
the governor spring AB (Fig. 241) rotating about 
the axis O-O with a constant angular velocity 
w. Consider the bar AC as absolutely rigid and 
neglect the mass of the spring AB. 

Bra 241. Solution.—Let 6 denote the deflection, then 
the centrifugal force of the weight W is 


Wa 3). 
g 
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Considering AB as a cantilever, the equation for determining 6 will be 


W 13 
6 = aoe + amy : 
from which 


re Ww?al’ 1 ‘ 
) 8gHE ae Wowl? 
3gHI 
It is seen that the deflection increases indefinitely when w is such that 
Ww?l8 
1— EE a 0. (a) 


This value of w is called critical speed. 
It will be shown later (see Par..75, p. 313) that 
wis 


PN ei oe 


is the period of free vibration of the load W on the spring AB. 

Remembering also that the period of one revolution of the governor is 7; = 
2r/w equation (a) can be written in such a form: 

T2 
~ Py? 


IBocey Ui 
The critical speed of the governor is that at which the time of one revolution is 
equal to the period of free vibration of the governor. 

Example 75.—A thin circular ring of constant 
cross-section is rotating with a constant angular 
velocity about the vertical diameter O-O (Fig. 242). 
Determine the maximum bending moment and the 
increase of the horizontal diameter produced by 
inertia forces, if the radius of the center line of the 
ring is r and the weight of the ring per unit length 
is q. 

Solution.—Let S and M> denote the tensile force 
and bending moment respectively at the vertical 
cross-sections A and B. Noting that the centrifu- 
gal force acting on an element of the ring is 


1 = 0, 


from which 


wet ate sin ¢, 


the following equation for determining S will be 


obtained: 
/2qr°w? Qr>w? 
SS = if sin ¢ d¢ = =— 
5 g gp ad 9 


For determining M» the theorem of least work (see Par. 34, p. 123) will be used. 


The bending moment at any cross-section determined by the angle ¢ is 
Ww2 (db : 
M = My — Sr(1 — cos ¢) + are f r (cos Y — cos ) siny dy = My — 


qw*rs 


2g 


sin? ¢. (a) 
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Substituting this in the expression for the potential energy 


eG lis 
(Go = ah M*rd¢ 
and concluding from the condition of symmetry that section A does not rotate 
during the bending of the ring, 
dU Py (Pee = OE 
dM, me Meo 
or, substituting (a), 


For determining the increase 6 of the horizontal diameter, Castigliano’s theorem 
may be used. 
This will give* 
5 a atte? 
6gEI 
The vertical diameter of the ring will be decreased by the same amount. 


73. Rotating Discs.—Czrcular Disc of a Uniform Thickness.— 
The problem on stresses produced in a thin rotating disc by inertia 
forces can be solved approximately by making a simple assumption 
that the stresses do not vary through the thickness of the disc. This 
thickness is assumed in further calculations equal to unity. 


(a) (b) 


Fig. 243.—Stresses in rotating disc. 


Cutting out from the disc an element abcd (see Fig. 243), it can be 
concluded from the conditions of symmetry that there will be no 
shearing stress on the sides of this element. The equation for deter- 
mining normal stresses p, and py, acting in radial and tangential 
directions, can be obtained from the condition of equilibrium of the 
element abcd exactly in the same manner as it was done in considera- 
tion of stresses in thick cylinders (see Eq. (a) p. 250). It is necessary 

*See G. A. V. Peschka, Z. f. Math. u. Phys. (Schlémilch), Vol. 13, 1868. 
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only to add to the forces considered before, the inertia force acting on 
the element, equal to 


24 
YO’ drdd. (a) 


Here 
y = the weight per unit volume, 
w = the angular velocity of the disc, 
r = the distance of the element from the center of the disc. 


Then the equation of equilibrium becomes 


Pro pbs upg tae = 0. (b) 


The stresses p, and pg can be expressed by the radial displacement u 
(see equation (e), p. 251) as follows: 


op du ik 
Pe i = = m a (c) 
= Pa: 
m 
H U 1 du 
one d AL & a) 
m? 


Substituting (c) in equation (b), the following equation for determining 
wu will be obtained: 


1 du eres 
ep eM Ei -5 7 ea (301) 
Denoting 
(1 - =.) LS (302) 
m?/ gH 
equation (301) may be represented in the following form: 
@picd oo ; 
= E 5. (ur) | Re = 0, (301’) 
A general solution of this equation gives 
— Nr3 C in Gs 
Uae Ae oy age (d) 


in which C; and C, are arbitrary constants which must be determined 
in such a manner as to satisfy the conditions at the edges of the dise. 
Consider first a dise with a hole at the center (Fig. 243 (b)) and assume 
that there are no pressures on the edges of the disc. In such a case 
the conditions for determining the constants C; and Cy. become 


(Dr)rma = 0; (Dr)rp = 0. (e) 
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Substituting (d) in the first of the equations (c) we have 


E 3+2 it 1 if | 
eer imam: DUET Ud che acre Nay 


m? 


Substituting in (e), we obtain 


I 
Sep 
e Mr 2 4 1 LN vaeunl/: tele eee 
g Na +5(1+-)O-(1--) 502 =0 
, i 
Deve eae 1 iS aes 
es: Mees (UC ais ge Ce = 0, (g) 
from which 
1 i 
2 at m a) Se a 
Cy = i (a? + b?)N; C, = —— i a*b2N. (h) 
4(1 + 57) s(1- 5.) 
Substituting in (d) and using (c), we obtain 
nae Ls i 
~ m M5 , 9 4 VO f 
el pe pe = qa TOM ty) Le) 
a) | oct, 
1 
22 
Dr pn | — 12 + a? + 0 — 22]. (304) 
8(1 - =) 
Substituting (302) for N and denoting 
a r 
ep ee 
equations (303) and (304) become 
1 3 
ae ty m m a? 
Le = ols i, eeu alae” (305) 
2 ar 
m 
1 
we cs ia) goa tie al (306) 
| Up aa ve 8 | ¢? f 


304 APPLIED ELASTICITY 


It is seen that the radial stress p, becomes equal to zero at the edges 
(6 = 1 and ¢ = a) and is positive (tensile stress) in other points. 
Maximum value of p, occurs at points where 
¢ = Va, orr = bVa = Vab. (i) 
Substituting this in (304), : 


(max = — (1 — a) (307) 


Stress py in a tangential direction becomes maximum at the inner 
edge of the disc where ¢ = a. Then, from (305), 


i! Ih 
Me ih we 
(p46) max ae a i 1 a”: (308) 
a 


It is seen that (pg)max is always larger than (p,)max and it increases 
with the increasing of a2, i.e., with the increasing of the hole. Fora 
very small hole the second term in the brackets on the right side of 
equation (308) may be neglected, and we have 


1 
(D6) win (309) 
Po)max = g 4 


When the inner radius approaches the outer radius of the disc, a? 
approaches unity, and (308) becomes 


2 
(Po)max = (i) 
This coincides with equation (300) previously obtained for a thin 
rotating ring. 

In the case of a solid dise, the arbitrary constants of general solu- 
tion (d) will be obtained as follows: From the condition of symmetry 
it can be concluded that wu = 0 for r = 0; therefore, in solution (d) 
C, = 0. The constant C, will be found from the condition that p, = 0 
at the outer edge. Then from (g), 


1 
3+ — 
2 pe i 

8 Ne D (1 + ae g 
from which 
3 4 = 
C, = — i Nb?. (k) 
4(1 + tn 
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Then, from (c), the expressions for stresses become 


1 1 
4 ences 
2 

Oe arne ens oh 1: (310) 

3+- 

gaa 

= Ye fit oo tel: 

Pi oa (311) 


Both stresses remain always positive and increase with the decrease 
of ¢, 1.e., as we approach the center. At the center ¢ = 0 and 
1 


yu? m 


(pg) max = (Pr)max = P 8 (312) 


This stress is one-half of that stress equation (309) found above 
for a disc with a very small hole. It must be noted also that stress 
equation (312) does not depend on the dimensions of the disc but only 
on the circumferential velocity v and on the density of material. In 
the case of discs with holes (Eq. 308) the maximum stresses will be 
equal if circumferential velocities and a are equal, i.e., if the discs 
are geometrically similar. 

In the previous considerations it was assumed that the edges of 
the discs are free from external forces. If tensions or compressions 
uniformly distributed around the edges are acting on the disc, the cor- 
responding stresses will be found by using the theory of thick cylinders. 
(See Par. 61, p. 249.) These stresses can be represented in the follow- 
ing form: (See equations (237 and 238, p. 251.) 


n 
Dil 
pe =k+% ) 


in which k and n are constants depending on the dimensions of the disc . 
and on the magnitude of the external forces. 

Stresses (/) must be superimposed on stresses given by equations 
(303) and (304) if the edges of the disc are not free. Then the com- 
bined stresses will be: 


B 
De = Ab — br? 


Bs sa (313) 
AB |e f AS46*) (344, Leal 
* 9 
B2,|2% SE) 


306 APPLIED ELASTICITY 
in which 

2 lots i eae 3 ; 314 
b=_ (8+.,) 8 eae) a 
and A and B denote the constants which can be calculated for every 


particular dise by using equations (303), (304), (237), and (238). 
By using notations 


S = pr + bw*r? 


t= pst Borr? (315) 
and 
I 
equations (313) become s = A + Bu, t = A — Bw. (317) 


If s and ¢t are known for any point of the disc, the magnitudes of 
these quantities for any other point can easily be obtained by using the 
following graphical method:* Let s, 
and ¢, denote the magnitudes of s and 
t for a point in which w = w, (see 
Fig. 244). Then the magnitudes sy 
and ft. of s and ¢ for another point 
(w = We) will be obtained by inter- 
section of the vertical line through 
w. with the straight lines s,)-s. and 
t,-t2 having their point of intersection 
on the vertical axis of the coordinate 
Fra. 244.—Graphical determination of ane SME ries eS penne 

eirpecoeam dices: is easy to see that these lines repre- 

sent graphically equations (817). 

They have the common ordinate A on the ordinate axis (w = 0) and 
equal and opposite slopes (+B). 

Circular Disc of a Variable Thickness.—A general equation for this 
case, together with considerations of different methods of its solution 
can be found in the well-known book by Stodola.t A simple method 
based on replacement of the actual profile by a system of dises of 


* This method was developed for calculating stresses in rotating dises by Dr. R. 
Grammel; see his paper Hin Newes Verfahren zur Berechnung Rotierender Scheiben 
Dinglers Pol. Jour., Vol. 338, p. 217, 1923. 

} A. Stodola “Dampf-und Gasturbinen” 6th ed., pp. 312-340, 1924. Rotating 
Disc of Conical Profile was considered by H. M. Martin, Engineering, Vol. CXV, 
p. 1, 1923; see also B. Hodkinson, Engineering, Vol. CXVI, p. 274, 1923. 
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uniform thicknesses (see Fig. 245) will here be considered.* For 
calculating stresses in these discs, the equations given above for discs 
of a uniform thickness may be used. It is only necessary to consider 
the variation of stresses at sections such as 2, 3, 4 (see Fig. 245) where 
abrupt changes of the thickness occur. 

If y and y + Ay denote two different thicknesses, then the cor- 
responding change Ap, in the magnitude of the radial stress p, will be 
found from the following equation of statics:t 

ypr = (y + Ay) (pr + Apr) 
from which 


A . 
Ap, = — —=*— py. (a) 


The change Ap, of the stress py will be found from the condition that 
unit elongation in the circumferential direction remains the same for 
both thicknesses, 1.e., 


1 1 
Po — m Pr = Po zie AD» ae m (Dr at Ap,) 
from which 
1 
Ape = mor 


Now, from equation (315), 

Ay 

= Pr 
y + Ay 


1 
At = Apyg = Ee As. 


As = Ap, = — (318) 


Equations (314), (315), (816), and (318) together with the graphical 
solution given in Fig. 244 are sufficient for calculating any disc of a 
variable thickness. 

Consider, as an example, the disc, represented in Fig. 245, rotating 
at a speed of 3,000 R.P.M. (The dimensions are given in Table 
XXVIII.) Assume also that the centrifugal forces due to the blades 
are such that at the outer edge 
kg 
(pr): = 100 ue 


* This method was developed by M. Donath, ‘Die Bergchnung rotierender 
Scheiben und Ringe” (Berlin), 1912. Further development of the method was 
given by R. Grammel; see paper mentioned above. From this latter paper is 
taken the numerical example given below. 

+ It is assumed, as before, that the stresses are uniformly distributed through 
the thickness of the disc. 
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and that i 
a = = 
nas 23, Y= 00785 

Then, by using equation (314), 

kg . pee AL 

em’ Bw = .188 cm 

From these data and from Fig. 245 the first eight columns of Table 
XXVIII are obtained. 


1,000 


dw? = .327 


2 Scale in Kilograms per Square Centimeter 


Centimeters 


Fie. 245.—Dise of variable cross section. 


We start the calculation of stresses from the outer edge of the dise 
where (p,)1 is known. The magnitude of the stress (pg): is usually 
unknown (usually the pressure on the inner edge, due to shrinkage, is 
given) and an arbitrary magnitude of this stress must be taken for the 
beginning. The simplest way is to take (pg): such as to make s and ¢ 
equal, i.e. (from equation 315), 

(Po)1 = (Dr)a + dwn? — Bory”, 
or, by using the figures of the fifth and sixth columns of the table above, 
(pg)1 = 100 + 817 — 470 = 4479, 
Now, from equations (315), 


81 = (pr)1 + dw’r,;? = 100 + 817 = 917 rg 


cm? 


t1 = (pg)1 + Bw'r,? = 447 + 470 = 9170. 
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Due to the fact that s; = t, the s and ¢ straight lines (the construc- 
tion of which was explained in Fig. 244) coincide. In Fig. 246 they 
are represented by the line a-a prallel to the w axis. 

In this manner, s2 and fy for the section 2 are obtained; giving 
kg 
cm? 


8g = to => iy 


Now, by using equation (315), 


k 
(pr)2 = 82 — bwr®, = 917 — 662 = 255-5, 
oo), 2 = por = 917 = 38 ee 
Po)2 = be 2 ae 


In order to take into account an abrupt change of the thickness 
of the disc at section (2), equations (318) and the numbers of the eighth 
column of the table will be used, then 

= a — 393-9. 
(As)ou==(Ap, y= 1.50 Xx 2550 383— 3 


(At)2 = (Apg)e = .3 X 383 = 1154 


2 


The corresponding points b and ¢ on the vertical through the point 
2 are given in Fig. 246, and the lines b-b and c-c are constructed as 
explained in Fig. 244. In such a manner s; and ¢; for the section 3 are 
obtained. By repeating the same reasoning as above, all necessary 
data for the third section can be obtained, and soon. By this method, 
all numbers* of the columns nine to twelve, of the table above, are 
calculated. 

Due to the fact that the stress (py): was taken arbitrarily, the 
condition at the inner edge usually will not be satisfied, and the stress 
(p,)9 obtained by the method described will be different from that 
which actually exists on the inner edge of the disc. 

In order to satisfy the condition at the inner edge, an additional 
calculation is required, since it is necessary to have the stresses pro- 
duced in the dise by a radial pressure uniformly distributed around 
the inner edge. 

Assuming (p,)1 = 0, = 0, and taking for (pg): an arbitrary 
value (in our calculation we take (ps)1 = 50 kg/cm?) the stress dis- 
tribution required can be obtained exactly in the same maner as 
explained above. (In this case, from equation 315, s = p, andt = D¢:) 
The results of calculations are given in columns nine to twelve in light 


*The only numbers considered are those printed in heavy type. 
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type, and the corresponding constructions, in Fig. 246, by the lines 
s’ and v’. 

By combining the two stress distributions calculated, a solution 
corresponding to the real condition at the inner edge of the disc can 
be obtained as follows: 

If (p,)9 and (p,)9’ are the radial stresses at the inner edge of the disc, 
obtained in the first and the second calculations respectively, and if 
(p,)9° denotes the stress which actually exists at the inner edge, then 
multiplying the stresses of the second stress-distribution by 

p= (Pas? = (Pe 
(Pr). 
and superimposing the results obtained on the first stress-distribution, 
the solution for the actual condition will be obtained. 


Fria. 246.— Application of graphical method of stress determination to case of variable 
cross section. 


The average stresses at the sections where the thickness changes 


abruptly will be calculated by using equations 


(p.)° =(p. +S) + k(n! + 3) 


(ve)? = (va +) + B(n6' +S): 


l| 
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The results of such calculations are given in the two last columns 
of Table X XVIII and are represented graphically in Fig. 245. 

74. Vibrations of Elastic Systems.—If an elastic system, for 
instance, a loaded beam, twisted shaft or a deformed spring is dis- 
turbed from its position of equilibrium by an impact or by the sudden 
application and removal of an additional force, the elastic forces of the 
member in the disturbed position will no longer be in equilibrium with 
the loading, and vibrations will ensue. 
Such vibration, maintained by the elastic 
forces of the system alone, is called free or 
natural vibration. 

Generally an elastic system can per- 
form vibrations of different modes, for 
instance, the deflection curve of a vibrat- 
ing beam may have a shape as shown in 
Fig. 247 (a), or it can have one point of 
inflection, i.e., one node, as shown in Fig. 
247 (b), or two points of inflection as in 
Fig. 247 (c), etc. Usually the slowest or fundamental type of vibra- 
tion is the most important. In many cases the higher types of vibra- 
tions can be completely neglected and the system can be considered 
as having one type of vibration. The motion in this case will be deter- 
mined by one coordinate only. Such a system is called 
asystem with one degree of freedom. ‘Take, forinstance, 
the case shown in Fig. 248. If the arrangement be 
such that only vertical displacements of the weight — de : 
W are possible and the mass of the spring be small in 
comparison with W, the system can be considered as 
having one degree of freedom. Its configuration will 
be determined completely by the vertical displacement 
of the weight. The, Ste ee 

It will be shown later that if an elastic system be tem having one de- 
acted upon by a periodic disturbing force, vibrations of ®"°° °f freedom. 
the same frequency as that of the force will be set up. This gives an 
entirely different condition from that previously discussed because the 
amplitude of these forced vibrations and the stresses caused by them 
will depend on the relation between the frequency of the disturbing 
force and that of the natural vibration of the system. If these two 
frequencies are equal, a condition of resonance takes place. Under 
this condition even a small disturbing force may be all that is neces- 
sary to cause very large vibrations and produce serious stresses. 


Fria. 247.— Different modes of beam 
vibration. 


WwW 
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In machines running at constant speed, periodic disturbing forces, 
for instance, such as those arising from lack of balance, are always 
present, and if the number of revolutions per second is equal to the 
frequency of the natural vibration of the machine, large vibrations 
and serious stresses may be expected. It is clear, therefore, that 
there are many cases in service where a preliminary study of these 
natural vibrations of systems is of great practical importance. 

In the case of a system having one degree of freedom the determina- 
tion of the frequency of natural vibration offers no particular difficulty. 
In the more complicated cases the determination of this frequency can 
also be made with sufficient accuracy for designers by using an approxi- 
mate method developed by Lord Rayleigh and W. Ritz. 

75. Free Vibrations.—A System with One Degree of Freedom.—In 
coming to a detailed discussion of the different types of vibration, free 
vibrations of the system shown in Fig. 248 will be considered as an 
example. Let & denote the load which produces unit extension of the 
spring. Then the static deflection of the spring under the action of 
the weight W will be 


Ost = + Fi (a) 


Denoting a vertical displacement of the weight from its position of 
equilibrium by z and considering this displacement as positive if it is 
in a downward direction, the expression for the tensile force in the 
spring corresponding to any position of the weight becomes 
S = W + kz. (b) 
During vibration, this force is always in equilibrium with the load 
W, together with the inertia force —W/ga"’, in which x’, the second 
derivative of the displacement x with respect to time ¢, represents the 
acceleration of the moving load W. ‘Therefore 


W- ie = W + kz, (319) 
or 
~ + p's = 0, (319)’ 
where > Re 
kg g 
Be Tent) ie Rees orgy (aoe D) 
p W - (320) 


A general solution of equation (319)’ can be written as follows: 


x = A cos pt+ B sin pt, (c) 
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and the velocity of the weight becomes 
x’ = —Ap sin pt + Bp cos pt (d) 
It is seen that the motion of the natural vibration is a simple harmonic, 
one having a period given by 
T= =o [Oo (321) 


The period is the same as that of a mathematical pendulum, the 
length of which is equal to 6,. This conclusion always holds for any 
elastic system with one degree of freedom, and if the static deflection 
produced by the load be known, the natural period of vibration will 
be determined from equation (321). It increases with increase of 
dst, 1.e., (see equation (a)) with increase of the load W and of the 
flexibility of the spring. 

In order to determine the arbitrary constants A and B, the initial 
conditions must be considered. Assume, for instance, that at the 
initial moment (¢ = 0) the weight W has a displacement 2» from its 
position of equilibrium, and that its initial velocity is 2’). Substituting 
these conditions in (ec) and (d), we have from (c) 


An Xo, 
and from (d) 
peaeee 
Pp 
Equation (c) then becomes 
/ 
v= x cos pi + = sin pl. (322) 


It is seen that the vibration consists of two parts; one due to the initial 
displacement x, and another due to the initial speed 2)’. 

Effect of the Mass of the Spring—lIn our previous calculations the 
mass of the spring was completely neglected. In order to determine 
its effect on the period of the natural vibration an approximate method 
based on the consideration of the energy of the system will now be 
developed. Consider again the arrangement shown in Fig. 248 and 
neglect first the mass of the spring. The kinetic energy of the system 
during vibration will be 


ie 
rs (e) 


The potential energy of the system consists of two parts; one part 
due to the potential energy of the deformation of the spring, and 
another part due to the potential energy of the load by virtue of its 
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position. The tensile force in the spring corresponding to any dis- 
placement x will be (és: + #)k, and the corresponding energy of the 
spring is 
(6s lr ut)? 
2 
The energy of the spring in the equilibrium position (« = 0) is 
Seth 
9” 
so that the energy stored in the spring during the displacement. x 
will be 


k 


(Ouro? © ore ka? 
ees 2 20 f) 
The energy of the load W during the displacement x will vary by 
the quantity 


2 
= kad, + = We + 


—Wx. (g) 


Now, on the basis of the principle of conservation of energy, the 
sum of the kinetic and potential energies of the system remains 
constant, Therefore, from (e), (f), and (g) we have 


Naat So NS 
Ee leag = constant. (h) 
The magnitude of the constant on the right side of the equation 
(h) depends on the initial conditions. Take, for instance, that att = 0 
the displacement is equal to x and the initial velocity is zero, then 
equation (h) becomes 


W 
29 


2 sy kao? 
a 
This means that during vibration the sum of the kinetic and poten- 
tial energy remains constant. When during vibration x becomes 
equal to xo, the velocity becomes equal to zero and the energy of the 
system consists of the potential energy only. When x becomes equal 
to zero, as occurs when the load, during vibration, passes through its 
middle position, the velocity has its maximum value and the 
corresponding magnitude of the kinetic energy, from (i), becomes 
We”) max = kao? 
Doutta woe 


This means that the total kinetic energy is equal to the potential 
energy stored in the system during the initial displacement 2) from the 
position of equilibrium. 


we (i) 


(V) 
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In considering the effect of the mass of the spring, assume that 
this mass is small in comparison with the mass of the load W and that 
it does not change the type of vibration.* This means that if x is the 
displacement of the load, the displacement of any cross-section of the 
spring distant ¢ from the fixed end (Fig. 248) is the same as that of a 
massless spring, i.e., equal to 

= (k) 
where / = the length of the spring. 

" If the displacements are not affected by the mass of the spring, 
the potential energy in equation (i) remains unchanged, and it is 
only necessary to consider the kinetic energy of the system. Let q 
denote the weight of the spring per unit length. Then the mass of an 
element of the spring per length dc will be qdc/g, and the corre- 
sponding kinetic energy, by using (k), becomes 


Ci iaoe 
onl l ) qe. 
The complete kinetic energy of the spring will be 
a fifvey?, _ ga’? 1 
29 Jo (7) e = 2g 3 


This must be added to the energy of the weight W; so that equation 
(i) becomes 


ae ql Rog 
29 (w a a) Se TOS: 

This means that in order to estimate the effect of the mass of the 
spring on the period of the natural vibration it is only necessary to add 
one-third of the weight of the spring to the weight W of our previous 


calculation. Therefore, equation (a) must be modified so that 

pegs ch: (I) 
k 

This latter value of 6 must then be substituted in the equation (321) 
in order to determine the effect of the weight of the spring on the period 
T of the natural vibration. This conclusion, obtained on the assump- 
tion that the weight of the spring is very small in comparison with 
that of the load, can be used with sufficient accuracy} even in cases 


* This method was developed by Lord Rayleigh. See his famous book “Theory 
of Sound,” 2nd Ed., Vol. I, p. 111, 287. 

} The exact solution of the problem was obtained first by Poisson. See also 
author’s paper Die Erzwungene Schwingungen von Prismatischen Stiibe, Z. f. 
Math. u. Phys., Vol. 59, 1911. 
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where the weight of the spring is of the same orderas W. For instance, 
for gl/W = .5 the error of the approximate solution is about 4%. 
For ql/W = 1 the error is about 34%. For ql/W = 2, the error is 
about 3%. 

In our considerations the arrangement shown in Fig. 248 was taken. 
The approximate method developed can, however, be used in other 
cases, such as shown in Fig. 249. Assuming, for instance, that the 
deflection curve during vibration of the beam represented in Fig. 249 
(a) has the same shape as the statical deflection curve and denoting 


Fic. 249.—Approximate calculation of fundamental frequency. 


by a the displacement of the load W during vibration, the displacement 
of any element qdc of the beam will be* 


The kinetic energy of the beam itself will be 


1/2 Dip B\2 2 
Sf le — Ac pele ae ; 
2 f (2 3 ) de = 35 ql 24 (323) 


This additional energy equal to that arising from 1745 of the 
beam weight must be added to the energy W2’?/2g of the load concen 
trated at the middle in order to estimate the effect of the weight of the 
beam on the period of vibration 7. 

It must be noted that equation (3823), obtained on the assumption 
that the weight of the beam is small in comparison with that of the 
load W, can be used in all practical cases. Even in the extreme case 
where W = 0 and where the assumption is made that 1745q/ is con- 
centrated at the middle of the beam, the error from the approximate 
solution 27+/ 5se/9 will be less than 1%. 

Applying the same reasoning to the case represented in Fig. 249 (b) 
it can be concluded that 33449gl must be added to W in calculating 
Ost. 

The further development of these approximate methods and their 
application to technical problems will be discussed below in paragraphs 
76 and 77. 


* It can be obtained from the equation 61, page 72. 
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76. Approximate Methods for Calculating the Frequency of 
Natural Vibrations of a System.—V vibrations of Loaded Beams. 
the consideration of forced vibration given above it must be appreci- 
ated that the investigation of natural periods of vibration of machines 
is of great practical importance. In designing a machine it is neces- 
sary to consider not only the stresses which may be produced during 
operation but also to consider the flexibility of the separate parts of the 
machine. 

With these factors in mind, the proportions must be so chosen as to 
avoid resonance conditions. 

In considering free vibrations of a system with one degree of free- 
dom, an approximate method for calculating frequencies of natural ~ 
vibration in the more complicated cases was described. This method 
is based on the consideration of the energy of a vibrating system and 
can easily be applied if the mode of vibration, 1.e., the deflection form 
of the system during vibration, be known. 

As an example, a beam loaded in several points will now be con- 
sidered (Fig. 250). Let wi, we, ws denote the loads and yj, ye, y3 denote 


x 


Fic. 250.—Vibration of loaded beam. 


the corresponding deflections. Then the potential energy of deforma- 
tion stored in the beam during bending will be 
Wit Wet Wat 
je Toe Ww av W3Y3_ (a) 
2 
In calculating the period of the fundamental type of vibration, 
the static deflection curve given in Fig. 250 can be taken as a good 
approximation* for the deflection curve of the beam during vibration. 


The vertical displacements of the loads W1, We, Ws, during vibration, 
can be taken in such a form: 


yi Cos pl, yx cos pt, Y3 cos pt (b) 

Then the maximum deflections of the beam, from the position of 

equilibrium, are the same as those given in Fig. 250; therefore, the 

increase of the potential energy of deformation of the system during 
* See page 317. 
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the deflection of the beam from the position of equilibrium to the 
extreme position will be given by equation (a). The maximum 
kinetic energy of the system takes place at the moment when the beam, 
during vibration, passes through its middle position. The corre- 
sponding velocities of the load, from (b), are 

PY1, PY2, PYs 
and the kinetic energy of the system becomes 


' : 
oy (wry? + wey2? + ways?) (c) 


Equating (a) and (c), the following expression for p? will be obtained: 
pr = (wy TF Weye + Ways) 


= ae ‘ 324 
WiY + Weyo? + wsy3” 
For the period of vibration we have 
2Qr wy + woye? + ways? 
pi SS  ——  § = 2 ee ees - 325 
p "No (wiys + woys + ways) cee 


In the case where only one load is acting on the beam, equation 
(825) reduces to (321) obtained above for a system with one degree 
of freedom. 

It is seen from (325) that for calculating 7 the statical deflections 
Y1, Y2, Ys, of the beam only are necessary. These quantities can easily 
be obtained by the usual methods (see Chapter IV). If the beam has 
a variable cross-section, graphical or grapho-analytical methods may 
be very useful for this calculation. 

Critical Speed of a Rotating Shaft-—The method described above is 
used very often in calculating critical speeds of rotating shafts.* It 
is a well-known fact that rotating shafts at certain speeds become 
dynamically unstable and very large vibrations are likely to develop. 
This phenomena is due to resonance effect. The critical speed for a 
shaft is that speed at which the number of revolutions per second of 
the shaft is equal to the frequency of the natural vibration of the shaft. 
Determining this frequency as explained above, the critical speed for a 
machine can easily be established. 

Due to the fact that the effect of a disturbing force on the amplitude 
of the vibration increases rapidly as the condition of resonance is 
approached, it is a common practice to design a shaft so as to obtain 
its critical speed far abovet the operating speed of the machine. 

* This subject is considered in detail in the book by A. Stodola, “ Dampf-und 
Gasturbinen,” Berlin, 1924, p. 357-398. 

+ A lower limit of the ratio of the speed of the machine to its critical speed is 
taken sometimes equal to 1: 1.5. 
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It must be noted that in Fig. 250 rigid supports were assumed. 
In certain cases the rigidity of the supports is not sufficient. This 
may produce a substantial effect on the magnitude of the critical 
speed. In order to take this into account it is only necesary to add 
in the previous calculations the vertical displacements due to the defor- 
mation of the supports under the action of the loads w1, we, ws, to the 
deflections y1, Y2, yz of the shaft (Fig. 250). 
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Fic. 251(a).—Determination of critical speeds for shaft. 


In all previous calculations the weight of the shaft was neglected. 
In order to take this into consideration, the shaft must be divided into 
several parts, the weights of which, applied at their respective centers 
of gravity, must be considered as concentrated loads w,, we . 

In Fig. 251(a) the deflection diagram of the shaft of a 15,000 K.V.A. 
synchronous condenser is given. Necessary calculations are given 
in Table XXIX. (Figure 251 (b) represents polygons of forces acting 
on the shaft.) 
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Fia. 251(b).—Polygons of forces shown in Fig. 251(a). 
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Taspie XXIX.—CaA.LcuLATION OF CRITICAL SPEED 


wy” 

y X 10° y” X 10° nts square inch 
pounds inches square inches | inch pounds Sri 5 
4,500 2.40 OaLO 108 2.59 
9 ,300 3.00 9.00 279 8.37 
9,300 3.08 9.48 287 8.86 
9,300 eel 9.83 293 9.15 
9,300 31S 9.83 293 9.15 
9,300 3.08 9.48 287 8.86 
9,300 2.96 8.76 275 8.15 
9,300 2.74 WeoU QOD 6.98 
4,500 1.85 3 Ae 83 ibe sy 

Dwy =2,160 
7 Dwy? = 63.65 


The critical number of revolutions per minute will be obtained, 
from equation (324), as follows: 
60 30 Vz wy _ 30 ee X 2,160 
T @« LSwy2 ot 63.65 


Neor= = 1,090 cycles 


per minute. 


77. Rayleigh-Ritz Method.—It has been shown by Rayleigh that, , 
proceeding as explained above (see Par. 76), the calculated frequency 
of the fundamental type of vibration will always become greater than 
is actually the case. In order to obtain an exact solution, it is neces- 

sary to choose froin all possible deflection curves such a one as will 
-make the frequency a minimum. This is a problem of variational 
calculus which represents in many cases great analytical difficulty. 
In order to avoid this, a method of calculating successive approxima- 
tions will now be discussed. As an example, the case of vibration of a 
beam of variable cross-section will be considered. 

Let y denote the deflection of a beam in its extreme position. 
Then the potential energy of deformation will be 


U = ; ch 1 YY a (d) 


Assuming that during vibrations the deflections vary as y cos pt, 
the kinetic energy of the beam when it passes through its position of 


equilibrium will be 
Dae fi 
Pe were yd 
mh ie (©) 
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where g denotes the weight per unit length of the beam. Equating 


(d) and (e) we have 
1 
d*y 2 
EY (= 
if a) sf 


i (f) 
fp qy*da 
0 


The exact expression for the deflection curve will be that which 
makes the right side of (f) a minimum. In order to obtain an approxi- 
mate solution, the expression for the deflection curve with several 
parameters 61, 62, . . . is to be taken, and these parameters are to 
be chosen in such a manner as to satisfy the equations:* 


es Eire 
d 


(pee 


061 > 062 
or, substituting for p? its expression (f), 


FB) iF l d?y\2 p? 1 
se] J, (aes) dx -E f qy*dz | = 0 (g) 
0 Or y\2 aa 
| ff EI(54) "de — - it arte |- 0 (h) 


As an example, the fundamental 
type of vibration of a wedge having a 
constant thickness equal to unity, built 
in at the right end (Fig. 252) will be 


- considered. The exact solution for 
this case ist 


Seu, 


b |/Eg 
p = 5.315 pa) 3, CU 

in which / = the length of the beam, 
2b = the depth of the beam at the built-in end, 


y = the weight per unit volume of the beam, 
1 (2bzx\3 2bx 
| Gray ec eartare 
In order to satisfy the conditions at the built-in end, 


(y)c=1 = 0, Gays = 0, 


* This method was developed by W. Ritz, see Annalen d. Phys., Vol. XXVIII, 


1909. 
+ It was obtained by Kirchhoff, “Berliner Monatsberichte,” p. 815, 1879. 


Fic. 252.—Vibration of wedge. 
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the following expression for the deflection curve can be taken: 
2 . 
y=(F-1)'(at+o¢ +o +... ) (j) 


Taking only terms with 6, and 6) and substituting (j) in (g) and (h), 
the following two equations for determining 6; and 62 will be obtained: 


(2 & -P ys, mn ee! ge a =), 


oe, ey, 5 y 314 

2Eg bt op 2g 62»? 

Sy] es ky I Ce Rint ke, ae 
C 7 3l4 Te iG 7 3E aa : 


These linear homogeneous equations give for 6; and 62 solutions 
different from zero only in the case if the deteminant of these equations 
becomes equal to zero, i.e., if 

(2 b2 a eee b2 a v* ) 5 (22 b2 = ap * 
y 3l* — 30/\5 y 3l* 280 5 4) 3) 1105 

From this latter equation, p? can be calculated. The smaller of 

the two roots gives 


b /Eg 
= Ho AYE Esc k 
Pp P\3y (k) 
The difference between this result and the exact solution (i), is. 


only .1%. 

Further approximations can be obtained by increasing the number 
of parameters 61, 52 . 

The method developed above is very useful in calculating the 
periods of natural vibrations of such structures as bridges and ships. * 

78. Damped Vibrations.—Damping Proportional to the Velocity.— 
In the previous consideration the frictional resisting forces were 
neglected, and, as a result, vibrations of constant amplitude were 
obtained. In actual conditions, however, resisting forces, though 
small in some cases, are always present and, due to their action, the 
vibrations generated originally will be gradually damped. These 
damping forces may arise from several sources of different nature, such 
as air, fluid friction, internal friction of the material of the vibrating 
body, and friction between sliding surfaces.t For small velocities 

* See Author’s book, ‘‘Theory of Elasticity,’’ Vol. II, pp. 222-231 (Petersburg), 
1916. ‘The principal results obtained by the writer are given also in the paper by 
N. Akimoff: On the Vibrations of Beams of Variable Cross-Section, Trans. of the 
Society of Naval Architecture (London), Vol. XXVI, 1918. 

} The bibliography on friction may be found in the article by R. v. Mises, 


Dynamische Probleme der Maschinenlehre. Encyklopaedie d. Mathem. Wiss., 
Vol. EV, Gert, p. 153; 
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the resisting force of the air or fluid may be assumed to vary as the 
velocity.* For larger velocities a damping proportional to the second 
power of the velocity must be taken;} while, for sliding, the friction 
between the two surfaces may be taken as a constant if the pressure 
between the surfaces remains constant during motion. The simplest 
case of damping proportional to the velocity will first be considered. 
Taking the same arrangement as before (see Fig. 248) and adding 
to the forces acting on the weight W during vibration, the friction 
force —ax’, where a is a constant depending on the conditions, the 
following equation of motion from equation (319) will be obtained: 


W 7a! — oa! = W + he, (a) 
or 
xe!’ +-2nxz’ + px = 0 (326) 
in which, as before (Eq. 320), 
__|kg 
aa NTT, 
and 
on = a (327) 


The solution of equation (326) ist 

v= e-™(A sin Vp? — n?t+ Beosv p? — n*t) (b) 
The arbitrary constants will now be determined from the initial 
conditions. Let x) and x’ denote the displacement from the position 
of equilibrium and the velocity at the moment ¢ = 0 respectively, 
then from equation (b), by using denotation 

pi = Vp? — 1, (328) 

we obtain 


A= eu (to + na), B = xo 
Pi 
and solution (a) becomes 
C= on 7 sin pit + Xo (cos pit + ”" sin pit) | (329) 
P1 P1 


* See experiments of A. Stodola, Schweiz. Bauz, Vol. 22, p. 113, 1893. 

+ Damping proportional to the square of the velocity is considered in the book 
by W. Hort, “Technische Schwingungslehre,”’ 2nd Ed., p. 44, 1922. This book 
contains discussion of many vibration problems of practical importance. 

t It is assumed that n is small, so that /p? — n* is real, otherwise a periodic 
motion takes place. 
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When there is no damping, » = 0; then solution equation (829) 
reduces to (322) previously obtained. 

The period of damped vibration, from (329), is 
ar 2Qr 
pi ph 

Comparing this with equation (321) it can be concluded that, due 
to damping, the period increases, but if n is small in comparison to 
p, the effect of damping on the period is a small quantity of the second 
order and usually can be neglected. Due to the factor e~” the ampli- 
tude of vibrations gradually decreases with the time. It is represented 
graphically in Fig. (253) for the simplest case.* 


T = 


(330) 


& = 6 no Cos pit eater; (c) 
The curve representing displacements from the position of equilibrium 
is tangent to the curve xe—™ at points mi(t = 0), mo(t = T), and to 


Fie. 253.—Vibration with damping proportional to velocity. 


the curve —ae~™ at mi'(t = 46T), m/(t = 36T). These points do 
not coincide with the points of maximum and minimum displacement 
and it is easy to see that due to the damping, the time interval neces- 
sary for displacement of the system from a middle position to the subse- 
quent extreme position is less than that necessary to return from the 

extreme position to the subsequent middle position. 
* i.e. for the case (see equation 329) when the initial conditions are such that - 
Woranyeccore 


pr Pa 
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The rate of damping depends on the magnitude of the constant n. 
It is seen from general solution (329) that the amplitude of the vibra- 
tion diminishes after every cycle in the ratio 


Cane: (d) 
i.e., 1t decreases following the law of geometrical progression. Equa- 
tion (d) can be used for an experimental determination of the coeffi- 
cient of damping n. It is necessary only to determine by experiment 
in what proportion the amplitude of vibration is diminished after a 
given number of cycles. 

Constant Damping.—As an 
example of constant damping, 
the arrangement shown in Fig. 
254 will be considered. Assume 
that the weight W is brought in 
its extreme right position « = x 
and released; then motion to- 
wards the left begins. The following forces are acting on the load dur- 
ing this motion: (1) a tensile force in the spring equal to ka;* (2) an 
inertia foree —W/gx"’; and (3) a constant friction R between the load 
and the sliding rod, in a direction opposite to that of motion. The 
equation of motion will be 


Vie. 254.— Vibration with constant damping. 


Zp ee ty (e) 
g 
or 
ge -- pe — a) =0 (331) 
here, as before (Eq. 320), 
and 
a= *. (332) 


This latter quantity has a simple physical meaning. It is the 
extension of the spring produced by the frictional force R. Making 


21 =-“% — a, 
equation (331) reduces to 
fi 4p ei = 0: 
This equation is in complete agreement with the equation (319)’ 
previously considered, and the following conclusions may be drawn: 


* x ig measured from the position of unstrained condition of the spring. 
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(1) A constant friction does not change the period of vibration. 
(2) The middle position about which the simple harmonic vibration 
takes place is displaced in the direction of the friction by the distance 
a (Eq. 332). Due to this latter fact, the extreme left position of the 
load will be distant only x» — 2a from the position corresponding to 
the unstrained condition of the spring. This means that a diminishing 
of the amplitude produced by constant damping during half a cycle is 
equal to 2a. 

Considering now the motion from the extreme left position to the 
right, and applying the same reasoning, it can be shown that during the 
second half of the cycle a further diminishing of the amplitude of 
the quantity 2a will be produced. Therefore we see that in this case 
considered the decrease of the amplitude follows the law of arithmetical 
progression. The load W will remain in one of its extreme positions 
as soon as the amplitude becomes less than a. It is clear that in this 
position the friction will be sufficient to balance the tensile force of 
the spring. 

79. Forced Vibrations.—Particular Case-——Taking again the 
arrangement shown in Fig. 248, assume that, in addition to the forces 
previously considered (see Eq. a, p. 325), a periodic force Q sin mt is 
acting in a vertical direction on the load W. ‘Then using the notation 


w= 4 (a) 


the equation of motion becomes 
x!’ + Qnv’ + px = q sin mt. (333) 


A general solution of this equation will be obtained if, to the solution 
of the corresponding homogeneous equation (see Eq. b, p. 325), a 
particular solution of Eq. 333 will be added. The latter will have the 
form 

x =M sinmt +N cos met. 
Substituting this in equation (333), the following equations for 
determining constants M and N will be obtained: 
—Nm? + 2Mmn + Np? = 0. 
—Mm? —2Nmn- Mp = 9; 
from which 


2qmn (p? — m?) 
Nias eden fe A LL : 
(p? — m2)? + 4mn® a (p? — m?)® + 4m?n? 
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Now the general solution of (333) becomes* 
x =e™(A sin pit + B cos pit) — = ie Tae © mt + 
2 — Mm , 
a zs fone sin mt. (334) 
The first member on the right side having the factor e~” represents 
the damped vibrations studied in the previous paragraph. The two 
other terms, proportional to q, represent the forced vibrations. They 
are maintained by the periodical external force and will not be damped 
with the time. Their period 7; = 27/m is the same as that of the 
disturbing force and their amplitude is proportional to the magnitude 
of this force. This amplitude depends also on the relation between 
the period 7' of the natural vibration of the system and the period 7; 
of the disturbing force. 
The expression for the forced vibration can be simplified by using 
the following notations: 


—2qmn = ae 
oe my? eo C sin a (b) 
Ua 2 
q(p m’*) = C cosa. (c) 


(p — m?)2 + Am?n? 
The expression for the forced vibrations becomes 


C (cos a sin mt — sin a cos mt) = C' sin (mt — a). (335) 
The amplitude C of forced vibrations, from (b) and (ce), is 
q (336) 


engl ah) agen 

The angle a in equation (335) represents the difference in phases 
between the forced vibration and the disturbing force. 

Dividing (b) by (c) we have 

gene ee (337) 
p? — m 

If p > m, as occurs when the period of the natural vibration of the 
system is less than that of the disturbing force, « becomes positive and 
less than’ 7/2. For the case p < m we have a > 7/2. It can also 
be concluded from equation (335) that the forced vibration is behind 
the disturbing force ¢ sin mt. 

When p = m, ie., in the case of resonance, tan a in equation (337) 
becomes infinite and the difference of the phases becomes equal to 
7/2. This means that during such vibratory motion the system 


* The notations of the previous paragraph are used here. 
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assumes its middle position at the very moment when the disturbing 
force attains its maximum value. 

The amplitude C of this forced vibration will now be considered. 
Remembering that 


_ 99 
q ee W 
and 
» _ kg 
P Ww 
it will be concluded that 
4 = © = a, (d) 


where a denotes the deflection which would be produced by the maxi- 
mum disturbing force if this were to be applied statically. 

By using (d) the expression of the amplitude of the forced vibra- 
tions (equation (336)) becomes 


: 5 Geet 
ale i. me pas Bale ce : 
apa 
in which 7 = = = period of the natural vibration of the system, 
Ty = ar = period of the disturbing force Q sin mt, 
y= zig quantity depending on the magnitude of the 
P damping forces. 


It is easy to see that if the disturbing force has a very large period 
T,, C approaches the value a. This means that in such cases the 
deflections of the system can be calculated on the assumption that the 
disturbing force Q sin mt is acting statically. Another extreme case 
will be obtained on the assumption that 7’; is a very small quantity, 
as occurs when the disturbing force has a very high frequency. In 
such case the denominator of equation (338) becomes very large and 
the amplitude of forced vibrations approaches the zero value. For 
instance, the load W will remain practically immovable in the space 
when the upper end A of the spring (see Fig. 248) will perform 
oscillations with a frequency much larger than that of the natural 
vibration of the system. On the basis of this phenomena many instru- 
ments for recording vibrations are built, such as seismographs for 
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recording vibrations of earthquakes, and different types of vybro- 
graphs, for recording vibrations in machines and foundations. 

If 7 approaches 7 and the damping forces are small, the denomina- 
tor in expression (338) becomes very small. This means that in the 
case of resonance a comparatively small disturbing force may produce 


0.75 ; 125 1.50 175 2.00 LY RN) a 


Fig. 255.—Curves showing amplitudes of forced vibrations. 


very large forced vibrations, and very serious stresses in a vibrating 
structure. 

In order to give a clear picture of the variation of the amplitude C 
with the variation of the ratio 77/7; and of the quantity y, several 
curves representing the quantity 


Neer =: ; 
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as a function of the ratio 7/7; are plotted in Fig. (255) for different 
values of the quantity y. It is seen from these curves that the points 
of maximum amplitude do not coincide exactly with the condition 
of resonance, but that the magnitude of the ratio 7/71, corresponding 
to the maximum amplitude, is somewhat less than unity and 
approaches this limit with the decrease of damping. In the case of a 
small damping the difference between the maximum amplitude of the 
forced vibration and the amplitude of this vibration at resonance is 
very small, and the latter amplitude will be used as a basis for calculat- 
ing the maximum stress during forced vibration. 

General Case.—In the previous consideration the simple assumption 
was made that the disturbing force varies with the time as sin mt. In 
general, a periodic disturbing force can be represented by a trigonomet- 
rical series such as 
Q = qsin (F ass a1) + qe sin (= BF: a2) + qs sin (= Sh as) 

+. 
in which the first term has the same period 7; as that of the disturbing 
force; the period of the second term as half as great; the period of the 
third term one-third as great, etc. a1, a2, a3 denote the corresponding 
phases. If the period of one of these terms is identical with the period 
of the natural vibration of the system the condition for resonance 
takes place, and forced vibrations of large amplitude may be expected. 

In the case of engines with reciprocating masses, the disturbing 
force, due to lack of balance, has usually the form given by (f), and if 
the number of free vibrations per minute of the system supporting 
the engine is equal to or a multiple of the R.P.M. of the machine, large 
forced vibrations may occur in the system. 

Another Method of Calculating Forced Vibrations—From general 
solution (334) page 329 it is seen that at the moment of application of 
the disturbing force not only forced vibrations of the system are pro- 
duced, but also free vibrations. The latter vibrations will be gradually 
damped due to different kinds of resisting forces, but at the beginning 
of motion they may be of importance. In order to obtain the complete 
displacement of the system at starting, a method based on solution 
(329) page 325 will be considered. It is seen from this solution that 
the displacement from the position of equilibrium at any moment ft 


produced by the initial velocity 2x’ is 
/ 


a = et sin pit. (g) 
Pi 
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Assume that a variable force F(t) is acting on the system, and. let 


i) = #0 


be the force per unit mass of the weight W. The variation of this 
force in the interval from 0 to ¢, 
is represented in Fig. 256 by a 
curve MN. In order to obtain 
the displacement of the system 
at any moment ¢f; imagine the 
continuous action of the force 
divided into short intervals such 
as dt (see Fig. 256). Due to the 
action of the force f(t) during 
this interval, the velocity of the 
weight W is increased a small amount, which can be found from the 
equation 


Fig. 256.—General case of disturbing force. 


da’ 
GE 7 fd), 
from which 
d(x’) = f(t)dt. (h) 


Now from (g) it can be concluded that any addition to the velocity 
at time ¢ such as given by (h) will produce at time ¢, a displacement 
given by 


de = enon LOE sin pi(t; — ¢). (i) 


This expression represents the displacement due to the action of 
the force during an infinitely small interval dt only. In order to obtain 
the displacement produced by a continuous action of the force, the 
summation of such elemental displacements as (i) must be made. 
The displacement at the moment ¢; then becomes 


ee 

Piso 
This expression represents the complete displacement produced by 
the force acting from t = 0 tot = ¢;. It includes both forced and free 
vibrations and may become very useful in studying the motion of the 
system at starting. It can be used also in cases where an analytical 
expression for the disturbing force is not known and where the force 
f(t) is given graphically or numerically. It is necessary in such a case 


ti 
en) F(£) sin pi(ty = t)dt. (339) 
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only to determine the magnitude of the integral (839)_by using one 
of the approximate methods* of integration. 

As an example of the application of this method, vibrations of a 
locomotive wheel produced by a lowft spot on the rail or a flat spot 
on the wheel will now be considered. 

Stresses Produced in Railway Track by the Effect of Low Spots.—Let 
n = the variable depth of the low spott produced either by wear or 
n ya permanent deflection (Fig. 257), y = 
Se 7% — the deflection of the rail, W/g = the 
; | mass of a wheel, a = the concentrated 
| force necessary to produce a deflection 
| of the rail equal to unity. This 

- quantity @ can easily be calculated 

Higa apie bom-spot on zail, from equation (105) page 137 if the 
dimensions of the rail and the modulus of foundation are known. 

If 6 = W/a = the deflection of the rail under the static action of 
the weight of the wheel, then the period of free vibrations of the wheel 
supported by the rail, from equation (821), will be 


(ee 2a : (340) 


For a 100 lb. rail HI = 30 X 44 X 10°, Ibs. X in. square, and 
taking the modulus of elastic foundation k = 1,500 Ibs. per sq. in., 
W = 3,000 lbs., and this period will be .0483 sec., that is, the wheel 
performs about 20 vibrations per second. 

The period will not be changed substantially by the force trans- 
mitted to the wheel by the spring, because the latter force can be con- 
sidered as constant. 

Consider now the forced vibrations of the wheel produced by the 
low spot. The vertical displacement of the wheel in an ideal condition 
is equal to the deflection of the rail, but due to the low spot of variable 
depth » this displacement becomes equal to y +7. Therefore, the 
inertia force is 


_ Wey ay 
g dt? 

* Several methods of approximate integration are described in the books by 
v. Sanden, ‘‘Praktische Analysis” (Berlin), 1914, and in the book by Prof. C. 
Runge, ‘ Vorlesungen u. numerisches Rechnen, J. Springer,” (Berlin), 1924. 

} This low spot can be due to a wearing of the rail or to a permanent depression. 

{ Effect of a flat spot on the wheel produces exactly the same effect as a low spot 
on the rail and all results obtained below can be used also in this case. 
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The reaction of the rail corresponding to the deflection y is —ay. 
The equation of motion of the wheel in a vertical direction becomes 


W @(y + 7) g 
g Tae ama 
or 
ee aes 
g dt? eer: g dt (a) 


When the shape of the low spot and the speed of the locomotive are 
known 7 can easily be expressed as a function of the time. Assuming, 
for instance, that the shape of the low spot is determined by the 
equation 

1 = 3(1- cos"), (b) 
in which / = the length of the low spot, 

» = the depth of the spot at the middle of its length. 

Assume that at the initial moment (¢ = 0) the point of contact of the 
wheel coincides with the beginning of the low spot, and denote by v 
the constant speed of the locomotive, we have « = vt, and from (b), 


oN (1 ae s) 


eee l 
WOW Any? 7 2nvt © 
Gd giz F el 
In the general case we will have 
Woda 
ie iD F(t), 


where F(t) is a certain function of ¢, depending on the shape of the low 
spot; and the equation (a) becomes 


This coincides with the equation of forced vibrations when damping is 
absent. 
A general solution (339) for this case becomes 


see bec tec EG pie 
Y= pl F(t) sin 7p (t; — t)dt. (d) 


This gives the general expression for the additional deflection of the 
rail produced by a low spot. In the particular case when the shape 
of the spot is given by equation (b) the disturbing force F(t) is given 
by (c). Substituting this in (d), performing the integration, and 
denoting 
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as the time required for the wheel to pass over the flat spot, we will have 
En), 1 2nt =) 
y = AG : () (cos cos 
fh 
It is seen that the additional deflection* is proportional to the depth 
of the spot \ and depends on the magnitude of the ratio 


(e) 


Wars 
INNG NE OGN 3/7 ae 
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NA 
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IN 


Fic. 258.—Curves showing dynamical effect of low spots on rail. 


The variation of this deflection of the rail under the wheel in the 
interval 0 < ¢ < 7, for different values of the ratio 7,/T is represented 
in Fig. 258. 

It should be noted that at the instant the wheel reaches the edge 
of the low spot the pressure on the rail and the deflection begin to 
diminish while the wheel begins to accelerate in a downward direction. 
Then, the retardation of this movement begins and with it the increase 
in pressure and deflection, as seen from the figure. The values of the 

* This deflection must be added to the statical deflection 6 = W/a. 
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maximum deflection, calculated from equation (e) for different values 
of the ratio T;/T, are given in the Table XXX. 


TaBLE XXX.—Maximum Deruection Propucep By THE Fiat Spor 


Ymax/A =......| .33 .65 1.21 1.41 1.47 1.45 1.33 


The maximum deflection, equal to about 1.47, occurs at the speed 
corresponding to 7,/T = 24. Taking, for example, \ = 46 in., 
equation (105) page 137 shows that the additional pressure on the rail, 
corresponding to the additional maximum deflection 1.47 X 6 in., 
is about 12,000 lbs. for the numerical data taken above. Thus, a 
comparatively small low spot produces, at certain speeds, very appreci-~ 
able dynamic effect. Similar results can be obtained for low spots 
of different shapes.* In all the considerations presented the mass of 
the vibrating part of the rail was neglected in comparison with the mass 
of the wheel. The error involved in this simplification of the problem 
is not great if the time 7’; required for the wheel to pass over the spot 
is long enough in comparison with the period of the fundamental type. 
of free vibration of the rail. With the train’s increasing speed the 
error increases and the elementary solution given above may be then 
considered as a first approximation only.f 

80. Torsional Vibrations.—General—The problem on torsional 
vibrations in shafts is of great practical importance in the field of 
engineering. If the dimensions of the system are such that the fre- 
quency of natural vibration is equal to or a multiple of the number of 
revolutions per second of the machine, the condition of resonance 
occurs. The amplitude of forced vibration in such cases may become 
very large,{ and the corresponding dynamical stresses of the alter- 

* See the author’s paper On the Stresses in Railway Track, Transactions Inst. 
of Eng. of Ways of Communication, (S. Petersburg), 1915. 

+ Solutions of several problems on vibrations of rails are given in the author’s 
paper On the Vibration of Rails. Bulletin of the Electrotechnical Inst., Vol. XIII, 
p. 555, 1915 (Petersburg). Abstract of the paper in French, see “Le Genie Civil,” 
p. 551, 1921. 

t For instance, H. Frahm, see Neue Untersuchungen uber dynamischen Vor- 
ginge in den Wellenleitungen v. Schiffsmaschinen, Z. d. Ver. Deutsch. Ing., 
p. 797, 1902, found experimentally that in the case of a propeller shaft designed on 
the basis of a working stress equal to 3,200 lbs. per sq. in. app., the maximum stress 
at certain speeds varied during one revolution within the limits 8,500 lbs. per sq. in., 


— 2,400 lbs. per square inch. 
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nating type may finally produce failure of the shaft due to the fatigue 
of material. 

Single Disc—When a shaft with one end fixed carries at its free 
end (see Fig. 259) a disc the moment of inertia of which is large in com- 
parison with that of the shaft, the moment of inertia 
of the shaft can be neglected, and the system be- 
comes that with one degree of freedom. ‘Then the 
period of natural vibration can easily be obtained. 


Let 1 = the length of the shaft, 


I, = = polar moment of inertia of the cross- 


ad 

32 

section of the shaft, 

I = moment of inertia of the disc about the 
axis of the shaft, 

@ = variable angle of twist during torsional 

vibrations. 


Then the moment of the inertia forces about the 
axis of the shaft during vibration is —I¢’’, and the 
Be ence rec) eoment Ob twistis 
single disc. GI 


lee 
ce | 
The differential equation of free vibration of the rotating dise becomes 
GI 
Le .  & 
Using the notation 

Gin mae 

Thane: (841) 
we have 

a ipo = 0. (b) 


This equation is in the same form as the equation (319’) page 313 
previously considered. Its general solution is 


¢ = A cos pt + B sin pt. 
The period of free vibration becomes 
T = = = 2m] us (342) 


This period increases with increase in the length of the shaft and 
in the moment of inertia of the disc, and decreases with the increase of 
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torsional rigidity of the shaft. It is seen that in the case of long shafts 
the frequency of free vibrations may become low and conditions of 
resonance may be likely to occur. 

In this case it was assumed that the shaft had a constant diameter 
d. When the shaft is of different diameters in different parts, such a 
shaft can easily be reduced to one having a constant diameter. It is 
only necessary to bear in mind that the angle of twist of a shaft is 
proportional to its length and inversely proportional to the fourth 
degree of the diameter. Therefore, without changing the angle of 
twist, a part of the shaft having a length a; and a diameter d; may be 
replaced by an equivalent part having a length a, and a diameter dy. 
It is only necessary to satisfy the condition 


2=@)- () 


By using (c) a shaft of variable cross-section can be reduced to one of 
constant cross-section as considered above. 

The effect of the mass of the shaft itself on the period of vibration 
can easily be obtained by using the Rayleigh method. Assume that 
the type of vibration is not changed, then the angle of rotation for 
any cross-section mn distant x from the fixed end is (Fig. 259) 


s. 
l 
Let J, denote the moment of inertia of the shaft per unit length, then 
the kinetic energy of an element of the shaft of length dx will be 
ee. 
5? p lode. 


The total kinetic energy of the shaft becomes 


1 ‘gat 1 hs l 
9 3 plod = 3? Log" (348) 


This means that in order to take into account the moment of inertia 
of the shaft itself it is only necessary to add one-third of its moment of 
inertia to the moment of inertia of the disc. * 


*The manner of calculating further approximations by using the Rayleigh 
method is developed in the author’s paper On the Resonance in Shafts, Bull. of the 
Polytechnical Inst. in S. Petersburg, 1905. 
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Two Discs.—During free vibration of such a system as shown in 
Fig. 260 the two discs are always rotating in opposite directions, so 
that somewhere between them is a nodal section mn which does not 
rotate. Let Z; and I, denote the 
moments of inertia of the discs; 
let a and 6 denote the distances of 
the nodal section from the ends of 
the shaft. Considering the nodal 
section as fixed and using equation 
(342), the lengths a and 6 will be 
obtained from the equation 


Fic. 260.—Shaft with two discs. or aly = 2r oT 


Giz Gis (d) 


which means that both parts of the shaft have the same period of 
vibration. From this equation it follows that 


a _I» 

bah ©) 
Remembering that 

a+b =l, 
we have from (e) 

alee Tyl abe Il 
U iota ie Ii +T1e 
Substituting in (342), 
Price oe Per 


eee Gites: Ce 


In order to take into account the moment of inertia of the shaft 
itself, the quantities 

alo blo 

oe oe rae 
must be added to J; and J» respectively. 

Three Discs.*—Let I,, I2, and I3 represent the moments of inertia 
of the dises (Fig. 261), and ¢1, ¢2, and $3 their maximum angular 
displacements. Let C; and C2 be constants depending on the rigidity 
of the shaft, such that Ci(¢1 — ¢2) and C2(¢2 — $3) represent the 
maximum torque moments on the left and right part of the shaft 
respectively. 


* See paper by Roth, Z. d. Ver. deutsch. Ing., 1904. See also Morley’s paper, 
Eng., p. 785, 1910. 


\ 
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The angular displacements of the discs during vibration can be 
taken as follows: 
$1 cos pt, 2 cos pt, ds cos pt; 
then the inertia moments of each of the discs will be: 
Ip? $1 cos pt, I2p? $2 cos pt, Isp? 3 cos pt. 


I, 7) I; 


: 
L <q (c) 


Fic. 261.—Shaft with three discs. 


We can now consider the inertia moment of each of the discs as 
balanced by the moments of the elastic forces of the adjacent shaft 
sections. The corresponding equations become 


Ip? Oy = Ci(¢1 am $2) = 0 (f) 
Iep?o2 — Co(d2 — $3) + Cil(di — $2) = 0 (g) 
Isp? ¢3 + Co(¢2 — $3) = 0. (h) 


The quantity p? determining the frequency of the system can now be 
obtained as follows: 
Adding the three equations (f), (g), and (h), we have 


Ii¢1 + Indo + Isb3 = 0. (i) 

Now from (f), 
Gj —— Cide : 
1 Tip? —* OM (j) 


and from (h), 
rs Code (k) 
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Substituting (j) and (k) in (a), 


TEAC, I3Ce -. 
epee Oa ae ae Typ? res = 0, (1) 
or 
Iylols 4 Lieb | Lies hh ie 
0," —( a ote Cs )p + U7, +1.+1s) = 0, (345) 


from which p? can easily be obtained if the dimensions of the system 
are known. 

Two roots of this equation correspond to two types of vibrations 
shown diagrammatically in Fig. 261 (b) and (c). 

General Case.—If a shaft carries n discs, the above method can be 
used for determining the frequencies of natural vibrations. By 
using previous notations the following system of equations will be 
obtained: 

Ip? ¢1 — Ci(di — $2) = 9, 
Ixp? ¢2 — C2(¢2 — 63) + C, ($1 — $2) = (m) 
fee ie — C3(¢3 — 4) Sic pa = $3) = 


Lp m a Wie 1 ee omar 08 


Proceeding as in the case of three discs, an equation of the degree 
(n — 1) for determining p? can be obtained from (m). The n — 1 
roots of this equation correspond to n — 1 different types of natural 
vibrations of a shaft with n discs. The numerical solution of such an 
equation may present some difficulty and if only one or two of the 
lower types of vibrations are of interest, the corresponding frequencies 
can be obtained directly from the system (m) by successive approxima- 
tions* as follows: 

The system of equations (m) can be written in such a form: 


C2 = Gy “CO (n) 
= O72 — Pid + In¢z), (0) 
bs = b3 — i (Iioy + Inov 2 Ties), (p) 


Making a rough estimate of the value p and taking an arbitrary 
value for $1, the angular deflection of the first disc, the corresponding 
value of $2 will be found from equation (n); then, from equation (0), 


* Several examples of this calculation can be found in the book by H. Holzer, 
“Die Berechnung der Drehschwingungen,”’ (Berlin), J. Springer, 1921. 
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will be found ¢3; from equation (p), ¢4, and so on. If the magnitude 
of p® was chosen correctly, the last of the equations (m) will be satisfied. 
Otherwise, the angles ¢2 and ¢3 must be calculated again with a new 
estimate for p?. 

Another manner of calculating p? will be obtained by considering 
the kinetic and potential energy of the vibrating system. 

The maximum kinetic energy of the system is 

T= Yop?(Lid? + Iago? + 13632 +. . .) (q) 

The maximum potential energy is 

U = Cid — $2)? +44Co(b2 — $3)? + 44C3(o3 — os)? +. . .(r) 

By comparing (q) and (r) 

Ae Ci(o1 — $2)? + Colo — 3)? + . 
Io? + 1262 + . 

By making a rough estimate of p while assuming an arbitrary 
value for ¢i, the angles ¢2, $3, ¢4 can be calculated from (n), (0), (p). 
Substituting their values in equation (346) a better approximation 
for p? will be obtained. Repeating the calculations with this new 
value of p? further approximations will be found. 

Equation (346) is of the same type as equation (324) considered 
before (see paragraph 76); therefore the Rayleigh-Ritz method can 
also be used here in the same manner 
as in studying the vibrations of beams, 
which was explained above. 

A system of equations such as (m) 
will also be obtained in the case of 
vibration of a geared system such as 
shown in Fig. 262. This kind of 
vibration problem has a _ practical 
interest in connection with geared drives for ships.* 


(346) 


Fig. 262.—Vibration of geared system. 


Example 76.—Take, for instance, motor generator set with four rotating masses, 
The moments of inertia of rotating masses are, 
I, = 51,000 lbs. in. sec.? 


I, = 52,000 lbs. in. sec.? 
I; = 71,000 lbs. in. sec.? 
I, = 51,000 lbs. in. sec.? 


* See H. Reissner, Uber die Kraftschlussigkeit von Zahnradgetrieben insbeson- 
dere fiir Schiffspropeller, Ztschr. f. Angw. Math. u. Mechanik, Vol. 4, p. 53, 1924. 
See also T. H. Smith, Nodal arrangements of geared drives, Hngineering, 1922, 
pp. 438 and 467. 
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The dimensions of the shafts are such that 

C, = 1,020 X 108 in. lbs. 
350 X 108 in. lbs. 
(Ob; = UNE) S< MOP shi eis 


Assuming roughly pi = 100 and taking ¢: = 1, it will be found from equations 
(n), (0) and (p) o2 = iy o3 = —1.7, go = — 1.32. 

Substituting in equation 346, pi: = 78 will be obtained. 

The further approximation gives ¢1 = 1, ¢2 = .73, ¢3 = — .70, ¢4 = —.89 and 
pi about 74. 

This solution corresponds to the fundamental type of vibrations with one node 
near the middle of the shaft. For the second mode of vibrations with two nodes it 
will be obtained, by using the same equations (n), (0), (p) and (346). 


p2 = 199. 


ae 
T 


81. Impact.—The problems on stresses produced by suddenly 
applied loads or by a falling weight are of great practical importance. 
The exact solution of such problems involves the study of vibrations 
of the structures and presents great analytical difficulties.* In cases 
where the mass of the structure is negligible an 
approximate solution can be obtained by considering 
the energy of the system. 

Impact Producing Tenston.—A simple example of 
impact producing tension in a prismatical bar will 
now be considered. Taking the arrangement shown 
in Fig. 263, assume that a weight W falls through 
a height A on to a stop mn in such a manner as to 
produce a simple tension in a bar of length 1. Let 
Fro. 263.—Tension z= WI/EA represent the statical extension of the 

Dy IDAPy: bar under the action of the weight W, and d the 
extension produced during impact so that the complete vertical dis- 
placement of the weight W at the moment its velocity becomes zero is 
equal to h + \; then the work done by this load during falling becomes 

W(h +d). (a) 

If the mass of the bar is small in comparison to the mass of the 
falling weight, the loss of energy during impact will be negligible and 
it can be assumed with a sufficient accuracy that the work done during 

* The problem on the longitudinal impact of prismatical bars was solved by 
S. Venant. Further simplifications in solution of this problem were made by 
Sebert and Hugoniot (C. R., 1882, p. 218, 278, 338, 382). Experimental study of 


longitudinal impact, see W. Voigt, Wied. Ann., 19, p. 48, 1883. See also C. 
Ramsauer, Ann. d. Phys., Vol. 30, 1909. 


Impact of bars with spherical ends was studied by T. E. Sears, Cambridge 
Phil. Soc. Trans., Vol. XXI, p. 49, 1908. 
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impact (a) will be completely transformed into the potential energy 
of the bar extension,* provided the limit of proportionality of the 
material is not exceeded. The expression for this energy is 


_ WEA, 
meena & 
and the equation for determining \ becomes 
4 
Me = Wht) (b) 
from which 
N= Aw + Wdo? + Wah. (347) 
If 
ie="0; 
r — DAN 


It means that a suddenly applied load produces twice as great an 
extension as that due to a statical loading of equal magnitude. 
If h is large in comparison with \,, equation 


N= V2Awh (348) 
instead of equation (347) can be used. 
The maximum tensile stress in such a case is 


EX Qrsh 
Pmax = ak = # at ies (c) 


This result can be represented in another form if we remember that 
the velocity of the weight at the beginning of impact is v = ~/ 29h, 
from which 


ee (a) 


Substituting in (c), 
Astv? E Wv? 
Pmax = aye = Al ise (349) 
This means that the stress produced by impact depends not on the 
cross-sectional area but on the volume Al of the bar and on the kinetic 
energy of the falling weight. 

Impact Producing Bending.—The same method, as above, can also 
be used in the case of bending. A simple case of a beam supported 
at the ends and struck midway between supports by a falling weight 
W will now be considered. Let 6 denote the dynamical deflection of 

*This approximate solution was given in the book “A Course of Lectures on 
Natural Philosophy,” p. 135, by Th. Young, 1807. 
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the beam, and P the pressure of the weight W on the beam, correspond- 
ing to this deflection; then 


Ee 
° = 28ET (e) 
or 
48EI 6 
go w 
The potential energy of bending will be 
+ BO QAET 
Pe og pene 
and the equation for determining 6 becomes 
oe 
Wiis 0) = ’, (g) 


where / has the same meaning as an (see Fig. 263). Now, from 


(g), 


pea (GF) 4 2WEh RET te 


where 6s: ok the ae deflection of the beam under the action 
of the load W. 

This equation is of the very same form as equation (347) obtained 
above, and it can be concluded at once that a load suddenly applied 
produces a deflection twice as great as that in the case of a statical 
loading. 

If h is large in comparison with 6,:, equation 


ee) Wee 
= V 26h a 3 (351) 


instead of equation (350) can be used. 

The maximum bending moment during impact will be (see equa- 
tion f) 
Pl 12KI6 
Peas 
and the SSeS maximum stress 


12ak5 
Pmax = ~ p a (352) 


M Wiese aes 


in which a denotes the distance from the neutral surface to the most 
remote fiber of the beam. By using equation (351), 
pags = BOB, [WP 
SR NASR T TG 
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from which 


We? ; UT 
29° =p max¢ 2 Ff (os) 
Taking, for instance, a rectangular cross-section 
eee 
ame aA (g) 
where A is the area of the cross-section, substituting (g) in (353), 
Vel as lA o 
2g a 10) max 18E (354) 


It is seen that for a given value of Pmax the limiting value of the 
kinetic energy of the falling weight is proportional to the volume /A of 
the beam. Taking, for instance, the length of the beam four times 
as great, other conditions for impact remaining the same, the maximum 
stress, from equation (354), will be one-half as great. 

Impact Producing Twist—Assume that a flywheel mn (Fig. 264), 
having a moment of inertia J about the axis of rotation AB, rotates 
with a constant angular velocity w. If 
the motion at the end A of the shaft is 
suddenly stopped, an impact twist of the 


shaft will be produced. By using the EEE aS) 


mm 


same reasoning as before and assuming WP TP 
that the kinetic energy of the rotating | 

~—_———— 1 
flywheel during impact will be completely n 


transformed into the potential energy of — py¢, 964.-—Twist by impact. 
twist of the shaft, the equation for the 

determination of the corresponding torque moment becomes (see Eq. 
BS, p. 29). 


Mel _ To? 
IE, BP 
from which > 
ie ee (k) 


The corresponding maximum stress becomes 


Mid 
Wives; Fae (1) 
(ps) aL, 


where d = the diameter of the shaft. 


From (k) and (1), 
8IGu? 
= ¢ 300 
(a) max ‘| ld? ( ) 
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It is seen that in this case again the maximum stress depends on the 
volume of the structure. For instance, by increasing the length of the 
shaft four times, the maximum stress at impact will be reduced to 
one-half. 

The Effect of the Mass of the Structure.—In our previous considera- 
tions of impact the mass of the structure was always neglected and it 
was assumed that the kinetic energy of the falling weight W will be 
completely transformed in the potential energy of deformation of the 
structure. In actual conditions a part of the kinetic energy will be 
lost during the impact and calculations made above will give an upper 
limit for the dynamical deflection and the dynamical stresses. In 
order to obtain a more accurate solution the mass of the structure 
submitted to the action of impact must be taken into consideration. 

If a moving body, having a mass W/g and a velocity v, strikes a 
resting body of a mass w/g centrally, and if the deformation at the 
point of contact is perfectly unelastic, the final velocity c, after impact 
(equal for both bodies), may be determined from the known equation 


Werte w 
g na, 
from which 
c= eal v. (m) 
W-+w 


Considering rods or beams submitted to impact by a falling weight 
W, it must be noted that only at the point of contact some common 
velocity c of the weight W and of the rod will be established at the first 
moment of impact, and that other points of the structure may have 
velocities different from c. For instance, at the supports of a beam 
these velocities will be equal to zero. Therefore, not the actual mass 
of the elastic structure but some reduced mass must be used in equa- 
tion (m) for calculating the velocity c. The magnitude of this reduced 
mass will depend on the shape of the deflection curve of the structure 
and can be approximately determined by using the method of calcula- 
tion previously explained (see paragraph 75). Taking a suitable shape 
for the deflection curve, the kinetic energy of the structure can be 
replaced by the kinetic energy of a mass concentrated at the point of 
impact. This mass must be substituted in equation (m) for w/g in 
calculating c. 

Consider, for example, a simply supported beam submitted to an 
impact midway between supports, 
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Let W = the weight of the falling weight, 
w = the weight of the beam. 


Assuming that the deflection curve of the beam during impact has the 
same shape as the statical deflection curve produced by the action of 
a uniformly distributed load, the reduced mass of the beam becomes 
{see equation 323, p. 317) 


Then from (m), 


The corresponding magnitude of the kinetic energy of the system 
will be 


ae 
(W + 3.0 Cc 


gi Oa 
29 aed 17 w 
1 35 W 
This quantity must be substituted for 
ve. Wh 
Pye 


in the previous equations (350) and (351) in order to take into account 
the effect of the mass of the beam. The dynamical deflection becomes, 


from (350), 
1 
6 = bs + he + 2d.h Ais NE Dp 
35 W 
By using the same reasoning we obtain for impact, producing tension 
(Fig. 263), 
1 ‘ 
N= Ase te as Qrsth Ee Ti 
1+au 
3 W 


in which 14w represents the reduced weight of the rod for this case 
(see paragraph 75). 

The same method can be used in all other cases of impact in which 
the displacement of the structure at the point of impact is proportional 
to the pressure, The expression for the dynamical displacement 
has always the form 


1 
rN = Asi =F si” ate 2Nsth ane): 
ieee 
W 
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in which kw denotes the reduced weight of the structure. It can be 
calculated if a suitable deflection curve is chosen. The method 
described* gives sufficiently accurate results in cases of thin rods and 
beams if the mass of the falling weight is large in comparison to the 
mass of the beam. Otherwise the consideration of vibrations of the 
system and of local deformations at the point of impact becomes 
necessary to obtain a satisfactory solution of the problem.{ 

If all the dimensions of the bodies submitted to the action of impact 
are of the same order, for instance, in the case of an impact of two 
spherical bodies, a satisfactory solution can be obtained by neglecting 
vibrations and considering only local deformations at the point of 
contact. tf 


Example 77.—The weight W attached to the end of the wire rope CB is moving 
downwards with a Bev EOL v. What stresses will be produced in the rope if the 
end C of the rope is suddenly stopped during the 
motion of the load? What diminishing of the stress 
can be obtained by putting a spring between the rope 
and the weight as shown in (b). Make the calcula- 
tions for the following data 

W = 10,000 lbs. 

v = 3 feet per sec. 
l = the free length of the rope in the moment of 
the sudden stop = 60 feet. 

A = the cross-sectional area of the rope = 2.5 sq. 

ins. 


— 


E = modulus of elasticity for the wire rope = 
10.108 lbs. per sq. in. 
k = 2,000 lbs. = the force producing extension of 


the spring equal to 1 in. 


Solution.—Neglecting the mass of the rope, assume 

Fic. 265. that at the moment of stop the kinetic energy of the 

moving weight will be completely transformed into 

the potential energy of deformation of the rope. Then the equation for deter- 
mining the maximum extension A of the rope becomes 


MEA duHA _ We 
Dy 21 29° 


2 Wh ha) 


* This method was developed by H. Cox, Cambridge Phil. Soc. Trans., p. 73, 
1849. See also Todhunter and Pearson, History, Vol. I, p. 895. Further Develop- 
ment of the theory see, Clebsh, ‘Théorie de l’élasticité,” traduite par S. Venant, 
note finale du pars seen 61, p. 490. 

+ See author’s paper, Bur Frage nach der Wirkung eines ESicaes auf einen 
Balken, Z. f. Math. u. Phys., Vol. 62, p. 198, 1913. 

tSee Hertz, J. f. Math. (Crelle), Vol. 92, 1881. See also Lord Rayleigh 
Phil. Mag. (6 ser), Vol. 77, 1916. 
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from which 


AE , Wr? 
“oy — Xst) Be 
The maximum extension becomes 
WL 
Re te Ny: 


Therefore, due to the sudden stop of the motion, the tensile stress in the rope will 
increase in the ratio 
x v WL v 


et = : 
Mae Anges fo ae (r) 


In our case 
WI _ 10,000 < 60 X 12 


Ast = Wee 25 X10 = .288 in. 
Therefore, the stress during impact will increase in the ratio 
nN v 36 


=1443.41 = 4.41. 


Ase ic V Ys oe V/ 288 X 386 
Its magnitude will be 10,000/2.5 x 4.41 = 17,600 lbs. per sq. in. 
It is seen that with the increase of Xs the effect of impact decreases. 
By putting the spring between the weight and the rope the statical extension 
becomes 


‘a 10,000 _ : 
Ase = .288 + 2000 ~ §.29 in. 
In such case the increase during impact will be in the 
ratio [(from eq. (7)] 


NE Fee ea es 1.80 =f 


he Vag 975.209 mee) 

Example 78.—A circular spring of a constant cross-sec- h 
tion (Fig. 266) is submitted to the action of impact. Deter- "8 
mine the maximum deflection and the maximum stress if 
the magnitude W of the falling weight, the height h, and 
the dimensions of the spring are known. 

Solution.—The statical compression of the spring under 
the action of the load W, from equation (230) will be 


a 
Cee PEL NG a 
For determining the dynamical deflection \ we have, by Fia. 266. 


neglecting the mass of the spring, 
h = Ae t-W dee? + QAdae. 
The maximum bending moment, from equation 229, is 


Die IS WR: 
Ast 
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CHAPTER XII 
TENSION AND COMPRESSION 


TENSION 


82. General.—As mentioned in the introductory remarks, the term 
“Strength of Materials’ used in its widest sense, has two sides, a 
mathematical one, which deals with the different kinds of stresses 
imposed on structures, and an experimental one, which deals with the 
mechanical properties of the materials of which these structures are com- 
posed. The following chapters deal only with the experimental side. 

The application of forces to a solid body causes a deformation 
corresponding to the nature of the applied force, for instance, a pull 
causes an extension while a push causes a shortening. If these forces 
be of sufficient magnitude, permanent deformation of the body may 
be seen when the forces are removed, even supposing these forces 
have not been sufficient to cause fracture. When these forces are of 
less intensity, the body may so recover its original form, on removal 
of such forces, that very delicate instruments are required to measure 
permanent set, should any exist. In the mathematical treatment of 
the subject, this property, which bodies possess of recovering their 
original form provided the stresses causing deformation are removed 
after reaching a certain limit, forms the whole basis for the analysis. 
It readily will be seen that this fact, which can be proved experimen- 
tally, becomes of vital importance to the engineer. It is therefore 
proposed to discuss in detail certain experimental evidence related to 
such phenomena. 

If a bar of material be subjected to a gradually increasing tensile 
stress it will experience progressive extension. If this bar is disposed 
in such a manner that the stress and corresponding extension can be 
measured accurately, such as for instance, by employing a machine 
as shown in Fig. 267 and an extension measuring apparatus as in 
Figs. 268* and 269,*it will befound that within certain limits the exten- 
sion is proportional to the applied stress. 


* The Ewing extensometer in Fig. 268 enables extensions of .00002 inch to be 
measured, which on a 2 inch gauge length corresponds to that produced by a stress 
of 300 Ibs. per sq. inch on steel. The Martens extensometer, Fig. 269 enables 
extensions of .0002 millimeter to be read, which on a 2 inch gauge length corre- 
sponds to that produced by a stress of 120 lbs. per sq. inch on steel. 

353 
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I'ic. 267.—Hydraulic tensile testing machine. 100,000 lb. capacity. 
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Pointed Set Screw 


Pointed Set Screw 


Fig. 268.—Ewing extensometer. 


es 4 Scale 


Mirror 


Telescope 


Speen WM ie 
ee meme te 
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Fig. 269.—Marten’s extensometer. 
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Robert Hooke in 1676 was the first to publish this statement. It _ 
may be noted that this law with few exceptions is in general true within — 
certain limits, for structural materials. 

Referring to Fig. 270 Hooke’s law will be true up to the point A, 
which point is called the limit of proportionality of the material. 
For a low carbon steel the extension of a 2 inch length corresponding 
to the stress at A will be of the order of .002 inch. It will be seen, 
therefore, that sensitive 
apparatus for measuring 
these deformations is 
necessary. 

If for this steel the 
stress be continued beyond 
the point A, the extension 


Cc 


wn 
n 
£ 
BO 
“A 
n 
3 
3 
79) 
0 
Elongation Elongation 
Fie. 270.—Elastic stage of ten- Fic. 271.—Complete tensile test diagram. 
sile test. 


will take place more rapidly; and at a value of stress corresponding to B 
there will be a considerable extension without further increase of 
stress. This point is called the yield point of the material. If the 
loading be still continued, the stress will again commence to ‘ncerease, 
but the extensions will now be more rapid than during the stage from 
Oto A. At the point C in Fig. 271, the maximum force will occur 
and the bar will then commence to contract locally to the point D 
where fracture will occur. The stage from O to A is called the elastic 
stage and that from A to C and C to D the plastic stage. From A to 
C the deformation is uniformly distributed over the length of the 
piece being tested, but beyond C concentration of deformation occurs. 

Every material has a characteristic tensile test diagram, the shape 
of which will depend on the chemical analysis of the material and on 
the treatment which this material has received. Consideration will 
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now be made of the definitions of terms associated with the work so far 
discussed. 

83. Definitions : Elastic and Transition Stages. (a) Elastic Limit.— 
The elastic limit is the maximum stress to which a material can be 
subjected without this material, on removal of such stress, showing 
permanent deformation however small. It will be noted that a 
material may still possess an elastic limit while not necessarily obeying 
Hooke’s law. 

The determination of this value will, as previously stated, depend 
on the accuracy of the measuring apparatus. In order that the 
elastic limit may have a practical significance, it 
is necessary in its measurement to agree as to the 
magnitude of the allowable permanent set. Bach,* 
as will be seen later, takes this permanent exten- 
sion as equal to .0003 of gauge length. Referring 
to Fig. 272 the lines (which in certain cases may 
be curves) OA and OA, are obtained by successive 
loading and unloading for small stress increments. 
When the permanent set x is equal to .0003 of the 
gauge length, the corresponding stress is called the 
elastic limit of the material. 

b. Limit of Proportionality.—The limit of pro- Ploteatinn 
portionality is that stress at which the extension 
ceases to be proportional to the load (point A in _,#!¢-272.—Method 

; ° of determining elastic 
Fig. 270). For certain materials such as low car- limit. 
bon steel the elastic limit and proportional limit coin- 
cide. This is of course not necessarily a general rule. As in the case 
of the elastic limit, the accuracy of determination of this value will 
depend on the sensitivity of the measuring apparatus. When this 
sensitivity is of a high order, cast iront may be shown to possess a 
proportional limit, provided the stress limitation is sufficiently small. 
For the determination of this value the author prefers to use precision 
apparatus and take the stress corresponding to the point of tangency 
as to A in Fig. 270. 

For commercial purposes, however, it is necessary to use some 
other method for its determination. The first one which will be dis- 
cussed is the Johnson{ method. By this, the proportional limit is 
taken as that stress corresponding to a point on the diagram at which 

* Bach, ‘‘Elastizitat und Festigkeit,”’ p. 27, 1920. 


+ Grueneisen, Berichte der Deutschen Phys. Gesellschaft, 1906. 
t Johnston, ‘Materials of Construction,” 5 Edit., p. 10. 
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the rate of deformation is 50% greater than that at the origin. Refer- 
ring to Fig. 273 the curve OAB represents the diagram of the initial 


Stress 


O 


Elongation 


Fre. 273.— Method of determin- 
ing proportional limit. 


stage of a tensile test. OH is the line 
through the origin. The line OD is drawn 
with a slope 50% greater than OZ, L.e., 
DF =1.5 FE. A tangent parallel to OD 
is then drawn to the curve, ‘This locates 
the point C.. The stress at this point is the 
proportional limit, according to thismethod. 
The proportional limit thus found has the 
advantage that it is always governed by the 
slope at the origin. On the other hand, it 
is an arbitrary value and has no real 
physical meaning. 

A second method of determination is 
that used by certain German laboratories. * 
By this method, the limit of proportionality 


is defined as that stress corresponding to a permanent extension of 0.0003 
of the gauge length, determined as shown in Fig. 274. This method again 
gives an arbitrary value, but since the yield point, as will be seen later, 
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Fria. 274.—Method of determining Fie. 275.—Upper and lower yield points. 


proportional limit. 


is determined in a similar manner, it has the good feature of correlating 


these two values. 


* Bach, “Elastizitit und Festigkeit,’’ 1920. 
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A third method is that used by Moore* in which the Johnston 
method is modified so that the slope of the line OD (Fig. 273) is only 
25% greater than OH. This value is again arbitrary. 

ce. Yveld Point.—The yield point is that stress at which an appreci- 
able extension occurs without further increase in stress. 

If low carbon steel is being tested and an autographic record is 
being taken, it will be found that as the point B (Fig. 275) is reached 
a very striking phenomenon makes itself felt. The load will decrease 
from B to B, and then the material will extend considerably without 
further increase in load. If a lever type machine is being employed, 
the beam will drop at point B; if the machine is hydraulic the pointer 
registering the load will remain stationary. Meanwhile, the test 
piece is seen to undergo a visible change. If scale previously adhered 
to the material, it will now be observed to flake off, frequently in 
lines inclined about 45° to the direction of stress. Furthermore, if 
the material is polished, it will be observed that lines appear on the 
material, running also about 45° to the axis of stress and of such 
magnitude that they can be felt. These lines are called Lueders’ lines; 
their occurrence may be employed for determining, in the absence of a 
stress measuring apparatus, this yield point of the material. These 
have a practical application} and are discussed later. 

Referring again to Fig. 275, the reduction of stress at B may be 
considerable: for instance, this was found by Bach to be 13.8% 
Dalbyt found this to be 18%, and Cook§ obtained as much as 27% 
reduction. Bach called B the upper yield point where the sliding 
begins, and B, the lower yield point where extension occurred without 
increase in stress. 

It will be appreciated, therefore, that the yield point for such a 
material is a definite physical phenomenon, showing in a visible manner 
the end of the elastic stage and the commencement of the stage where 
large permanent or plastic extensions occur. Its determination in 
such a case is simple. On the other hand there are many materials 
which do not have any such well defined yield point, and it will now 
be shown that for such materials it is advisable to consider an 
imaginary one. 


* Moore and Kommers, Investigation of Fatigue of Metals, University of Illinois 
Bull., No. 124, p. 50. 

{ Timoshenko & Dietz, Proc. of Amer. Soc. Mech. Eng., 1925. 

t Dalby, Roy. Soc. Proc., Vol. 86, p. 414. 

§ Robertson & Cook, Transition from Plastic to Elastic Stage in Mild Steel. 
Roy. Soc. Proc., Vol. 88, 1913. 
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Referring to Figs. 276 and 277 which represent the initial stage of 
the tensile test diagram for copper in the annealed and in the cold 
worked conditions respectively, it will be seen that no well defined 
yield point exists. If, however, the loads or the stresses corresponding 
to a given extension (in these diagrams this is taken as .004 inch on a 
2 inch gage length) be considered, then these diagrams convey much 
information to the designing engineer, and show that the annealed 
material is inferior. 

It is this conception which has given rise to the adoption by 
German* laboratories of the yield point as that stress corresponding 
to a permanent extension of .002 to .005 of the gauge length. For low 
carbon steel this value will coincide 
with the yield point observed. 

Another method very similar to 4 99 
the previous one is used in certain 
English laboratories whereby the 
yield point, called the proof stress, 
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Fic. 276.—Stress-strain diagram for Fic. 277.—Stress-strain diagram for cold 
annealed copper. worked copper. 


is determined as that stress corresponding to an extension on unloading 
of .005 of the gauge length. They are both arbitrary, but from what 
has been said they are valuable to the engineer. Furthermore, the 
discussion by Charpy* on this same ubject makes it appear that 
there is a general agreement in such adaptation. Accordingly, it is 
from this angle that discussion will subsequently be made of certain 
phases of this work. 

d. Elasticity —As has been seen, a material is said to be elastic if 
the strain imposed by an applied stress entirely disappears on removal 
of such stress. Most materials can be considered, within certain 
limits, as perfectly elastic. 

The factor characterizing extensibility or compressibility is 
measured, for materials which possess a proportional limit, by the 

* G, Charpy, ‘Reception des Metaux,” p. 80, 1917. 
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slope of the line OA in Fig. 270, where the ordinates represent stress 
and abscissae unit elongation. This factor is called the modulus of 
elasticity. 
If |p = stress in lb. per sq. inch, 

x = extension in inches, 

1 = length over which extension is measured, 


x : 
é =- = strain, 


then, 2 = i (356) 


and since ¢ is a number, it will be apparent that the slope as a measure 
of the elasticity has the same dimensions as stress. 

84. Definitions—Plastic and Breaking Stage.—General.—So far 
only the terms associated with the elastic and transition stage have 
been considered. It will now be necessary to discuss the chief charac- 
teristics of the subsequent stage where permanent deformations 
leading up to actual fracture of the material occur. 

As stated previously, a material such as low carbon steel will, 
when the stress is in excess of the yield point, continue to extend with 
increasing stress until a state is reached at which the extension becomes 
unstable: necking begins and further extension continues with decrease 
in load. This continues until fracture occurs. The final form which 
the test piece assumes is made use of to give a measure of the ductility 
of the material. 

This property, which all structural materials possess in more or 
less degree, is of great significance to the designer. As has been 
shown (p. 70 on Stress Concentration), certain types of construction 
such as that having fillets, holes, etc. may be subjected to very high 
local stresses. Material which has the property of ductility can 
yield in these overstressed points and in such manner can s0 
redistribute the stresses as to permit of a more favorable condition 
being obtained. 

Any physical value which gives a measure of such a property must 
therefore be of importance. This leads to a consideration of the ulti- 
mate stress, elongation, and reduction of area values. 

a. Ultimate Strength—The ultimate strength is that stress, calcu- 
lated on the maximum value of the force and on the original area of 
the cross section, which causes fracture of the material. It should be 
noted that, due to the contraction of area which occurs in all ductile 
materials before fracture, this calculated stress is considerably lower 
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than the actual maximum stress value. Taken alone, it has very little 
significance for the designer, but in conjunction with the elastic proper- 
ties it has quite an important place in our conception of physical 
values. For instance, to say that the ultimate stress of 0.37 carbon 
steel in the normalized state is 74,000 lbs. per sq. inch means very 
little, but, due to the mine of experimental data which has been 
accumulated round such a test value, it is known that an ultimate 
stress of 74,000 Ibs. per sq. inch for such a steel implies also a limit of 
proportionality of approximately 35,000 lbs. per sq. inch. 

In other words, the ultimate stress is valuable chiefly in so far as 
it helps toward an estimation of some other more important 
characteristic. 

Elongation.—The elongation is the ratio of increase in length of test 
bar when fractured to the original length. It is usually expressed as 
a percentage and is one of the two factors employed to give a measure 
of ductility. 

It has been found,* however, that this value depends on the geo- 
metrical form of specimen, and therefore for strictly comparable results 
adherence must be made to this similarity law. It was Barba who 
first discussed the importance of form, his statement being that 
geometrically similar test bars deform similarly. In applying this 
law to the case of cylindrical test pieces, if 


l = gauge length in inches, 
= diameter of test bar in inches, then 


C, a constant. 


Ql~ & 


The value of C adopted on the European continent in general is 10. 
= 10, or 


L=113V/a 
where a = area of cross section in sq. em. 
= gauge length in cms. 


Qa 


In England the values given in Table XX XI have been adopted 
having been recommended by the British Engineering Standard Asso- 
ciation, (B.E.S.A.). 


* Barba, Mem. Soc. des Ing. Civ., 1880. 
Batson & Hyde, “Mechanical Testing,” p. 98, 1922. 
} See Report No. 18, of B.E.S.A. 
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TaBLe XXXI 
d inches | a inches? 1 inches 
0.564 | 0.25 2 
0.798 0.500 3 
0.977 | 0.750 34 
These values correspond approximately to the law 
l=4V/a (358) 


In this country the standard recommended by the American 
Society for Testing Materials (A.S.T.M.) is d = 0.5 in. and 1 = 2 in. 


which gives 
l= 4.5—V/a. (359) 

So that for cylindrical test pieces, while different dimensions have been 
chosen for d and 1, there is more or less agreement with the law. 

Where rectangular test pieces are employed, such as for plate 
material, the case is not so simple because this gives rise to the practi- 
cal difficulty of adopting a varying gauge length for different cross 
sections. Considerable divergence from the fundamental law is 
sometimes found for such cases. The British Engineer’s Standards 
Assn. prescribe the sizes given in Table X X XII for plate material. 


Taste XXXII 


Thickness of plate, Width of test | Gauge length, | Relation between J and 
inches bar, inches inches a 
LENS C2 ee 214 8 l = 8.25+/a 
PUI OAT cs nltent wie? oki 2 8 pee ee 
(OW GSS ceca ote 14% 8 = 70 


It will be appreciated that these values are far removed from the 
similarity law however much their adoption may have been influenced 
by the practical aspect. This fact appears to be important; because 
in investigation work these secondary causes should not necessitate 
divergence from the fundamental law in the choice of dimensions. 

Another point worthy of consideration is that of the position 
where the test bar fractures; since this also may considerably influence 
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the results obtained. If the fracture occurs anywhere within the 
middle third of the gauge length the error is of such a small magnitude 
that no correction appears to be necessary. When, however, this 
occurs outside this region such a correction must be made if the results 
are to be strictly comparable. According to the notation adopted if 1 
is divided off into n parts of equal length before testing, and if 

dl = total extension required, 

x = extension on the division containing the fracture; 
then, if the fracture occurs outside the middle third and the number of 
divisions n is even, the extension is given by dl, the measurement being 
always made on the longer part of the test piece. 

dl = x + extension on (n/2 — 1) divisions + extension on n/2 
divisions. If n is odd, this will become dl = x + extension on 14 (n 
— 1) divisions + extension on 4(n — 1), where the measurement is 
again made on the longer part of the test piece. This correction will 
be found to give consistent values of elongation for such special cases. 

Considerable discussion has been made of this elongation factor, 
and it is felt that, due to such divergencies in result, certain discrepan- 
cies may have arisen. This fact has engendered a feeling of doubt 
as to the significance of the value obtained. When it is borne in 
mind that a low elongation value in the presence of other confirmatory 
evidence obtained from the same location may determine (as indicative 
of segregation) the acceptance or the rejection of large forgings 
weighing many thousands of pounds, it will be appreciated that there 
must be no doubt in the mind of the engineer as to what this value 
signifies. There need be no doubt whatever if due cognizance be 
taken of Barba’s work. 

Reduction of Area.—The reduction of area is the ratio of decrease 
in cross sectional area of the test bar after fracture to the original area. 
It is usually expressed in percentage and does not depend on the geo- 
metrical form to such a degree as the elongation value. Hence it is 
considered by some authorities to be a better measure of ductility 
than the elongation value previously discussed. ‘There arises, how- 
ever, the difficulty of measuring this value accurately, especially for 
the rectangular form of test piece. The author has devised a method 
which appears to possess some good features: the fractured ends of the 
test bar are photographed alongside a standard form of test piece. A 
photograph* of such is shown in Fig. 278. 


* This was used by Pilling in his work in the Westinghouse Research Laboratory 
on the ductility of copper. 
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By the use of a planimeter the respective areas can be computed 
from the photograph. Provided the fracture is 
approximately at 90° to the direction of stress so 
that good focus can be obtained for the photo- 
graph this method appears to possess certain yg. 278. Pholosraph 
advantages over that in which direct measure- showing reduction of area 
ment is made from the test piece. Tee arts 

Sometimes the reduction in width may also be used to measure the 
property of ductility on cold-worked material. 


TABLE XX XIII.—Dvctitiry or Copprr 


Annealed Coid worked 
% % 
LON FAONLONe AA caterer Aye sea a: 50 5 
IRGC TO Noa Mikey ng adeno suo he gone 5 60 50 
Reduction widitines. sss. eee eee: 30 6 


In Table XX XIII are given these ductility properties for copper in 
the annealed and cold-worked conditions, the section of test bar being 
0.625” X< 0.078". 

85. Significance of the Tensile Test to Designers.—Summarizing 
these definitions it is seen that they can be divided into two classes: 
first, those dealing with the elastic properties of the material, and 
second, those deailing with the non-elastic or ductile properties. On 
the first depends entirely the possibility of structures withstanding 
the designed loads without permanent set occurring and on the second 
depends the possibility of their being able to carry, in emergency, local 
stresses in excess of those pertaining to elastic conditions. 


COMPRESSION 

86. General.—It has been seen that the tensile test gives values 
for metals used in construction which are of great significance to the 
engineer. It is now proposed to discuss the characteristics of con- 
structional materials subjected to a compressive load. This test is a 
fundamental one for such materials as concrete, wood, cast iron, and 
stone, and is so widely used that certain standard forms of test pieces 
have been adopted for these tests. On the other hand, while not being 
a basic test for steels, certain data is often required by the engineer on 
such material. A general discussion is therefore necessary. 
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In conducting the test there is a possibility of errors arising in the 
results due to the form of test piece, and observance of such must be 
made before a true analysis can be expected. If the test piece is too 
short in comparison with the lateral dimensions the friction occurring 
at the ends will invalidate the results. (Foeppl* found that for 
concrete in the form of cubes when the ends were dry the strength was 
50% higher than that obtained when the ends were greased.) On 
the other hand if the test piece is too long buckling will occur. For 
accurate measurement of elastic deformations a sensitive extensometer 
is necessary. This requires a reasonably long length of test piece, for 


instance, 
1 = 4 to 6d. 


Further discussion will be divided into two parts: ductile materials 
and brittle materials. 

87. Compression of Ductile Materials ——When low carbon steel 
is subjected to a compressive load it will be found, as in tension, that 
the deformation, in this case a shortening, will be proportional to the 
applied stress. In other words, the material will, within limits, obey 
Hooke’s law. The value of the proportional limit will approximately 
coincide with that obtained for tension although Morley+ for low 
carbon steel and Mooref for iron show slightly higher values for 
compression. With further increase 
in stress the yield point will be 
reached, which again will more or 
less coincide with the value obtained 
intension. With further continua- 
tion of loading the test bar will 
commence to increase rapidly in 
Fie. 279.—Photograph of compression area due to the metal spreading un- 

failure of low carbon steel. der the action of the applied load. 
This spreading will increase with 


’ increase in load and for such a material as here considered failure will 
seldom occur. The shape of the test piece when taken from the 
machine will usually be as shown in Fig. 279. 

The modulus of elasticity can again be determined from the slope 
of the line for the elastic stage as described under tension. 

These remarks can be applied in general to all steels possessing a 
fairly high degree of ductility. It will therefore be seen that the more 


* Foeppl, Mitt. a. d. Mech. Tech. Lab. Munchen, Vol. 27. 

} Morley, “Theory of Structures,” pp. 34 and 37, 1912. 

{ Moore & Kommers, Fatigue of Metals, University of Illinois Bull. No. 124, 
pp. 55 and 57. 
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important characteristics of ductile material, such as proportional 
limit, yield point and modulus of elasticity, can be determined in 
compression. <A typical diagram obtained by the author is shown in 
Fig. 280. 

If the material tested is very soft (such as copper or aluminum), 
the test bar will commence to increase in area very rapidly and will 
ultimately assume the shape of a flat disc as shown in Fig. 279. For 
these tests on ductile 
material the cylindrical 
form of test bar is usually 
chosen. The ratio of 
length to diameter must 


be at least four if a g % 
. o 
mirror extensometer has @¢ é 
to be employed; other- 
wise this ratio is usually 
2. In the case of ma- 
terial such as babbitt ; 
metal, Freeman* has i ia ae 
) 
found that the deforma- Elastic stage of com- Complete compression 
ti ; aa a f pression test. test diagram. 
ion 1s Independent o Fig. 280. 


this ratio provided this 
is not greater than 3. Using special equipment the deformation was 
determined on varying gauge lengths, the minimum being !4 inch. 

These results seem to indicate that a ratio of 1:2 is quite satis- 
factory for all ductile materials, and where extra length is necessary 
that a ratio of 1:4 is good for loads up to and slightly beyond the 
elastic stage. 

88. Compression of Brittle Materials.—If a test piece of cast iron 
be subjected to a compressive load so that a sensitive extensometer 
may be used for measuring the deformations, precautions being taken 
that an axial load is obtained, it will be found that for any but very 
small stresses the stress is no longer proportional to the strain, ie., 
Hooke’s law is not obeyed. The relation between stress and strain is 
in such cases no longer a simple one. An exponential relation? has 
been suggested as follows: 


eH = p* (360) 


* Influence of Ratio of Length to Diameter in Compression Tests of Babbitts, 
by Freeman & Brandt. Amer. Soc. Test. Mat. Proc., 1923. 
+ Bach, ‘‘Elastizitat und Festigkeit,” p. 36, 1920. 
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where n = a constant greater than unity, 
E = modulus of elasticity in lbs. per sq. in., 
e = strain, 
» = stress in lbs. per sq. in. 


This is now generally applied to the testing of such material as 
cast iron, stone, and concrete. It will be observed, however, that this 
exponential law is not satisfactory for zero stresses. For a material 
which does not possess a proportional limit, the modulus can be 
expressed as the slope of the stress-strain curve, then from equation 


(360) ; 
= (eH)n 
S = Brel :) (361) 

de 


An examination of this relation will show 
that for n > 1, as the stress approaches 
zero, the slope approaches infinity, L.e., 
the stress-strain curve coincides with 
the axis of stress. For n < 1, as the 
stress approaches zero, the curve will 
coincide with the axis of strain. These 
will give the forms of stress-strain curves 

shown in Fig. 281. 
The work of Griineisen (see p. 356) 
Compression showed, however, that for small stresses 
cast-iron does obey Hooke’s law. A 

Fr1g. 281.—Graphical representa- 4 . 
tion of exponential stress-strain modification of this law has been sug- 


Stress 


n<l 


relation. gested which is known as the parabolic 
relation. 
1 
ay Up =—2 Oe ctr Og petal) hoe (362) 


It will be seen that if p is small the equation (362) can be written 
e = p/E, which signifies obedience to Hooke’s law. 

Therefore, the relation given in equation (362) seems to satisfy 
entirely the stressed condition of cast iron because, when the stresses 
are small, it becomes Hooke’s law and gives for higher stress values a 
straight line merging into the characteristic curve for such a material. 

In Fig. 282 is shown a curve for cast iron according to Bach. 
If the load be continually increased,. fracture will ultimately occur, 
and for such a material as is being considered the plane of this failure 
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will be inclined at an angle to the axis of stress, due to the shearing 
action on this inclined face. A typical fracture is shown in Fig. 283. 
The manner in which brittle materials fracture under compression 
is similar in that the effect of shearing action is more or less always in 
evidence. Cement usually fails by 
double shearing as shown in Fig. 
284, while wood faiis by the fibres 
becoming kinked in form as shown 


Compression 


Stress 


Fie. 282.—Compression test curve for cast Fia. 2838.—Photograph of compression 
iron. failure of cast iron. 


in Fig. 285. The dimensions of the test piece will, however, largely 
determine how this fracture will occur. 

In compression tests on cast iron the cylindrical form of test piece 
is usually employed. This is taken such that the length is equal to 
two diameters. For such materials as stone and concrete the cube 
form has been adopted. It has been shown* that if rectangular test 
pieces are chosen, the effect of frictional forces can be considered as 
eliminated if the length is three times the minimum lateral dimension, 
and that if it is expedient to increase the length further the ultimate 
strength should retain the same ratio to the cubical strength provided 
buckling does not intervene. These results may have important 
applications where a divergence from standard form is necessary. 

In general it will be appreciated from the preceding discussion 
that the most important value obtained for brittle materials is the 
ultimate stress to fracture. In reinforced concrete work, however, it 
may be necessary to take into consideration the deformation of such 
materials under small stresses. It seems opportune therefore to 
finish the discussion by emphasizing that for such materials the ratio 
of stress to strain will be greater for small stresses than for larger ones, 


* Bauschinger, Mitt. a. d. Mech. Tech. Hochsch. Munchen, Vol. 6, 1876. 
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Fic. 284.—Photograph of compression failure of concrete. Reproduced from Elas- 
tizitit and Festigkeil. Bach—1920. 


Fira. 285.—Photograph of compression failure of wood. 
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and that if the modulus of elasticity* is used in design calculations, it 
seems imperative to define the stress at which this modulus value was 
obtained. 

CHEMICAL ANALYSIS 

89. General.—The influence which various elements, either in 
the form of added alloys or impurities, have on the tensile properties 
of metals belongs more or less to the 
domain of metallurgy. It seems, 
however, that the general effects of 
the chief elements must be briefly 
considered because it is important 
for the engineer to know how the 
properties of the materials he uses 
can be improved. 

For this purpose the discussion 
will be divided into three parts: 
carbon steels, alloy steels and non- 
ferrous metals.t Reference will be 
made again, however, in later chap- 
ters to this part of the work. 

90. Carbon Steel.— Annealed or 
Normalized.—As the percentage of 
carbon in steel is increased the 
proportional limit and ultimate 
strength increase while the elong- 
ation and reduction of area values 
decrease. Certain empirical meth- Fig. 286.—Diagram showing effect of car- 

- . bon content on tensile properties. 
odst have been devised for showing 
this change, but a better understanding can be obtained from a con- 
sideration of actual test diagrams. 

In Fig. 286 are shown such diagrams for steels with carbon con- 
tent varying from 0.11 to 1.46, according to Goodman.|| It will be 
seen that these confirm the general statement that increase in carbon 


* According to the definition of modulus of elasticity it will be appreciated that 
this can be applied in a general way for all materials obeying or disobeying Hooke’s 
law. In this latter case it will become the slope at any point on the stress strain 
curve and therefore will be a variable quantity. 

+ Norn.—Unless otherwise stated a diameter of 0.505 inch and gauge length of 
2 inches was adopted for all tensile tests made by the author. 

t Guillet et Portevin, ‘‘Metallographie,” p. 172, 1918. 

§ Goodman, ‘‘Mechanics Applied to Engineering,” p. 300, 1908. 

|| Aitchison, ‘‘Engineering Steels,” p. 140, 1921. 
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content increases the elastic properties as indicated by the proportional 
limit and yield point values, but decreases the ductility as shown by 
the gradual reduction in the elongation and also in the necking effects, 
the latter being entirely suppressed for the higher carbon steels. An 
increase in the elastic properties is only accompanied by a decrease 
in the ductility. In Table XXXIV where the tensile test values* for 
steels varying in carbon content from 0.06 to 0.89 in the normalized 
condition are given, further confirmation of this generalization is evident. 

Means other than an increase in carbon content alone have there- 
fore to be adopted if higher elastic and ductility values are necessary. 
This is usually done by thermal treatment.* The steel as it leaves 


Taste XX XIV.—TueE Errect or CARBON CONTENT UPON TENSILE PROPERTIES 
oF CARBON STEELS 


Yield point Ultimate strength ; a ap ; 

Carbon % ey pounds per square Bee ens eee of 
0.06 29 ,000 47 ,000 46 75 
0.21 38 , 000 56,000 42 68 
0.38 45 ,000 67 ,000 35 56 
0.60 53,700 94 ,000 20 40 
0.89 56 , 000 117 ,000 13 15 


the rolls, or the mould if a cast material, is more or less in a coarse 
granular condition. Any thermal treatment which this material 
undergoes will, if properly conducted, break up this coarse structure 
and give higher tensile values. The treatments generally adopted for 
this purpose are those of annealing and normalizing. Annealing 
consists in heating the steel above its critical range, holding it there 
for a length of time, depending on the mass of material, and allowing 
it to cool in the furnace. Normalizing consists in heating the steel 
above upper critical temperature and allowing the material to cool 
rapidly in the air. In Table XX XV are given values obtained by the 
author on a 0.37 carbon steel for three different states. In this case 
the annealing was carried out by heating the material in bar form 
(21% inch dia.) to 850°C. and cooling in the furnace; the normalizing 
was done by a similar heating, but a cooling in air. 

The advantages gained by the treatment in this case, while con- 
siderable, are not so great as these would be had the material been 
worked at a lower temperature in the last stages of rolling. This 


* For a complete discussion of thermal treatment, reference should be made to 
such work as “Physical Metallurgy,” Rosenhain, 2nd Edition, Chap. XII, 1919. 
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Table XX XV.—TensiLu Properties oF 0.37,CaRBoN STEEL (ROLLED) 
Pp foal Vacldoai Ultimate - 
State limit, pounds | pounds-per | Strength, | | Blon-_ | {00% 
per square inch square inch equate ince gation, 7% area, % 
voll dee scree 27 ,000 31,000 74,000 32 48 .6 
mnmnealed ......0..- 36 , 500 37,800 70,000 32 49, 
Normalized........ 38 , 000 41,500 79 , 200 29 46. 


would have given a cold worked material possessing, as will be seen 
later, a low proportional limit and would have shown a greater 
improvement in tensile properties by the subsequent treatment. 

In Table XXXVI are given results obtained from such a material, 
in this case a 0.32 carbon steel plate in the rolled and normalized 


conditions. 


The normalizing consisted in heating the material in 
plate form to 875°C. and in cooling in air. 
case of the normalizing operation are very striking. 


The advantages in this 


TaBLe XXXVI.—TENSILE PROPERTIES OF 0.382 CARBON STEEL (ROLLED) 


Ultimate 


Proportional Yield point, ies Reduc- 
State limit, pounds pounds per pelae ale. ee *S tion 
per square inch square inch wets Heh & » “ | of area, % 
IRON Cle cece noes ¢ None 37,300 73,000 35 46 
Normalized........ 25 , 500 30,000 73,600 30 49 


In Table XX XVII are given the same values obtained by the 
author from steel castings. 
the material in coupon form to 925°C. and in cooling in the furnace; 
the normalizing was done by heating to 925°C. and cooling in air. 


The annealing was carried out by heating 


Taste XXXVII.—TEnsSILE PropERTIES OF 0.33 CARBON STEEL (Cast) 


Ultimate 


12 tional Yield point, A ; Redu- 
State frit, pounds Doane pet See eee % don of 
per square inch | square inch Scare in » “| area, % 
(CRITI; Ss ieee een 20,000 33 ,500 76,200 26 34 
Annealed.......... 37 ,000 41,200 80 , 000 27 39.5 
Normalized........ 40,500 46 , 000 85,000 PARAS) 45.6 


In Figs. 287, 288, and 289 are shown the photo-micrographs (100 


diameters) of this latter steelin these conditions. 


It will be appreciated 
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te ee 


288,—Photo micrograph of .33 steel 
as annealed. 


we’ a 


: Spin 


~ 


Fic, 289,—Photo micrograph of .33 steel as normalized. 
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from an examination of such that the improvement in elastic proper- 
ties, characterised by the position of the proportional limit, obtained 
without sacrifice in ductility, has been due to a removal of the previ- 
ously coarse condition by the thermal treatment. 
Heat-treated.—Further refinement of structure of carbon steel, 
with corresponding increase in elastic properties can only be obtained 
by heat-treatment. This consists in two operations: (1) heating the 
steel up to a temperature depending on the carbon content, holding 
at this temperature and then quenching in oil or water, and (2) 
tempering. In the quenched state the material has very little ductility 
and the proportional limit may be very low with, in certain cases, an 
entire suppression of the yield point. In this state the material is of 
very little value for constructional purposes. To impart ductility the 
material is then tempered by heating to a temperature depending on 
the degree of ductility required and either cooled in air or again 
quenched in oil or water. This steel will now be found to possess 
high elastic properties and, provided the tempering temperature has 
been high enough, high ductility values also. In Table XX XVIII 
are given results obtained by the author on a 0.37 carbon steel, and in 
Table X X XIX are shown those obtained on a 0.45* carbon steel. 


TasBLE XX XVIII.—TeEnsiLte PRopPERTIES OF 0.37 CARBON STEEL HARDENED IN 
Water 850°C. (214 Dia. Bar) anp TEMPERED 


A = 5 Ultimate 
é Proportional Yield point, ; y Reduc- 
Tempering an 1 as strength, Elon i f 
temperature | mit pounds, | pounds per” | pounds ner_| gation, | ton of 
100°C, 68 , 000 80,000 116,000 16.6 41 
450°C, 65,000 74,000 114,000 18 49 
550°C. 65 , 000 69 , 000 105 ,000 22 56 


Tapnte XXXIX.—TeEnsILE Prorerties or 0.45 Carson STHEL HARDENED IN 
Water 870°C. (14 Dia. Bar) anp TEMPERED 


Tempering Wield point pounds rounds per square| Elongation | Reduction of 
100,000 146,000 11 28 
300°C. 98 , 500 146 ,000 11 oS 
400°C. 103,000 134,000 15 46 
500°C. 87 ,000 123 , 000 22 56 
600°C. 74,000 110,000 26 64 
700°C. 67 , 000 94 ,000 27 66 


* Aitchison, ‘Engineering Steels,” p. 147, 1921. 
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It will be seen by comparing the results given in Tables XX XV 
and XXXVIII that this heat-treatment, by imparting a further 
refinement of structure, does considerably improve the elastic and 
ductility properties over those obtained when the same steel is annealed 
or normalized. It will be noted, on the other hand, that as the 
tempering temperature is reduced the ductility decreases so that there 
is a limit at which such treatment ceases to be beneficial. Further- 
more, for carbon steels of lower carbon content than 0.25 these 
beneficial effects are not so pronounced. Finally, there is the most 
important question of mass effect. 

In an annealed or normalized material the beneficial effects of the 
treatment are apparent at the center of bars at least 6 inches in 
diameter.* It is different, however, with a heat-treated steel. With 
methods in use at present when a carbon steel is quenched, due to the 
immersing medium not being able to extract heat sufficiently rapid, 
the structure on the outside of large sized material will be entirely 
different from that at the’ center. Aitchisont has found that the 
ultimate stress at the center of a 97¢ inch diameter bar of 0.85 carbon 
steel when quenched in water from 850°C. was 217,000 lbs. per sq. in. 
while from the same location in a 2 inch diameter bar the ultimate 
strength was only 125,000 lbs. per sq. in., the treatments being 
identical. t 

Since these treatments appear to be limited in their application 
(1) by the decrease in ductility as the temperature of tempering is 
reduced, and (2) by the mass of the material treated, other means have 
to be considered for improving the tensile test characteristics. This 
leads to a discussion of alloy steels.§ 

91. Alloy Steels.—Annealed or Normalized——The advantages to 
be gained by alloying elements are best seen by an examination of the 
test data obtained. The comparison should be made, however, on 
the basis of steels possessing as near as possible similarity in micro- 
structure. In Table XL are given the tensile properties of a steel of 
carbon 0.35 and nickel 3.4, obtained by the author. The material 
was normalized by being heated to 840°C. and cooled in air. The 

*See the author’s paper published in the Trans. Amer. Soc. Steel Treating, 
Vol. 11, No. 9, p. 812-816, 1922. 

} Aitchison, ‘Engineering Steels,’”’ p. 72, 1921. 

¢ For further data on mass effect, see the Report of the Steel Research Committee, 
Inst. of Automobile Eng., Proc. (London), 1920. 


§ This term is used in reference to such alloying elements as nickel, chromium, 


vanadium, ete. Strictly speaking, carbon steels may be considered as alloy steels 
containing carbon and manganese. 
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third series was given a similar treatment but was tempered at 730°C. 
‘ and cooled in the furnace. 

The advantage gained by the addition of nickel in the carbon steel 
previously discussed (see Table XXXV) can be seen in the higher 
proportional limit obtained while retaining a relatively high ductility 
as compared with the carbon steel having a similar treatment. 


TasLe XL.—TeEnsILe Propertins or 314% Nicke. STEEL 


5 i : Ultimate 
at Ptoportionsl | Kista point, | Tensile | sung, | Bete 
per square inch square inch | equate ince gation, %| area, % 
Peoned........ve5.| 47,000 60,000 105,000 21 42 
Normalized........ 52,000 60,000 104,000 Pape 49 
Normalized and 
drawn........-. 52,000 56,000 95,000 25 49 


If in addition to nickel, chromium be added, the advantages over 
carbon steels are even more apparent. Such data obtained for a steel 
containing carbon 0.23, nickel 3.0, chromium 0.53 are given in Table 
XLI, after this material had received the following treatment: heated 
to 850°C., cooled in the air, and tempered at 670°C. 


Taste XLI.—TeEnsILE PROPERTIES OF NICKEL CHROME STEEL 


Ultimate 
strength, 
pounds per 
square inch 


Yield point, 
State pounds per 
square inch 


Reduction of 


Elongation, % area, % 
’ ‘0 


Normalized............| 86,000 110,000 22 68 
Normalized vi. 6 66 6 a0. 90 ,000 112,000 23 6725 


Heat-treated.—Although alloy steels possess advantages over carbon 
steels in the annealed and normalized conditions, it is held by certain 
authorities that alloy steels are only used to advantage when in the 
heat-treated condition. In other words, full advantage should be 
taken of the alloying element. It is found that this treatment can be 
applied more readily to alloy steels, because, due to the metallurgical 
condition obtaining in such steels at high temperature, the material 
is much more uniform in structure after quenching than that of plain 
carbon steels. In Table XLII are given the comparative tensile 
results on a .31 carbon steel hardened from 850°C. in water and the 
highest form of constructional alloy steels (of carbon 0.30, nickel 4.3 
and chromium 1.44, air hardened from 800°C., the tempering tem- 
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peratures being as indicated). It will be apparent that the increase 
in the elastic properties in the case of the alloy steel far outweighs the — 
slight decrease obtained in ductility values. 


TaBLe XLII.—Comparative TENSILE PROPERTIES OF PLAIN CARBON AND AIR- 


HARDENED NiIcKEL CHROME STEELS 
gece ee ee a a es 


Proportional 3 ; Ultimate Tone 
; LORE OS: limit, pounds ee strength, nie Reduc- 
Material ing tem- ena RESO poun 8 per BOUnGs Der g£ » | onthe 
perature ean square inch Peer 10 
Carboninwe.s sens POOLCS ali asrcce cree 79,000 110,000 19 44 
Nickel chrome...... 200°C. 81,000 174,000 226 , 000 13 2 
C@arbonmeenen saree OUAOe alee woion mic 80,000 113,000 17 44 
Nickel chrome...... 400°C. 120,000 180, 000 220,000 10 36 
Carbon icin ccdsis sce GOO2CS st creme 59 , 000 96,000 26 60 
Nickel chrome...... 600°C. 92,000 141,000 157,000 18 55 
TaBLe XLIII 
Propor- Mee Ultimate i 
; ce point, Elon- Reduc- 
; tional limit, strength, : A 
Material Treatment pounds per gation, | tion of 
pounds per pounds per og 
square E % area, % 
square inch : square inch 
inch 
EO mcarbonwn. cs: Quenched in oil at 102,000 118,000 187 ,000 8 18.5 
825°C.; drawn at 
400°C. 
ONba Carbone... a3: Quenched in oil at 128,000 170,000 201,000 6 20 
2eOMSUiCOMenda. a. 850°C.; drawn at 
0.69 manganese...| 425°C. 
0.43 carbon....... Quenched in oil at 170,000 186 , 000 196 , 000 14 52 
iO chrome... 860°C.; drawn at 
0.41 molybdenum.}| 450°C. 


In Table XLIII are given the tensile data for carbon, silico- 
manganese, and chrome-molybdenum steels obtained by the author. 

While it is seen from these considerations that improved tensile 
test properties are obtained by the use of alloying elements, this does 
not imply that such should always be used in preference to carbon 
steels. The fact that alloy steels are more sensitive to heat-treatment 
may also make the question of surface defects and sharp corners a more 
vital one in heat-treated alloy steels. In other words, the penalty for 
mal-practice in the use of alloy steels may be of quite a higher order 
than that for carbon steels. It is unquestionable at any rate that the 
possibility and causes of flaws in steels have received much more 
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attention since the advent of the alloy material. It appears that it is 
only in cases where high stresses are encountered that their use can 
be justified. While their application in such cases is logical, no plea 
can be advanced to defend those cases where alloy steels are used 
entirely to the exclusion of carbon steels. Furthermore it must be 
appreciated that discussion has only so far been made of tensile tests. 
An advantage in such a test may be real; it may also be imaginary. 
The truth of such will only be appreciated when examination has been 
made of the dynamic forms of testing. 

92. Light Alloys.—It is felt that this subject should not be closed 
without saying a word or two regarding the application of light alloys 
in engineering design. The development of the aircraft engine has 
made it necessary to demand materials which will give maximum 
strength with the minimum of weight. Recent research development 
now appears to have satisfied this demand because aluminum alloys 
can now be produced which have a strength equal to that of low carbon 
steel. 

In Table XLIV are given the results obtained from the Alloys 
Research Committee’s report,* in which is shown specific tenacity for 
different materials. This quanity, being defined as the tensile strength 
in tons per sq. in. (1 ton = 2,240 lbs.) divided by the weight of one 
cubic inch of the material, is a very important design characteristic 
where the maximun strength per lb. weight is important, as in aircraft 
construction. The values for copper and bronze have been added 
by the writer for comparison. 


Taste XLIV.—Revuative Strenctus or Licur ALLoys AS COMPARED WITH © 
Heavy ALLoys 


Material Condition Specific tenacity 
WGwacarbom steel 4) one... 2% Annealed 105 
IBSPONIWHES acorns Heo ates Son eene een Rolled 80 
Copper no ae oe volled 50 
Altommumn alloy (CY icc. ss .cnes: Rolled and heat treated 268 


It will be seen from this table that these light alloys are much 
superior to low carbon steel on this basis of strength per cubic inch. 
Their extended application is therefore to be expected. 

* For complete information on this subject reference should be made to Eleventh 
Report Alloys Research Committee, Inst. Mech. Eng. Proc., 1921. 
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EFFECT OF SPEED 


93. General.—The speed at which loading is applied in the testing. 
of constructional materials in tension and compression appears to affect 
one class of materials more than another, being greater for ductile 
materials. This will appear to be logical when the more detail 
consideration, given to this subject in the next chapter, has been 
considered. 

94. Brittle Material.—The speed effect on brittle material such as 
cast iron has been found by Bauschinger* to be negligible. Since the 
extensions of brittle materialsf are small they are usually never 
measured and the time effect for such is of no practical importance. 

95. Ductile Material.—F or such material as steel, copper, phosphor 
bronze, and brass, Bauschinger* found a difference due to the effect of 
time but this was believed to be masked by the differences in the 
material. This appears to be supported by the results obtained 
by Bacht shown in Tables XLV and XLVI. 


Taste XLV.—Time Errect on TENSILE PROPERTIES OF MepiuM CarBon STEEL 


Ultimate 


Time of test oes ne Elongation, % Se of Remarks 
square inch 
I IASIEAC «Ae 3 Sareen eee ara rea te beacon ct ea 28.7 60.3 Diam. of 
GUSECS a ante wt a ee 79,000 28.6 59.1 T.P.8 mms. 
PAO TWIN. 6a own Re ee en a6 75,600 29 .3 60.9 


Taste XLVI.—Time Errect on TENSILE PROPERTIES OF Low CARBON STEEL 


Ultimate p 
Time of test ee Elongation, % Se of Remarks 
square inch 
DSO CBtereer cada. sree ee eae 56,800 30 70.4 Diam. of 
DENI PATSEC oom sence 56 , 400 31.4 AD! TES 20 
23ymin. 53)seC........-- 54,800 33.8 70.4 mms. 


Results made by the author on 0.32 carbon to determine the effect 
of speed on the proportional limit values are shown in Fig. 290. In 
* Bauschinger, Mitt. a. d. Mech. Tech. Labor. Muenchen, Vol. XX, 1891. 


+ Referred to in Bach, Hlastizitat und Festigkeit, p. 172 & 173, 1920. 
{ Bach, Elastizitat und Festigkeitlehre, 1920, p. 170, 
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the first test the speed was such that an extension of 0.01 inch on a 2- 
inch gauge length was obtained in 2 min. 46 secs., and in the second 
this extension was obtained after an elapse of 17 mins. 28 secs. It 
will be noted that within the 


limits of accuracy to be ex- e 

pected for such tests on a ee ae Exoporioual 
; : Limit Limit 

rolled material, the time effect 

: ones 17 Minut 

is negligible. These results, Z “ i hatatee 4 - desSecodde 

however, only apply to tests 46 Seconds & forextension 

for extension of 01 


having the durations as stated. 
Where the differences in time 
duration are very great in com- 
parison with those given, there Elongation Elongation 
appears to bea marked change. 
Results obtained by Bot- 
tomley* and also by Ewingt show that these effects may be 
considerable. 

Bottomley found that an iron wire loaded at the rate of 1 lb. in 5 
minutes broke at 4414 lbs. and stretched 27%, but this changed to 47 
Ibs. and 7% when the rate of loading was 
altered to 1 lb. in 24 hours. The results 
of Ewing for soft iron wire are given in 
Fig. 291. The fast rate in this case was 
such that rupture occurred in 4 minutes 
and the slow rate took a period 5,000 
times as long for rupture. It will be 
appreciated from such results that the 
time effect for such material does appear 
to influence the values obtained when 
such time is of exceptional duration, 
either very long or very short, but this 
is not a contradiction of Bach’s work 

Per Cent Elongation because the times in his case were com- 
Fra. 291.—Diagrams showing time paratively short. : 
act, 96. Very Ductile Materials.—With 
very ducitle materials such as lead or tin 
the effects of time were found by Bauschinger to be very marked, the 
extension increasing with the time of testing. 


of .01” 


Fie. 290.—Diagrams showing time effect. 


Stress-Pounds per Square Inch (Thousands) 


* Bottomley, Roy. Soc. Proc., p. 221, 1879. 
+ Ewing, “Strength of Materials,” p. 42, 1914. 
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97. Conclusions.—It can be concluded from these results that in 
general for speeds adopted in practice there will be no great effect on 
the values obtained in a tensile test due to a change in speed, subject 
of course to the following reservations: With very slow speeds of 
testing extending over many hours a reduction in elongation may in 
some cases be expected from that value obtained by a higher testing 
speed. Furthermore, the phenomena of yield requires, as has been 
seen, a definite period of time to complete. In tests where the propor- 
tional limit is being determined the speed of machine must be suffi- 
ciently slow to allow extensometer readings being taken, and in such 
cases the yield point is usually determined at the same comparatively 
slow speed. In many cases, however, the yield point alone is required 
and in such cases the testing speed may be considerably higher than the 
maximum possible for proportional limit determinations. In such 
cases due to this period of time being necessary when the material 
yields, it is conceivable that this value may be considerably higher than 
would be obtained at a slower speed, which appears to have been 
confirmed by Ewing’s tests. Again these remarks are only true for 
tests at normal temperature. In tests at elevated temperatures a 
large variation of values may be expected with comparatively small 
changes in speed. 

Bach* found large differences in the values obtained when testing 
at temperatures varying from 300°C. to 400°C. In Table XLVII are 
shown these variations for the usual speed and a considerably slower 
speed for medium carbon steel. 


TaBLeE XLVII.—Tue Errect or TIME AND TEMPERATURE ON THE TENSILE 
PROPERTIES OF CARBON STEEL CASTINGS 


300°C. 500°C, 


Physical value 


Usual speed 


Much slower 


Usual speed 


Much slower 


Ultimate strength lbs. per sq.in.| 60,400 58 , 500 29 , 000 22,200 
Elongation %. Senet 19.0 Pavel! SINGS 41.4 
Reduction of area Ro ARE 49.4 52.8 TOG 57.0 


These results have also been confirmed by the author for medium 


carbon steel (0.37 C.). 


Three diagrams obtained from such tests 


are shown in Figs. 292 to 294 and are self-explanatory in showing 


speed effects. 


* Bach, “Elastizitat und Festigkeit,” p. 170, 1920. 
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It is therefore necessary to bear in mind that, while speed of testing 
may not be important for tests at normal temperature, at higher 
temperature this factor becomes fundamentally so and it appears to 
the author that where speed is not recorded for high temperature 
investigations, this omission tends towards making the results invalid. 


500° C 


0 Hours, 
6 Minutes 


500°C 
4 Hours, 


500° C 


Stress 
Stress 


1 Hour, 


10 Minutes 0 Minutes 


Stress 


Elongation Elongation Elongation 
Fig. 292.—Diagram Fig. 293.—Diagram Fie. 294.—Diagram 
showing time effect. showing time effect. showing time effect. 


EFFECTS OF HIGH TEMPERATURE 


98. General.—Tests for determining the strength of materials at 
high temperature have been carried out since the early part of the 
nineteenth century,* and have by different investigators been con- 
tinued until the present time.t Modern research, however, has 
supplied us with more information on this subject and it is now gen- 
erally known that the elastic and ductile properties of metals are 
considerably modified by temperature effects. It will even be seen 
in the following chapter that in certain cases material, even when 
exposed for a short time to moderate temperatures, will show entirely 
different elastic characteristics. We are not concerned with the effects 
of mere exposure here, however, but rather with those values obtained 
when the material is tested at those elevated temperatures. 

99. Steels.—Hffect on the Elastic Properties of Steel.—The effect of 
high temperature on the elastic properties of steels is such that in 


* Fairbairn, Brit. Assoc. Rep., p. 405, 1856. 
+ Martens, Mitt a. d. Tech. Versuchsamstahlten (Berlin), 1890. 
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general these are reduced. In Fig. 295 are shown the variations in 
yield point and modulus of elasticity for low carbon steel from tem- 
peratures of 20°C. to 600°C., which were obtained by Lea* on 0.75 in. 
diam. test bars. It will be noted that at a temperature in the region 
of 570°C. the yield point, determined in this case by the drop of the 
beam, and modulus of elasticity values have become approximately 
half of what these were at normal temperature. This general decrease 
in yield point is also confirmed by Bach,t curves of which tests are 
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Fig. 295.—Tensile test properties of low carbon steel at high temperatures. 


given in Figs. 296 to 299. In this case the yield point as obtained 
from the autographic record is suppressed entirely, at a temperature 
of 400°C. 

This suppression of yield point for a low carbon steel (.19C.) was 
found by Carrington{ to occur at a lower temperature on test bars (0.5 
inch dia. by 2 inch gauge length), but this discrepancy may have been 
due to a difference in chemical analysis or to a variation in the speed 
of testing, which, as we have seen, is very important in such work. 

*Lea, Engineering, p. 487, October 16, 1914. 

+ Bach, “Elastizitat und Vestigkeit,”’ p. 174-175, 1920. 

t Carrington, Engineering, p. 69, Jan. 18, 1924. 


TENSION AND COMPRESSION 385 


Carrington also concluded that the proportional limit values for such 
a material followed very closely the yield point values. These propor- 
tional limits however were in his case obtained like the yield points, 
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Fie. 298. Fig. 299. 
Fias. 296, 297, 298 and 299.—Tensile test diagrams for low carbon steel at various 
temperatures. 


from autographic diagrams and not from precision instruments. <A 
contribution to the subject by Welter,* which is a very good and 
comprehensive one, discusses in detail the variation of elastic limit, 


* Welter, Elastizitat und Festigkeit von Spezialstahlen bei hohen Temper- 
aturen. Forschungsarbeiten, Vol. 230. 
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Fra. 300.—Tensile test properties of steels at high temperature C 0.37 Mn 0.76 Si 0.4. 
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Fic. 301.—Tensile test properties of steels at high temperature C 0.49 Mn 1.05 Si 0.58. 
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Fig. 302.—Tensile test properties of steels at high temperature C 0.74 Mn 0.78 Si 0.04. 
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Fra. 303.—Tensile test properties of steels at high temperature. C 0.13 Mn 0.48 Si 1.1 
Cr 0.29 Ni 4.2. 
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proportional limit, yield point, and modulus values for medium carbon, 
high carbon, and alloy steels. In all the tests, precision apparatus 
was used for measuring extensions and the yield point was always 
determined as that stress corresponding to a given extension. Certain 
characteristic curves from this work are given in Figs. 300 to 303 for a 
test piece, diameterof8mm. It will benoted that for the higher carbon 
and alloy steels there is a general reduction in the elastic properties 
for increase of temperature, but that for the medium carbon steel there 
is first an increase up to approximately 200°C. and then a continuous 
decrease. These exceptions to the general rule have not yet been 
confirmed by other investigators. 

Effect on the Ultimate Strength and Ductility of Steel—The effect 
of high temperature on the ultimate strength of steels is in general an 
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Fie. 304.—Tensile test properties of steels at high temperature. C 0.33 Mn 0.58 Si 0.18 
Cricol Ness. 


increase with increase in temperature up to a certain limit, beyond 
which further increase in temperature will result in reduction of the 
ultimate stress. The results of Lea* on test bars 564 dia. by 2 inch 
gauge length and Bachf confirm this for low carbon steels, (see Figs. 


* Lea, Engineering, p. 487, Oct. 16, 1914. 
+ Bach, “Elastizitat und Festigkeit,” p. 174, 1920. 
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295 and 298) and those of Welter* add confirmation for medium carbon 
steels. An examination of Welter’s results show however that, for the 
higher carbon steels, small increments of temperature cause in general 
a slight reduction in the ultimate strength values, but further increase 
in temperature will increase this value to a maximum which will then, 
as explained above, cause a decrease with further temperature increase. 
In the case of certain alloy steels it appears that no increase in this 
value takes place as shown in Fig. 304 for nickel chrome steel, but that 
the strength continues to fall away as the temperature is increased 
for the normal. 

The ductility properties as characterised by the elongation and 
reduction of area values generally commence to decrease up to a tem- 
perature of approximately 150°C. and then commence to increase 
with further temperature rise. The minimum elongation does not 
necessarily coincide with the minimum reduction of area nor does either 
of these coincide necessarily with the maximum value of the ultimate 
stress, according to Welter and Carrington. It seems to be conclusive 
that the variation in these ductility properties largely depends on the 
analysis of the steel, as an examination of Figs. 302 and 303 will 
undoubtedly show. For instance, the alloy steel given in Fig. 303 
shows an increase in both these values up to 100°C., which is a contra- 
diction of the general rule. 

100. Non-ferrous Alloys.—We have seen in the previous paragraph 
the general reduction, with increase of temperature, in the elastic 
and strength properties of steels. It has been seen that for steels 
this can be of a high order and it will now be shown that for non-ferrous 
material the effects of temperature may be more striking. 

Effect on the Elastic Properties —The results obtained by Leat 
on manganese bronze and gun-metal are shown in Figs. 305 and 306. 
It will be noted that the proportional limit of the manganese bronze 
at 350°C. has nearly decreased to zero while for the gun-metal at 
450°C. it has become only half its original value at 20°C. The 
modulus of elasticity at this temperature meanwhile decreased 35% 
for this latter material. 

Effect on the Ultimate Strength and Ductility.—A glance at Figs. 
305 and 306 will show that temperature has a much greater effect on 
the strength of these alloys than upon carbon or alloy steels, and at a 
temperature of 450°C. the ultimate stress value may only be a small 


* Welter, Forschungsarbeiten, Vol. 230. 
+ Lea, Engineering, p. 294, August 27, 1920. 
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percentage of what it was at normal temperature. The loss in 
ductility as measured by the drop in elongation with rise in tempera- 
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Fia. 305.—Tensile test properties of manganese bronze at high temperature. 
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Fia. 306.—Tensile test properties of gun-metal at high temperature. 


ture is also very marked in the region of 300°C. Since the results 
obtained by Bach* for bronze confirms this fact, it appears to be a 
* Bach, ‘“Elastizitat und Festigkeit,’’ p. 179 and 180, 1920. 
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characteristic of these materials. Bach found the drop in elongation 
between 200°C. and 300°C. to be 67%, and at 400°C. the elongation 
was so small that it was impossible to record. This loss in ductility 
for such material seems from the designer’s point of view to be of 
more than passing interest. It appears only to be applicable to the 
alloys discussed, for in the case of aluminium alloys* there may be an 
increase of elongation with rise in temperature from 250°C. to 350°C. 

101. Cast Iron.—It is interesting to note, in view of what has been 
said on steels and non-ferrous alloys, that the ultimate strength for 
cast iron} remains practically constant up to 300°C., while even at a 
temperature of 570°C. the strength is more than half its value at 
normal temperature. 

102. Conclusions.—In general, the fact we have been endeavoring 
to emphasize is that from the designer’s point of view the calculations 
which he has made applicable to normal temperature conditions will 
in no wise apply to those cases where high temperatures prevail. 
A structure which is just strong enough at 20°C. may be too weak 
at 400°C. For example, in cases where vibration is to be expected 
it is necessary to observe that critical speed values, depending as they 
do on the modulus of elasticity, are liable to change with increase in 
temperature. Due recognition of these facts is essential. Another 
point is evident from this discussion, which will be developed in more 
detail later, namely, that it is vitally important that the designer 
should know the factors which influence the properties of the materials 
he uses. ‘This is true for all conditions but more especially for those 
of high temperature. What is peculiarly characteristic for one 
material may or may not hold for another. As the subsequent 
chapters are developed, it will be appreciated that the possibility of 
good design rests entirely on these fundamental conceptions. 

* Hleventh Report of Alloys Research Com. Inst. Mech. Eng. Proc. (London) | 


p. 31, 1921. 
+ Bach, “‘Elastizitat und Festigkeit,” p. 180, 1920. 
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THE ELASTIC STAGE MODIFICATIONS 


103. Overstrain.—General.—In the previous chapter it was shown 
that the first stage of the tensile test, embracing as it does the propor- 
tional limit and yield point values, where these exist, is of the utmost 
importance to the engineer. So far, general forms of the diagram 
have been considered, but it will now be necessary to discuss in detail 
how -these forms become modified by a 
variety of factors. 

Low and Medium Carbon (0.1 to 0.6 C) 
Steels.—If a test bar of low carbon steel be 
loaded in tension to a point in excess of the 
yield point, as at A in Fig. 307, and the load 
be removed, then if the reloading be imme- 
diately carried out, it will be found, first, 
that the proportional limit is either entirely 
suppressed, the material not obeying Hooke’s 
law at all, or will be very low and, second, 
that the yield point is much higher than 
before, corresponding approximately to the 
value of stress which was reached in the 
first loading. Ewing* found that the pro- 
portional limit for carbon steel occurred at 
57,400 lbs. per sq. inch for the first loading, 

Unit Elongation and the yield point occurred at 62,600 lbs. 

Fia. 307.—Diagram of over- per sq. inch when a permanent extension 
strain forlow carbon steel. of 0.14 inch on a 9 inch gauge length took 
place. On the first reloading the proportional limit had dropped 
to 11,500 lbs. per sq. inch. If after the unloading an interval of 
time is allowed to elapse, then, on reloading, a still higher value of 
the yield point will be obtained as at C in Fig. 307 and the material 
may be found to again obey Hooke’s law and possess a proportional 
limit, the magnitude of which will depend on the time elapsing between 

* Ewing, “Strength of Materials,” p. 35, 1914. . 

392 


Stress-Pounds per Square Inch 


THE ELASTIC STAGE MODIFICATIONS 393 


10 Minutes 


Stress 


Elongation 


Fig. 308.—Diagrams of overstrain and recovery for low carbon steel. 
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Fia. 309.—Diagrams of overstrain and recovery for medium carbon steel. 
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the unloading and reloading and upon the material. It will therefore 
be appreciated that a hardening or stiffening process has been going 
on in the material during this period of rest. In Fig. 308 are shown 
three curves plotted by the author from the results of Ewing obtained 
on the material previously mentioned. It will be seen that 10 minutes 
after straining, the material ceases to obey the proportionality law, 
but after 5 days it has recovered in part its elasticity, and after 21 days 
has nearly completely recovered. 
It has also been shown that material 
of this same class can have its recover 
yhastened by exposure to a tem- 
perature of boiling water (100°C.). 
This is shown very clearly in Fig. 
309 which is again according to 
Ewing. 

The curve A was obtained from 
medium carbon steel on the pri- 
mary test. B was obtained 10 
minutes after A. The material 
was then subjected toa temperature 
of 100°C. for 4 minutes and curve 
C was obtained. It will be seen 
that the material has recovered its 
elasticity, having a definite pro- 
portional limit and yield point both 
occurring at much higher stress val- 

- ues than in the first test. Curve D 
Elangation was gotten after further stressing 
Fra, 310.—Diagrams of overstrain and re- and eee ese hs sie 
covery for medium carbon (.35 C) steel. ING and recovery can be continued 

until the test bar will finally fracture 
in a manner resembling hard steel with low elongation and reduction 
of area, and at a stress value considerably in excess of the ultimate 
strength of the material obtained in an ordinary test. 

In Fig. 310 are shown results obtained by the author on a cold 
worked medium carbon steel. Curve A was the primary test, the 
loading being continued until a stretch of 0.11 inch on an original 2 
inch test piece was obtained. The test bar was then unloaded, and 
after 1514 hours the curve B was obtained. It will again be seen that 
whereas in the first test the material did not appear to possess a pro- 
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portional limit, after straining and resting it continued to obey Hooke’s 
law up to a stress of 64,000 Ibs. per sq. inch. Curve C was obtained 
on another test bar of the same material without resting, the elongation 
and reduction of area in this case being slightly higher. This then 
is the general principle of overstrain and recovery from such. It 
must clearly be understood, however, that so far discussion has only 
been made of low and one medium carbon (.35 C) steels. 

High Carbon and Alloy Steels—It is now known that while this 
principle of overstrain can be applied to all steels, the recovery after 
resting is not general in its application. In some cases the boiling 
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Fig. 311.—Diagrams of overstrain and recovery for 3.7 % nickel steel. 


Elongation 


water treatment will even show no tendency to make the material 
recover. This refers to high carbon and alloy steels. Dalby* has 
shown that a lapse of 6 days had a negligible effect on an overstrained 
0.8 carbon steel. This is true likewise with a nickel steel. 

In Fig. 311 curves{ are given for a 3.7% nickel steel. Curve A 
was obtained from the primary test and gave the limit of proportion- 
ality at 58,000 Ibs. per sq. inch and yield point at 67,000 Ibs. per sq. 
inch. Curve B, taken after a 2% stretch on a 5 inch gauge length, 
showed that the proportional limit had disappeared. Curve C was 
obtained after a 6% stretch, and D was obtained after turning the bar 
to a slightly reduced diameter, the time interval between C and D 
being 24 hours. The piece was then boiled for one hour and curve E 


* Dalby, Phil. Trans. Roy. Soc., Series A, Vol. 221, 1920. 
+ Dalby, “Strength and Structure of Metals,” p. 137, 1928. 
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was obtained, which showed no elastic recovery. Finally the bar was 
heated to 550°C. and kept there for 30 minutes. The subsequent 
curve F showed complete recovery of 
elasticity due to re-crystallization, with 
a slight raising of the proportional 
limit and yield point values. 

In Fig. 312 are shown results ob- 
tained by Dalby on a low carbon steel. 
A was the first pull. D was taken 
after a stretch of 2%; F after a stretch 
of 4.2%, while after 15 days the curve 
G was obtained showing complete elas- 
tic recovery. 

Conclusions.—These results can be 
Fic. 312.—Diagrams of overstrainand Summarized by stating that straining 

recovery for low carbon steel. a steel beyond its yield point will make 

the material partially lose its elas- 
ticity. In the case of low and medium carbon steels the new strained 
state of the material will be more or less unstable because its recovery 
takes place either slowly or rapidly, depending on external condi- 
tions. In the case of alloy and high carbon steels, on the other 
hand, this strained state appears to be more stable, and recovery is 
only possible after the elapse of very long periods of time or by the 
subjection to higher temperatures. In all cases, however, the material 
after recovery has assumed new characteristics, namely, higher pro- 
portional limit and yield point values in tension and will if fractured 
show less ductility. Excluding annealing of the material at tempera- 
tures above the critical range, the material is permanently changed by 
this stressing from what it was originally. These facts have an 
important bearing on the theory surrounding such phenomena, which 
will be discussed later. 

104. Cold Work and Quenching Effects.—Cold Work Effects.— 
If a material in the process of manufacture is being deformed while 
the temperature is gradually falling from a previously high tempera- 
ture, the effect of this deformation will at first not be shown, because 
the temperature will be sufficient to enable the material to anneal 
itself. If deformation is continued, however, a point will be reached 
at which the temperature will be insufficient for this annealing and if 
cooled, the effects of deformation will not be obliterated. Such a 
material is said to be cold-worked and will exhibit the same tensile 
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properties as an overstrained material previously discussed. Subse- 
quent annealing will however remove these effects. The temperature 
at which this cold working will begin will depend on the material; 
for instance, 400°C. can be considered as hot working for aluminum 
alloy but as cold working for steel. 

From what has been said previously on the effects of overstrain it 
can be assumed that cold working will increase the ultimate stress and 
reduce the ductility. Examination of Fig. 313, which is according to 
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Fre. 313.—Tensile properties of cold worked steel. 


Aitchison,* will prove this to be the case, the abscissa of these curves 
representing the reduction of initial cross-section in percent, which is 
considered to be a measure of the intensity of cold work. 

It will therefore be seen that the loss in ductility determines to 
what extent this cold working can be carried out. Similar to an 
overstrained material, a cold worked material shows decided changes 
in the form of the tensile test diagram, when subjected to low tempera- 
ture effects. According to Rosenhain} the effects of this annealing are 


* Aitchison, ‘‘ Engineering Steels,” p. 267, 1921. 
+ Rosenhain, “Introduction to Metallurgy,” p. 268, 2nd Ed., 1919. 
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as follows: First, there isa mechanical softening leaving the strained 
structure unaltered; then there is a process of gradual re-crystallization 
from the previously deformed structure. The point which requires 
emphasis is that according to expert metallurgical opinion the change 
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temperature stated. 


occurs in these two steps. A very important paper on the effect of 
annealing on cold drawn steels was contributed by Rees.* Tests were 
carried out on low carbon and high carbon steels, the former being cold 
worked until the area was reduced 14.8% and the latter 8.1%. Curves 
in Figs. 314 and 315 are reproduced from this work. 
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Fig. 315.—Load extension diagrams—high carbon steel (.85 C). Annealed for 1 hr. at 
temperature stated. 


It is seen from these diagrams that the effect of the low temperature 
annealing is to increase the value of the proportional limit while the 


* Rees, Effect of Low Temperature Annealing on the Mechanical Properties 
of Cold Drawn Steels, Iron & Steel Inst. Jour., 1923. 
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yield point remains more or less unchanged up to a temperature of 
300°C. The increase in the tensile properties due to the cold work was 
also accompanied by a decrease in the compression properties; although 
both were increased by the annealing operation as shown in Fig. 316. 
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In other words, the cold working produced a directional effect on the 
material similar to overstrain. 

In Fig. 316 is also shown, in diagrammatic form, the results of the 
complete tests obtained on high carbon steel. This diagram is 
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decidedly interesting in that it shows very clearly that as the annealing 
temperature is increased, the distance separating the yield point and 
proportional limit decreases. In other words, the form of the elastic 
stage of the tensile test diagram becomes more sharp (see Fig. BRS) 
What has been said about the high carbon steel applies more or less to 
the other materials tested. 


QUENCHING EFFECTS 

Modification of the tensile test diagram does not belong entirely 
to materials which have been mechanically strained. This can also 
be produced by thermal effects and it is generally accepted that the low 
proportional limit occurring in strained material is also met with in 
untempered quenched steels, the treatment of which was discussed in 
Chap. XII, paragraph 90. Steels possessing a proportional limit and 
yield point when fully annealed may have both suppressed when 
quenched from above the critical range. Inarecent contribution to the 
literature of the subject, Aitchison* has shown that the quench hard- 
ened steel and the cold worked steel are not the same in that stressing 
slightly above the proportional limit in the work hardened steel will 
lower the proportional limit value, while a similar stressing in the case 
of the air hardened material will raise it. The explanation advanced 
for this difference, which appears to be logical, was that the cold work- 
ing had so deformed the material that further stressing tended to 
increase this deformation. Another very striking difference was 
found between the two steels. The quenched steel tempered for a 
long time at a temperature of 100°C. had substantially the same 
enhanced properties as when tempered for a short time at a higher tem- 
perature. In the cold worked material a prolonged heating at 100°C. 
did not produce such a large alteration in the proportionality limit. 
The fact that cold worked material appears to offer more stability 
than quenched steels is not strange when it is remembered that an 
overstrained material is in some cases unstable and in others stable. 


PRACTICAL APPLICATION OF COLD WORKED MATERIAL 


Cold worked material is in certain applications very useful in 
engineering practice, being applied in such cases as banding for gun 
barrels and hydraulic cylinders. Its use in the case of wire is further- 
more well known. The beneficial effect of cold working of the light 
alloys of aluminium are fully discussed in the eleventh Report of the 
Alloys Research Committee, previously mentioned. The danger 


* Aitchison, The Low Apparent Elastic Limit of Quenched or Work Hardened 
Steels, Carnegie Mem. of Iron & Steel Inst., Vol. 12, 1923. 
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incurred is that the advantage of cold working can disappear if the 
material is subjected to a high temperature. Referring to Figs. 276 
and 277 the curves thus obtained by the author on pure copper are 
shown. In the cold worked condition the extension corresponding 
to a load of 2,100 Ibs. was .04 inch on a 2 inch gauge length, but after 
the material had been subjected to a temperature of 400°C. the load 
for the same extension was only 1,000 lbs. Furthermore, as will be 
discussed later, the advantages only persist if the applied loads are 
static. Alternating loads appear to dissipate at least in part the cold 
working effects. In short it is important to bear in mind that strain 
hardness produced by cold work is at best not a particularly reliable 
factor in design work. 

105. Time Effect Stresses within Elastic Limit.—General.—As 
discussed at the beginning of Chap. I, the mathematical treat- 
ment of the subject of elasticity is simplified by assuming that 
the form of a body depends only on the forces which, within the 
limits of elasticity, act on it at the time, and not upon those which 
have ceased to act. Since this is a very important assumption it is 
necessary to examine it in certain detail in order to determine as far 
as possible its justification since it leads us directly into a consideration 
of teme effects, which, as we have seen in Chap. XII, paragraph 97, ° 
may be of real significance for a true knowledge of the physical prop- 
erties of materials. 

Elastic after Effects—In our previous consideration of this subject 
it was assumed that for a steel test bar loaded and unloaded within 
the limit of elasticity, which for such a material is also taken, as we 
have seen, as coinciding with the limit of proportionality, no retarda- 
tion in the strain takes place, but that the strain obtained after unload- 
ing always remains the same. ‘This is not rigidly true because it is 
now known that constructional materials when stressed within the 
range of elasticity will show a change of strain with the time due to 
what is termed after effect. These effects may either be of a thermal 
or an electrical nature. Much work has been done by various investi- 
gators* on this subject. It is our intention to discuss in some detail 
those after-effects due to temperature. 


* Weber, De Fili Bombycini vi elastica, Poggendorf’s, Annalen, Vol. LIV, 1835, 
An Abstract is given in ‘‘History of Theory of Elasticity,” Vol. I, p. 389. 
Todhunter & Pearson, 1886. 
Kelvin, Elasticity, ““Ency. Brit.,” 9th Edit. 
Gough, Properties of Indian Rubber, Manchester Phil. Mem., Vol. 1, 1805. 
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A graphical illustration of the temperature effect is shown in Fig. 
317. Ifa test bar be loaded quickly in tension from O to A, then at A 
the temperature will be lower than the surrounding medium and after 
a certain time it will absorb heat and expand to B. On unloading to 
C, it will now be at a higher temperature than the surrounding medium 
and it will complete the cycle of operations by cooling down and con- 
tracting to O the original value. The line OA gives the adiabatic modu- 
lus of elasticity and OB gives the zsothermal modulus.* Due to this 
thermal effect it will be appreciated that looping is obtained within the 

elastic conditions of the material. This loop- 
Bing is of course very small and, while its mag- 

nitude is of no practical significance to the 
engineer, stillit is present. Lord Kelvin gave 

an explanation of this from a thermo-dynamic 
standpoint by stating that any solid has its 
temperature reduced by straining in opposi- 
tion to its own elastic forces and raised by 
yielding to these forces, provided the strength 

of such would decrease with increase in tem- 
perature. Certain after-effects of an electri- 

5 cal naturet have also been observed when 
Elongation there is stressing within the limits of elasticity, 
Brae eee bikers Gentes: and it appears that there is a more or less com- 
tic after-effect. plete analogy between the action of an electric 

current and a force mechanically applied. 

We are only interested, however, in recording these various effects 
and referring to the various literature on the subject. In general, 
they are only of passing interest to the designer. What concerns us, 
however, is that in a recent contribution to this subject by Joffet all 
after-effects of ideal elastic crystals can be explained if such phenomena 
as temperature and electrical effects be considered. This will be 
developed in more detail in a subsequent paragraph and appears to 
be fundamental with regard to our conception of elastic and propor- 
tional limits. 

106. Time Effect Stresses beyond the Elastic Limit—General.— 
From the previous discussion of the subject it will have been gathered 

* Searle, ‘Experimental Elasticity,” p. 20, 1920. 

+ Wertheim, Les sons produits par le courant electrique, Ann. de Chimie, 
Vol. XXIII, 1848. 

{ Joffe, Elektrizitatsdurchgang durch Kristalle, Ann. d. Physik, Sept., 1923 
This contains references to all previous work by the same author on this subject. 
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that the various factors, elastic limit, proportional limit, and yield 
point are liable to undergo decided modification, due to a variety of 
causes. Since these values are vital to the designer as an index of the 
material, it is important that as much enlightenment as possible 
should be given of the underlying causes and possible explanation of 
these changes. On the basis of recent research, an attempt will 
therefore be made, in the remainder of this chapter to discuss these in 
more detail with the view of arriving at some conclusions regarding 
them. 

Geiss Theory.—To begin with, the question might be asked, why 
certain materials do not obey the proportionality law in one condition, 
but yet may do so Jn another condition. This is a very important 
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Fria. 318.—Tensile test diagram for cast iron showing time effect. 


matter for the designer and appears worthy of our attention. Accord- 
ing to a recent contribution to the literature by Geiss* it seems that 
the extension of all crystalline materials can be completely explained 
if the time factor alone be taken into account. In other words, 
the relation between stress and strain can be written in the form 
e = o(p) + gilpiti) 
where e, p, and ¢ represent the strain, stress, and time, respectively. 
Geiss assumed that the first term was linear in p, and a material which 
showed no time effect would therefore follow Hooke’s law. Conversely 
* Geiss, Zur Elastizitit der Metalle, Z. f. Metallkunde, Nov., 1923. 
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if it did not do so, then this could only be explained on the grounds of 
time effect. To support these conclusions, certain experimental 
evidence was given of which the curves shown in Fig. 318 and Fig. 319 
form a part. The figures given represent part of the stress-strain 
diagrams obtained for cast iron when tested in tension. If the stress 
be increased to a value as represented by A and maintained constant 
at this point, the line AB represents the time effect, and on continua- 
tion of loading, the tangent to the new stress-strain line is found to be 
parallel to the one through the origin. In other words, if the time 
effect be excluded there will be no deviation at all in a horizontal 
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Fig. 319.—Tensile test diagram for cast iron showing time effect. 


direction and the material will obey the proportionality law in line 
with his statement. 

This reasoning can be further widened to give the general statement 
that for a crystal the proportional limit will also be the elastic limit, 
but for a crystalline material the proportional limit becomes the elastic 
limit of the more unfavorably situated crystals or the point at which such 
crystals experience permanent set. 

Effect of Internal Stress——These conclusions provide a means of 
explaining why a steel may in one state have no proportional limit, 
while in another it may possess this property of proportional extension. 
We have seen (page 355) that a medium carbon steel (and this can be 
generally applied to all steels) in the annealed condition, will possess 
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this property up to a stress value approximately coinciding with the 
yield point as represented in Fig. 320. It can therefore be inferred 
that in such a condition there are comparatively few unfavorably 
situated crystals but that all are equally stressed. 

On the other hand, it has also been observed that a steel which 
has undergone mechanical deformation or one which has been quenched 
may have a very low proportional limit or even in some cases may have 
this value entirely suppressed as in Fig. 321. This means that in 
such cases certain of the crystals are unfavorably situated and may 
experience permanent set more readily. This naturally leads us to 
inquire why the one steel has no unfavorably situated crystals while 
the other does appear to have such. In the present state of the 
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Fic. 321.—Elastic stage of tensile test for 


. 820.—Elastic stage of tensile test for 
Ne medium carbon steel, cold worked. 


medium carbon steel, annealed. 
knowledge the most reasonable explanation of the presence of these 
unfavorable crystals is due to the action of stress. And since up to 
the present we have been considering the action of externally applied 
stress on the extension or compression of metals, it is logical to assume 
that for steels in the state indicated by Fig. 321 that we are also witness- 
ing the effects of stress, but this time the stress is of an internal nature. 
There appears to be plenty of evidence to support this theory. For 
example, certain air-cooled alloy steels show no proportional limit, or 
on the basis of our hypothesis have become internally stressed, making 
certain of the crystals unfavorably situated. Tempering at a com- 
paratively low temperature allows these internal stresses to be relieved, 
thus giving a favorable crystal formation and allowing the material 
to show a definite proportional limit. This appears also to be con- 
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firmed by the experimental evidence obtained from cold-worked 
material. We have seen that annealing at temperatures far below that 
necessary for metallurgical changes to occur (see pages 396 and 399) 
causes quite a definite increase in the proportional limit value while 
leaving the yield point practically unaltered. This can only be 
explained, it appears, on the ground of release of internal stress. It 
is very interesting also to note that Ewing,* in commenting on Hodg- 
kinson’s experiments on cast iron, expressed the belief that the dis- 
obedience to the proportionality law in such a material for stresses of 
a small but reasonable magnitude may have been due to internal 
stress in the material. On this basis we are therefore advancing the 
thought that material, which in the annealed condition obeys the 
proportionality law, possesses in such a state minimum internal stress, 
and if by a mechanical or thermal treatment the obedience to this law 
is disturbed, then internal stresses are present. In leaving to a future 
paragraph the consideration of a method whereby the magnitude of 
such stresses may be indicated, it is important to note that by internal 
stress the stress due to the material alone is implied and this term is 
not intended to include those internal stresses which might be 
developed, for instance, in a casting due to geometrical form. 

107. Hysteresis.—Hysteresis Looping in Metals —We have seen, 
in the previous paragraph, if materials are loaded and unloaded within 
the elastic limit that due to certain after-effects the line for the unload- 
ing will not coincide with that for loading, but that looping will occur. 
It has also been observed that this is, in general, of little significance 
to the engineer. It is now proposed to discuss in the following 
paragraph an entirely different kind of looping obtained when the 
stresses are in excess of those pertaining to elastic conditions, which is 
of real importance to the designer. 

If a metal be stretched beyond its elastic limit, then on unloading, 
the recovery of elasticity may be partial or complete, as discussed in 
paragraph 103. It is in this state of non-recovery imperfectly elastic. 

Referring to Fig. 322 which represents a diagram for 314 % nickel 
steel obtained by Dalbyt with his special recorder the initial loading 
took place from O to B. At A, the limit of proportionality, the strain 
commenced to increase more rapidly than the stress, and at B the 
yield point was reached. At C the test bar was unloaded and the line 

* Ewing, “Strength of Materials,’ pp. 31 and 60, 1914. 

} Dalby, The Elastic Properties of Metals, Phil. Trans. Roy. Soc., Series A. 
Vol. 221, p. 117-138. 

Dalby, “Strength and Structure of Metals,’ 1923. 
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CD was obtained. On reloading, the line obtained formed an enclosed 
area with that obtained for the unloading. This phenomenon is 
generally termed hysteresis looping and applies in general to all metals.* 
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Load in Pounds 


Elongation 


Fra. 322.—Hysteresis looping of 314 % nickel steel. 


This looping is of a much larger order than the hysteresis effects 
obtained within the elastic limit and previously mentioned. It will 
also be noted that if the looping is continued the yield point becomes 


Load in Pounds 


Elongation 


Fig. 323.—Looping in iron. 


higher with successive loadings, which is in agreement with the dis- 
cussion of overstrain in paragraph 103. Furthermore the material at 


* This also refers to the looping which is obtained in metals at stress values 
below the elastic limit and which is in addition to after effects mentioned. 
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C, while no longer elastic, is nevertheless not plastic in a true sense 
because it always possesses during unloading, as shown by the curve 
CD, Fig. 322 the elastic property to a certain degree. It is plastic 
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Fig. 324.—Looping in carbon steel. 
under loading but partially elastic during unloading. Dalby con- 


cluded that the elastic extension plus the plastic extension after 
passing beyond the proportional limit were about equal to the imper- 
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Fig. 325.—Looping in nickel chrome steel. 
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fect elastic shrink plus the permanent set OD.* In Figs. 323, 324, and 
325 are given further diagrams according to Dalby. It will be noted 
that each material gives a characteristic diagram. For soft iron. (Fig. 


*See p. 409 for different conditions as in non-ferrous metal. 
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323) the looping is small, while for carbon steel it is larger. The curved 
boundaries of the areas enclosed by the loop appear to follow generally 
the slope of the elastic line and this appears to be true even when this 
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Fig. 326.—Looping in zinc. 


looping is continued up to the point of fracture. With other materials 
such as zine or tin, an entirely different form of diagram is obtained 
as shown in Figs. 326 and 327. In these cases, on removal of the load, 
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Fiq. 327.—Looping in tin. 


the material continues to shrink. In other words we are observing 

another manifestation of time effect on the stressing of metals. 
Hysteresis Looping in Crystals.—It is undoubtedly true that a 

great amount of information will be gained with reference to the 
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behavior of metals by research into the characteristics of single crystals. 
To date much has been accomplished and a certain amount of data 
has now been published on the subject. According to Dalby* and 
Carpenter the crystals (in this case, of aluminium) showed an elastic 
condition merging at yield point into a plastic one, also that loading 
and unloading beyond the yield point gave the same characteristic 
looping as for a crystalline material. One of the points mentioned was 
that the strength of the crystalline material was not much in excess 
of the pure crystal, while Dalby mentioned that the yield load of the 
single crystal was lower than that of the multi-crystal test piece. In 
stating these facts, however, it is necessary to bear in mind that the 
tensile properties of crystals vary widely according to the direction in 
which they are stressed. This was observed by Carpenter and also 
later by Czochralskit on copper crystals. Since this latter work 
showed that the ratio of maximum to minimum strength could be in 
the neighborhood of three in discussing the physical properties of 
single crystals, it appears to be necessary to specify direction. This 
will in turn give rise to some difficulty in endeavoring to obtain relative 
data between single crystals and multi-crystal test bars. But, never- 
theless the whole study of single crystals promises to throw more light - 
on the behavior of the crystal aggregates. The important point to 
note from this discussion is that modern research indicates this looping 
effect is not a property of the crystalline structure but is inherent in 
the crystals themselves. 

Conclusions.—Summarizing these various points we can conclude 
that after the material has been stressed up to or beyond the yield 
point, the response of a metal to the removal and re-application of 
stress is an absorption of energy represented by an area such as HDF 
in Fig. 322. On repeated applications of this looping it will be found 
that, provided the stresses are sufficiently high, there is a general 
increase of loop area which appears to tend toward a maximum value 
and which remains more or less constant for a given material. 
Furthermore, it will have been inferred from the information already 
given that the curve form, the loop area and the rate of increase in 
area are all characteristic not only of a material but of the state of 
that material. It appears therefore that if records be made of the 

* Dalby, “Strength and Structure of Metals,”’ p. 152, 1923. 

+ Carpenter and Elam, Production of Single Aluminium Crystals and Their 
Tensile Properties, Roy. Soc. Proc., Vol. 100, Sec. A, Dec., 1921. 

{ Czochralski, Die Grundlagen der Verfestigungsvorginge, Z. d. Ver. deutsch. 
Ing., June, 1928, 
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elastic line and a few loops that these may have a real significance in 
the selection of materials. In stating that further consideration of 
this phenomena will be made in the chapter on fatigue we can well 
close this paragraph with the remark that a study of these looping 
affects gives additional information to what can be expected from the 
ordinary tensile test previously described, and on this basis has rightly 
earned a place in our discussion. 

108. Internal Stress.—General—We have seen in a_ preceding 
paragraph how the position of the proportional limit appears to be 
affected by the magnitude of the internal stress. It is now proposed 
to advance a method of comparing the magnitudes of these internal 
stresses by using the ratio of yield point* to proportional limit. In 
choosing the ratio the author’s chief thought is to make it dependent 
on the shape of the elastic and transition stages of the tensile test 
diagram because this conception of diagram shape is put forward as 
fundamental. Possibly other ratios such as the difference between the 
yield point and proportional limit expressed as a percentage of the 
yield point would express this quite as well. At present we are only 
concerned with discussing the one given. 

In the development of this theory we will adhere to the principle 
that comparisons will be made as far as possible on steels possessing 
approximately similarity in micro-structure. 

Annealed State-—Taking the case of a fully annealed low or medium 
carbon steel, it has been seen that in this condition the material has 
minimum internal stress. This being the case it is cogent to inquire 
what effect this has on the form of the curve up to the yield point for 
this state. As we have seen in Fig. 270 experimental evidence indi- 
cates that the diagram shows a sharp break off at the yield point. 
This latter point for the particular condition appears to coincide with 
the proportional limit value. In other words the ratio of yield point 
to proportional limit assumes a minimum value for this condition of 
minimum internal stress, and for such is approximately equal to unity. 

Rolled, Cast, and Normalized States.—Reasoning on this basis the 
author believes that, since for the condition of minimum internal stress 
this ratio is also minimum, this method can be further applied to 
indicate the degree of internal stress present in the same material for 
other states. As has been shown, steel as it leaves the rolls, or the 
mould if a cast material, is in a coarse condition, and due to the uneven 
cooling must possess a greater degree of internal stress than an annealed 


*For materials which do not possess a yield point, see discussion on p. 358, 
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material. Again, a normalized steel, since it is cooled rapidly in air, 
must also possess a greater degree of internal stress than the annealed 
material. On the basis of the previous hypothesis the stress strain 
diagrams for such conditions must be more rounded than the diagram 
for the annealed condition. In other words, the ratio of yield point 
to proportional limit, denoted from now on by k, should be greater 
for such states. In Table XLVIII and XLIX are given the results 
reproduced from Table XXXV on medium carbon steel (0.37 C) in 
the rolled, annealed, and normalized conditions and on carbon steel 
castings (0.34 C) from Table XXXVII for the cast, annealed, and 
normalized conditions, respectively. 


Taste XLVIII.—Ratio k ror Mepium CarBon STEEL (.37 C) 


12 ional limit, | Yield point, d - 
State Podnis Bor sa aaeeeee| Coe eae tac Ratio & 
Rolled. encewe Gaerne 27,000 31,000 1 ess 
PANTING AL CC cresa sare eeteistcnae eee 36,500 37,800 1.08 
Normalized ameter tite 38 , 000 41,500 Palo 
TasLe XLIX.—Ratio k ror Mrepium Carson STEEL (.34 C) 
Proportional limit, vacldipointepounds ; 
State pound aes, square neraquareanel Ratio k 
Sais fie mrs te on oa gapeets at 20,000 33 , 500 1.67 
ANIA AYerEN XG Its ois ood Bec 37,000 41,200 1.10 
Normalized. nce ees ee 40,500 46 , 000 L138 


In Table L are given the values of k from the results on the nickel 
steel previously discussed in Table XL. The effects of normalizing 
and tempering operation are included in this case. 


Tasie L.—Ratio or k ror a 344% Nicks Stern 


Proportional limit, 


Yield point, pounds 


State pounds persquare inch per square inch Ratio k 

OMG Bea 5e otek es cnt aes 47 ,000 60,000 1.27 
Normalized 52sec. nk 52,000 60 , 000 da ss 
52,000 56 , 000 1.07 


Normalized and tempered 
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It will be seen that these experimental results support the theory 
that internal stress can be at least indicated by the ratio k. If the 
material is in a coarse structural condition then the ratio k is large as 
indicated by the values of 1.15, 1.67, and 1.27 from Tables XLVIII 
to L, respectively. If, on the other hand, a more uniform structure 
is obtained, then this ratio will decrease by the release of these internal 
stresses. ‘The more gradual the cooling is, the less will this ratio be, 
as is shown by a comparison of the results for the normalized, and for 
the normalized and tempered states, respectively. 

Heat-treated States—In the case of heat-treated steels this method 
of reasoning can also be applied, but since the structure has in such 
cases been changed the comparison of the internal stress must be 
made taking this fact into consideration. A medium carbon steel 
(0.37 C) when heat-treated by quenching and tempering will have, if 
the tempering has been carried far enough, what metallurgists name a 
sorbito-pearlitic structure, as compared with pearlitic structures for the 
annealed and normalized conditions. Like a pearlitic steel, a sorbitic 
steel can show a value of k approximately unity. As the temperature 
of tempering is reduced, however, this ratio rapidly increases due to 
the effects of the internal stresses which with the reduced temperature 
of tempering have not been removed. In Table LI are shown these 
values of k obtained for the steel of Table XX XVIII. 


Taste LI.—Ratio or k ror A HEAT-TREATED 0.387 CARBON STEEL 


i P ional limit, Yield point, d F 
ee. Dea ae a IN - er er aa — Ratio of k 
550 65,000 69 ,000 1.06 
450 65,000 74,000 1.14 
100 68 , 000 80,000 1.18 


Overstrained States.—It will now be necessary to investigate how 
this reasoning can be applied to steels other than those having under- 
gone thermal treatment above the transformation points. As shown 
in paragraph 103, a steel if loaded beyond the yield point, will on reload- 
ing indicate either no proportional limit or at least a very low value 
for such. The author admits some difficulty in applying the ratio k 
for a steel with no proportional limit because in such a case this ratio 
k taken as a measure of internal stress would be infinite. It is to be 
hoped that the further tests now in progress will help to clear up this 
particular case. In other words, in the material an internal stress 
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has been developed, as shown by the high ratio of yield point to pro- 
portional limit. This internal stress can be released in the case of 
low and medium carbon steels by the effects of time or the subjection 
of the material to low temperature annealing. The higher propor- 
tional limit obtained on recovery of elasticity can then be explained on 
the grounds of the amorphous ne which will be developed in the 
subsequent paragraph. 

For cold worked material the same reasoning can be applied. In 
this case the deformation of the crystal structure has gone so far that 
higher temperatures are necessary to diminish these internal stresses. 
This fact is shown rather strikingly in the results obtained by Rees 
(see Figs. 315 and 316) because as the temperature of annealing is 
increased the ratio of yield point to proportional limit progressively 
decreases. When recrystallization occurs, the ratio may continue to 
decrease. If, however, in the first stages of tempering, a minimum 
value of k is observed this is not necessarily a contradiction of our 
hypothesis; because the steel is a modified one, the crystals being still 
in a state of deformation. This agrees with Rosenhain’s findings that 
the transformation can be divided into two parts (see p. 397). It is 
also supported by the fact that the strength of materials as will be 
shown later, when subjected to the action of repeated stresses does not 
appear to have been increased by this cold working. 

Conclusions.—There appears, therefore, to be sufficient experi- 
mental data to warrant the advancing of the thought that this ratio of 
yield point to proportional limit can be used as an indication of internal 
stress in steels of similar micro-structure on the understanding that 
further data must be forthcoming before definite conclusions are 
made. It will be left to a further chapter, namely, that dealing with 
the characteristics of materials under cyclic variations of stress, to 
show the effects of these internal stresses. There we will give further 
experimental data which appear to substantiate, in large measure, the 
theory outlined here. 

109. Amorphous Theory.—It will now be necessary to advance 
certain theories regarding the stressing effects on metals, with the view 
of explaining the various characteristics observed in a tensile test. 
This again will lead us into the field of metallurgy, but in general the 
engineer’s point of view will be maintained. When a bar of ductile 
material such as low carbon steel be polished and etched on one side, 
and suitably arranged so that this side can be observed through a 
microscope, then if tensile stress be applied the following observations 
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may be made. As long as the metal is being deformed elastically 
then there is no visible change. As soon, however, as the proportional 
limit is passed definite changes are seen. Across the previously 
polished faces of the crystal fine black lines appear which increase in 
number as the stress is increased and finally form a very close network. 
The approximate depth of these minute lines may be of the order of 
1/50,000 of an inch. In the case of a ductile material, as the yield 
point is approached, another phenomenon will appear in the form of 
Lueders’ lines (see p. 358), the difference being, however, that whereas 
these minute lines are of microscopic dimensions the Lueders’ lines are 
visible to the naked eye. ‘They are similar in the respect that both 
seem to be caused by slip, but whereas the strain lines can be removed 
by etching and occur on all crystalline materials when stressed, the 
lines of Lueder are not removed by etching and are best seen with 


Fie. 328.—Unstrained crystal. Fie. 329.—Crystal with slip bands. 


materials possessing a well defined yield point. The true nature of 
these minute lines is now well understood, and the name “slzp bands” 
has been applied to them. According to Rosenhain* their origin lies 
in the fact that when a crystal of such a material is forcibly altered in 
shape it adapts itself to the new configuration imposed upon it by a 
process of sliding on certain of its crystallographic planes. This crystal 
formation before and after straining is indicated in Figs. 328 and 329, 
respectively, which have been reproduced from the above work. 

If slip were the only result from applied stress then the crystalline 
structure of the metal would remain unaltered by such. It has been 
shown, however, that a metal is hardened by strain (paragraph 103), 
either applied by cold working or by successive loading and unloading 
in a testing machine. There must be something more, and this is 
where we encounter the amorphous theory first put forward by Beilby,t 
and developed by Rosenhain. Just as the rubbing action of polishing 


* Rosenhain, “Introduction to Metallurgy,” p. 243, 2nd Ed., 1919. 
+ Beilby, Roy. Soc. Proc., No. 72, 1903; No. 82, 1909. Inst. Met. Jour., Vol. 2, 


1911. 
Beilby, ‘Aggregation and Flow of Solids,” p. 128, 1921. 
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produces on metal surfaces a thin layer of amorphous material so a 
similar disturbance of the molecules may be expected to occur on the 
adjacent slip planes of a crystal. This amorphous material will 
increase with the degree of stress applied. At first these layers will 
possess mobility but after a time the disturbed molecules will have had 
time toset, so that on each slip plane a layer of hard non-plastic 
amorphous metal is present. As long as the amorphous material 
possesses mobility, deformation may be caused much easier, which 
is to be expected. This is in complete agreement with what we have 
seen regarding the lowering of proportional limit by overstrain. 
This material, being like a cement, will set after elapse of a period of 
time, and this will explain the recovery of elasticity in an overstrained 
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material. Furthermore, since it is assumed to be a hard non-plastic 
material, when in this condition, it will require higher stress values to 
cause yielding. ‘This is in accord with the higher yield point obtained 
after recovery. It can also be expected that the temperature will 
affect greatly the conditions of solidification of this cement. 

A very interesting paper confirming this setting process was 
contributed by del orest,* in which it was shown that if plastic defor- 
mations are made at temperatures above the normal, the amorphous 
material by “setting” faster, together with the high temperature 
reducing the viscosity of the amorphous material, will produce a wavy 


* deForest, Some Experiments on the Plastic Elongation of Wire, Amer. Soc. 
Test. Mat. Proc., 1916. 
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diagram, while at normal temperature it will be smooth. In Fig. 330 
is shown this effect for annealed phosphor bronze wire, the time of 
loading being the same for each test, 314 minutes. 

In Fig. 331 are shown the diagrams for the same material, the time 
of testing being increased to 1614 minutes. 

This therefore represents the explanations put forward by the 
metallurgist as an explanation of the effects of overstrain. It is 
difficult for the engineer to comment on such a subject because even 
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in best informed metallurgical circles there is divergence of opinion 
regarding them. All that can be done is to discuss the subject in the 
light of physical test results. On this basis there seems to be experi- 
mental evidence to support the theory that a material after over- 
straining has suffered a change in the crystal orzentation, which makes 
it more and more difficult for slip to occur due to stress applications. 
The amorphous theory appears to be a logical explanation of this 
phenomenon shown by the tensile test. 


CHAPTER XIV 
IMPACT TESTS 


110. Importance of Dynamic Tests.—In the preceding chapters 
discussion was made of the testing of materials under statzc conditions 
only. In order to have a true perspective in the application of 
materials a knowledge of the static characteristics is not sufficient and 
in this chapter we come to a discussion of one of the dynamic forms of 
testing, namely, that of impact. 

It was shown in paragraph 95 of Chap. XII that while the time of 
duration of the tensile test, for the ordinary speeds adopted, appears 
to have little influence yet when the time factor is varied in great 
degree, a decided change in the characteristics of materials could be 
expected. Since this is true for different speeds of testing in tension, 
it can be safely assumed that when the time effect is shortened in an 
enormous degree as in the impact test, characteristics not shown by 
the tensile test will stand revealed. This is in accordance with actual 
experimental fact, and while there is great divergence of opinion as to 
what high resistance to impact really means to the designer, it is 
generally accepted that the impact test shows characteristics which 
the static forms fail to do. 

Un-notched Bar Tests.—A certain amount of investigation has been 
done on impact by using wn-notched specimens. Hatt* in his con- 
tribution concluded that for steels there is very little difference in the 
total elongation and the unit work to fracture, whether this occurs in 
10 minutes or 0.01 seconds. Stantont and Velikhowt have since 
shown that the results obtained under unnotched tensile impact are 
substantially the same as those obtained under static tensile tests. 
The important fact is that this test enables a study of the material 
under impact to be made without recourse, as will be seen later, to a 
notch or groove in the specimen. While tests of such nature will, when 


* Hatt, Tensile Impact Tests, Amer. Soc. Test. Mat. Proc., Vol. IV, p. 282, 1904. 
} Stanton & Bairstow, Resistance of Materials to Impact, Inst. Mech. Eng. 
Proc., Nov., 1908. 
{ Velikhow, Notes on Rupture under Longitudinal Impact, Inter Assoc. Test. 
Mat. Proc., 1909. 
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developed, be expected to yield beneficial results, as far as stress 
measurement is concerned, the fact is at present they are not 
extensively used commercially. One point is that they require very 
large machines which raises the possibility of errors appearing in the 
results. This fact was discussed by Davidenkoff* who suggested a 
special method of supporting the test bar in order to lessen this possi- 
bility of error. 

Importance of Stress Measurement.—It will be shown fully in the 
next paragraph that the shock testing of constructional materials 
nas been developed in an empirical manner and consequently the 
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Fie. 332.—Impact tensile test diagram. 


results obtained are not strictly comparable for different materials. 
This is undoubtedly due to the fact that very little if anything is 
known regarding the magnitude of the stresses occurring during 
impact. Development along this line is now receiving attention, 
however, and several interesting contributions have been made to the 
literature. Plank} in his work discussed the fundamentals of the 
subject. He showed that the phenomenon of rupture in the tensile 
‘est was entirely different from that in the impact tensile test. In 


* Davidenkoff, Investigation on Tensile Impacts, Inter. Assoc. Testing Mat. 
Proc., 1912. 

+ Plank, Betrachtungen uber dynamische Zugbeanspruchung, Forschungs- 
urbeiten, Vol. 133, 1913, 
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the static test there is a gradual increase of force while in the dynamic 
test the force increases suddenly to a maximum and then decreases. 
In Fig. 332, a typical stress strain diagram obtained by him is shown. 
The weight in this case was 25 kg. and the drop 2 metres, the bar 235 
mm. long over the gauge length and 10 mm. diameter not being 
fractured. 

He also made measurements of the forces occurring in the material 
by obtaining, from a suitably arranged chart mounted on a rotating 
drum attached to the impact machine, a space time diagram. A 
double differentiation of this diagram gave the magnitudes of the 
forces occurring during impact, as shown in Fig. 333. 


Time in Seconds 


lace, Ses 


He found in this manner that the yield point under dynamic load- 
ing was 4,000 kg. per sq. em. for low carbon steel, whereas under a 
static tensile test it was 3,000 kg. per sq. em. with an ultimate stress 
of 4,500 kg. per sq. em. 

He further concluded that the tensile force in the bar could be 
stated completely by two terms, one representing the elastic force 
calculated in the usual manner and the second depending on the rate 
of deformation which he called the friction effect. 


where P = force in kgs. per sq. em. 


p = elastic force in kgs. per sq. em. 
x = elongation in ems. 
® = constant, depending on the properties of material. 
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At the beginning when the velocity is high the second term seems to 
explain that the friction has a great effect in assisting the material 
to resist deformation. This indicates further that due to the friction 
the maximum elastic force is less than the complete tensile force and 
gives some explanation of the discrepancy between the static and 
dynamic yield point previously mentioned. Seehase* made also a 
contribution to the subject along similar lines. It will be observed 
that this method of measuring forces requires the differentiating of 
space-time, and velocity-time curves. Since the velocity varies 
rapidly during the test it is therefore to be expected that large errors 
are possible. Margerumt dwelt on this point and sugggested a method 
whereby the maximum load might be found by obtaining indentations 
on a calibration bar attached to the moving head of the impact machine, 


and suggested using this in conjunction with an autographic stress 
strain diagram. Elmendorff{ also appreciated this fact because in 


his experiments on the impact of wooden beams under transverse load- 
ing he employed a special type of instrument to obtain the necessary 
differential curves. While this may be an improvement, the method 
of obtaining force from a space time curve is open to criticism. 

Some work has been done on the method of measuring directly the 
maximum forces occurring at impact, and in this respect Kreuger’s§$ 
work is worthy of consideration. In this case the falling weight strikes 
the test bar through the medium of a steel ball suitably located on a 
calibration bar. From a measurement of the diameter of the circle 
of contact the maximum forces can be computed. Very few results 
have, however, been obtained by this method. 

It is therefore apparent that no really satisfactory method of 
measuring stresses at impact has yet been developed and while it 
will have been appreciated from this discussion that much has been 
done, a great deal of development still remains to be done before we 
understand all about the impact test. 

111. Notched Bar Tests.—Scope.—In the preceding paragraph some 
consideration was made of impact tests made on unnotched bars but 
now we come to a study of an entirely different type in which the 


* Seehase, Die experimentelle Ermittlung des Verlaufes der Stosskraft, For- 
schungsarbeiten, Vol. 182, 1915. 

+ Margerum, Measurement of Pressures Caused by Impact, Amer. Soc. Test. 
Mat. Proc., 1922. 

t Elmendorf, Stress in Impact. Jour. Franklin Institute, p. 771, Dec., 1916. 

\Elmendorf, Amer. Soc. Test. Materials Proc., 1922. 

§ Kreuger, Apparat zum Messen von Stossen, Bauingenieur, Vol. 4, 1921. 
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position of fracture is predetermined by a notch or groove cut in the 
specimen. The presence of the notch has given rise to the thought* 
that this form of shock testing is an attempt to determine how easily 
a crack may be propagated through a material. The fact that in 
such tests fracture is obtained in a definite location and with practically 
the entire localization of the contraction to the region of fracture a 
new field is at once opened up whereby we are able to study the charac- 
teristics of materials. 

The development of this form of test has been largely the work of 
French investigators. Barba in 1900 was the first to contribute to the 
literature, certain of his tests being confined to flat specimens. By 
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Izod Fremont 
Fig. 334.—Standard notch forms. 


fixing the test bars in a horizontal position and using a falling weight 
of 18 kilograms, certain conditions of brittleness were detected. It 
was then generally agreed that this form of test gave results which 
were not observed by the tensile test. In 1901 LeChatelier, Charpy, 
and Fremont} made further contributions to the subject. In 1903 
Izod{ introduced his impact testing machine. In 1907 the German 
Association for Testing Materials recommended the adoption of the 
Charpy form of test with a test bar 30 mm. X 30mm. X 160 mm., the 
notch being as shown in Fig. 334. This was discussed at the Interna- 
ey Hadfield, Shock Tests and Their Standardization, Inst. Civ. Eng. Proce palo 


+ Proc. Inter. Assoc. Test. Mat. Proc., 1901. 
t Izod, Engineering, Sept. 25, 1903. 
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tional Association of Testing Materials in Copenhagen in 1909, where 
a smaller specimen being one-third of the size of the larger but geomet- 
rically similar to it was also suggested as an alternative. The notch 
of this smaller test bar is also shown in Fig. 334. Confirmation of the 
acceptance of these forms was made at the New York meeting of this 
Congress in 1912. Today the Izod and the Charpy types are 
standardized in England and in Germany, respectively. 

In Fig. 334 the standard notch forms for the chief notched bar 
tests are given. It will be noted that all the notches excepting the 
Charpy forms must be produced by milling. The question of choice 
of a particular type of notch must largely depend on the accuracy with 
which the form can be reproduced. In all these tests two values are 
usually recorded, namely, the amount of energy required to fracture 
the test bar and, in the cases where the fracture is not complete, the 


ETE ooO. 


angle through which the bar is bent. It will therefore be seen that in 
its present form the test does not give fundamental data which can 
be applied directly to design. ‘Too little is known regarding the funda- 
mentals of the test. The theory of Fillunger* in this direction how- 
ever forms a very important contribution. According to this authority 
the total energy to fracture can be completely expressed by two terms, 
one containing a value of 2w depending on the resistance of the material 
to fracture, and another containing a value 6 involving its resistance 
to deformation together with a value y, the eccentricity of the notch(see 
Fig. 335). He concluded from this work that structural steels which 
are exposed rarely to high stresses and which do not have sharp corners 
should have a high 6. If, however, sharp corners cannot be avoided 
then a high value of 2w is important. This work emphasizes the 
importance of geometrical form which will be subsequently considered. 
While the test, with our present knowledge, is only a relative one this 
does not mean that it has not a real value, although it may be an 


* Fillunger, Notched*Bar Impact Tests, Testing, Vol. 1, Jan., 1924. 


424 APPLIED ELASTICITY 


indirect one to the designer. The fact that the test is in its present 
form, however, has laid it open to certain criticisms. Hatfield,* 
on the basis that most of the energy is absorbed after the proportional 
limit has been passed, seemed to believe that it was of very little use in 
the selection of material. This of course seems to be an entirely false 
premise, since on this basis the ductility values obtained from the 
tensile test would be likewise of no value. We do know that these 
ductility characteristics in the case of localized stresses are of great 
value, and this must also be true of the notched bar test results. 

We therefore come to a consideration of these notched bar tests 
and will discuss in the first place some of the governing factors which 
influence the results, and then review some of the available numerical 
data. 

Effect of Dimensions.—The dimensions of the test bar play a very 
important role in the values obtained from notched bar tests. It is 
now well known that the energy to fracture does not depend on the 
square of the linear dimensions nor does it depend on the cube of these 
dimensions. The relation is more complex and the energy seems to 
depend on some intermediate value between the square and the cube. t+ 
Referring to Table LIT which represents data obtained by Batson{ on 
geometrically similar test bars it will be seen at once that for both 
steels the energy per square centimeter is too high for the larger 
test pieces, while the energy per cubic centimeter is too low. The 
variation appears to be different, however, for each steel. 


Tasie LII.—Impact Tests on GEOMETRICALLY SIMILAR TEST Bars 


Energy 
Steel A Steel B 

Size of bar in millimeters Kilogram- | Kilogram- Kilogram- | Kilogram-* 
Kilogram- | Meters per] meters per Kilogram- | eters per| meters per 

meters square cubic meters square cubic 

centi- centi- centi- centi- 

meter meter meter meter 

10 X 10 X 53.33 4.77 5.96 0.89 1.28 1.60 0.24 

30 X 30 X 160 60 8.33 0.42 36.3 5.04 0.25 

68 X 63 X 336 296 9.32 0.22 197 6.20 0.15 


* Hatfield, Discussion of Notched Bar Tests, Inst. of Automobile Eng. Proc. 
Vol. 12, p. 346, 1917. 

+ Stribeck, Kerbschlagprobe, Z. d. Ver. deutsch. Ing., Jan., 1915. 

t Batson & Hyde, ‘‘ Mechanical Testing,” Vol. 1, p. 318, 1922. 
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The original belief that the resilience of different specimens followed 
strictly the similarity law allowed the standardization of two forms of 
Charpy* test bars (see Fig. 334). It now appears that this was scarcely 
justifiable because, in line with the above results, we now know that 
the values obtained from these two types are not strictly comparable. 

Hadfield} has stated the belief that the fact that the energy does 
not depend on the cube of the linear dimensions is probably due to 
speed effect. In making tests it therefore seems necessary to conform 
to the same dimensions of test bar if strictly comparable results are 
required. Further development in the subject will be necessary before 
we can afford to go very far from this method of determination. 

Effect of Speed.—There appears to be a difference in opinion in 
regard to the effect which speed of impact has on the results obtained. 
Charpy,{ in an elaborate series of tests, showed that the velocity of 
impact has no effect, but this was not entirely accepted by Hadfield§ 
who believed that in order to detect brittleness in low carbon steels a 
higher velocity of impact than is usually met with in commercial 
machines is necessary. In the contribution by Hadfield he showed 
that at velocities of 1,700 ft. per sec. even unnotched badly treated 
steel will show a crystalline fracture, whereas properly treated steel 
will not. 

McAdam|| appears to believe that the results of Charpy settle the 
question of speed effect and that within the limits used in ordinary 
testing the striking velocity has no influence on the results. 'urther 
data given by Batson § seems to confirm this belief. With these con- 
clusions the author agrees. 

It therefore appears that in making impact tests on materials all 
that is necessary is to keep the velocity of impact constant. In the 
Table LIII below are given these velocities for the standard machines 
used. 


* Inter. Assoc. Test. Mat. Proc., 1909. 

+ Hadfield and Main, Shock Tests and Their Standardization, Inst. Civ. Eng. 
Proc., 1920. 

t Charpy and Cornu-Thenard, New Experiments on Shock Tests, Iron & 
Steel Inst. Jour., 1917. 

§ Hadfield and Main, Shock Tests and Their Standardization, Inst. Civ, Eng. 
Proc., 1920. 

|| McAdam, Impact Tests of Metals, Amer. Soc. Test. Mat. Proc., 1922. 

{ Batson & Hyde, ‘Mechanical Testing,” Vol. 1, p. 309, 1922. 
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Taste LIII.—Impact VELOCITIES 


é Velocity at impact, * x 
Type of machine melee pom ecouce) Energy, kg.m. 
Olngigeyn Genel), Sooageacce Lee om on ono 30 
PZOC Meera ar tein tore eee Ted es ets 16.6 
BEIM ONGiac ge. ae eer ce aa Oe 8.85 60 
Cruillery. 2p ve. Sana ers cyto ter, cane ete 8.85 60 


* Notre: It must also be observed that the velocity of fracture is of importance. 


Effect of High Temperature.—There is considerable data available 
on the effect of high temperature on the impact values of steels. 
Charpy* has shown that for steel the energy absorbed in fracture 


Energy in Foot-Pounds 


Temperature-Degrees Centigrade 


Fig. 336.—Impact test properties of annealed steels at high temperature. 


increases with increase of temperature and reaches a maximum at 
about 150°C. It then decreases to a minimum between 400°C. and 
500°C, and then rises again. By far the most important contribution 
to the literature, however, was that made by Langenberg.t The 
curves given in Figs. 336 and 337 are reproduced from this work. 


* Charpy, Bull. Soc. Ing. Civ., Vol. II, p. 562. 


} Langenberg, Behavior of Certain Steels under Impact at Different Tempera- 
tures, Carnegie Mem. Iron & Steel Inst., p. 75, 1923. 
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In this case the larger Charpy type of test bar (see p. 422) was 
employed and tests were made on six different steels, three of which 
were plain carbon, the other three being alloy steels. It will be apparent 
from an examination of these curves, four of which are shown, that the 
impact value increases with increase in temperature for all the steels 
although, between certain ranges of temperatures, decreases were 
observed. Langenberg concluded that for the annealed condition 
the alloy steels were more susceptible to this increase for the lower 
ranges of temperature than the carbon steels. Furthermore the impact 
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Fig. 337.—Impact test properties of heat-treated steels at high temperature. 


values between 0°C. and 40°C. for the alloy steels, as annealed, were 
uniformly higher than those for the annealed carbon steels. 

Carbon Steel Results.—A great deal of information is now available 
on the results obtained from notched bar single blow tests. Those 
given here refer entirely to the Izod type of test (see Fig. 334). 

In Fig. 338 are shown the impact values for a low carbon steel 
hardened in water at 900°C. and tempered as indicated according to 
Aitchison.* The corresponding tensile test results for the quenched 
material and also when drawn at 600°C. being given in Table LIV. 


* Aitchison, ‘‘ Engineering Steels,’’ 1921. 
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900°C. (14% IncH) anp TEMPERED 
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Yield point, Ultimate stress, 
pounds per square| pounds per square 
inch inch 


Tempering 


Reduction, % 
temperature °C. 


Elongation, % 


doe 56 ,000 76,000 33 70 
600 53 , 700 71,500 3¢ 73 
In Fig. 339 the results for a medium carbon steel are given. ‘This 


steel had been hardened in water at 850°C. and tempered at various 
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Fig. 338.—Notched bar properties of low carbon steel. C 0.14 Si 0.07 Mn 0.44. 


temperatures. The corresponding tensile test results are given in 
Table LV. The characteristics of another carbon steel of still higher 
carbon content are shown in Table LVI and in Fig. 340. 


Taste LV.—TernsiteE Propertizs or 0.31 Carson Sresn HARDENED IN 
Water 850°C. (14 Incu) anp TremPpERED 


Tempering 
temperature 


Yield point, 


pounds per square} pounds per square 


inch 


Ultimate stress, 


inch 


Elongation, % 


Reduction, % 


700°C. 


79 ,000 
58,000 


114,000 
84,400 


16 
28.7 


42 
62 
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Tia. 339.—Notched bar properties of medium carbon steel. C_0.31 Si 0.11 Mn 0.58. 


Taste LVI.—TeENSILE ProperTIES oFr 0.45 CarBon STEEL HARDENED IN 
WatTER 870°C. (1% Inch Dra.) anpD TEMPERED 


F Yield point, Ultimate stress 
Pee as Bonne ee square oe er square Elongation, %o Reduction, % 
ey 100,000 145,000 11 28 
700°C. 67 , 200 94 ,000 27 66 


Energy in Foot-Pounds 


0 100° 200° 300° 400° 500° 600° 700° 


Tempering Temperature-Degrees Centigrade 


Fic. 340.—Notched tar properties of medium carbon steel. C 0.45 Si 0.25 Mn 0.75. 


These results are, in general, characteristic for carbon steels. It 
will be noted that for the low carbon steel the impact value is more or 
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less constant and that this is high compared with those for the other 
steels. This fact shows that there is no advantage obtained by heat- 
treating such material, a point which has been previously considered 
in Chap. XII, p. 375. For the other two steels considered the increase 
in impact value with increase in tempering temperature arising from a 
reduction in hardness is very appreciable. Another important point 
to note is that while increase in impact value, in general, corresponds 
to increase in ductility, as measured by reduction of area, there is no 
simple relation existing between them. For the low carbon steel a 
reduction of area value of 73% corresponds to an impact value of 104 
ft. lbs.; whereas for the 0.45 carbon steel the reduction of area is 66% 
for an impact value of only 54 ft. lbs. This fact emphasizes the 
importance of Fillunger s* work previously discussed and shows that 
the impact values, obtained from the test in its present form for 
different steels, cannot be compared if these steels differ widely in 
chemical analysis. 
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Fig. 341.—Notched bar properties of chrome-vanadium steel. C 0.42 Cr 1.04 Va 0.15 
Mn 0.75. 


Alloy Steel Results——Having considered the characteristic carbon 
steels we now come to a discussion of certain alloy steels. In Fig. 
341 are shown the impact values for a chrome vanadium steel and 
in Table LVII are given some of the corresponding tensile test results. 

* Fillunger, Notched Bar Impact Tests, Testing, Vol. 1, Jan., 1924. 
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Tasie LVII.—TEeEnsILEe Properties or CHROME-VANADIUM STEEL HARDENED IN 
Oz 870°C. (14% Inca Diameter) anp TrmMPpERED 
| 


: Yield point, Ultimate st by 
eer pounds per equare Be ShRe pes Elongation, % Reduction, % 
inch ine 
400°C. 154,000 186 , 000 ilay 55 
750°C. 90 ,000 103 ,000 30.5 70 
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50 


25 
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Fie. 342.—Notched bar properties of nickel chrome steel. C 0.32 Ni 3.37 Cr 0.93 Mn 


0.48. 
Figure 342 shows the impact values for an oil-hardened nickel] 
chrome steel, certain tensile test results being given in Table LVIII. 


Taste LVIII.—TeEnsite Properties ofr NicKEL CHROME STEEL HARDENED IN 
Ort 820°C. (114 IncH DIAMETER) AND TEMPERED 


. Yield point Ultimate stress 
Tempering i ; * 4G 
temperature Pounds per equate pounds Ber square} Elongation, % Reduction, % 
Veko&e 242 ,000 255 ,000 13 29 
650 107 ,000 134,000 21 62 


These curves have all been plotted from the data obtained by 
Aitchison.* In Fig. 343 and Table LIX are shown the impact and 
tensile results, respectively, obtained for an air hardened nickel chrome 
steel according to the Steel Research Committee Reportt to which 


* Aitchison, “Engineering Steels,” 1921. 
+ Report of Steel Research Comm. Inst. of Automobile Eng., 1920. 
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further reference should be made, since the work is a comprehensive 


one. 


Taste LIX.—TeEnsite Properties oF NicKEL CHROME STEEL HARDENED IN 
Air 820°C. (144 Inco DIAMETER) AND TEMPERED 


: “ Yield point, Ultimate stress 
Tempering : 4 5 
feraborstire ernie ree cavers pounds per square| Elongation, % Reduction, % 
teas 200, 000 244, 000 10 39 
650°C 103, 000 125,000 25 66 


Energy in Foot-Pounds 


Tempering Temperature-Degrees Centigrade 


Fig. 343.—Notched bar properties of nickel chrome steel. 
0.46. 


C 0.32 Ni3.7 Cr 1.42 Mn 


A comparison of Figs. 342 and 348 will show that what was true 
as regards the test as a basis of comparison for different carbon steels 
is also true for alloy steels, because at 650°C. the ductility properties 
are substantially the same whereas the impact values are much higher 
for the air-hardening steel. There is another point which is evident 
from these curves, namely, the drop in impact value which occurs 
when the tempering temperature is in the region of 350°C. This is a 
very important phenomenon, to the consideration of which, we now 
come. 

Notch-brittleness.—Another characteristic shown by the notched 
bar test (and this test appears to be the only one which does show it) 
is that now known as notch-brittleness. Referring to Figs. 342 and 343 
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for nickel chrome steels it will be observed that there is a critical range 
of temperature within which the impact figure falls considerably. 
This phenomenon is now well known and has been observed on other 
steels by various investigators, many contributions having been made to 
the literature of the subject. If the material be quickly cooled through 
this range of temperature, instead of being slowly cooled, this notch 
brittleness entirely disappears. Hadfield* stated that it is met with 
in low carbon steel (0.12 carbon) and showed that in the one case where 
the steel was quenched and drawn the test bar which was of the Fre- 
mont type bent double, but yet when this same material was overheated 
and slowly cooled from 1,200°C. it only bent 1° before fracture. <A 
very good contribution on this subject was that made by Greaves and 
Jones.t In this the authors stated, what is generally known, that 
this phenomenon of temper-brittleness is not shown by the tensile 
test or by a slow bending test. In other words, the stresses applied to 
the steel have to be highly localized. They further concluded that 
if a minute flaw or inclusion exists in a test bar stressed uniformly even 
in tension, a steep gradient of stress will result, giving a low elongation 
value. In other words, the low impact value obtained on such temper 
brittle steels, which show normal ductility tested in tension, could 
conceivably be very dangerous if localized stresses due to machining 
or impurities are encountered in service. Other published data on 
the subject{ have shown that in certain cases forgings which had 
fractured in a very peculiar manner gave very low impact values from 
subsequent tests. Again, in commenting, on certain failures which 
had occurred in boiler plate, Rosenhain§ stated that experience had 
repeatedly shown that materials which gave a low figure under impact 
were liable to fail under apparently static conditions. 

It can readily be seen that this characteristic of the notched bar 
test in being able to detect brittle materials must on this basis alone 
go a long way to making the test a standard one. 

Appearance of Fractures—Due to the method of fracturing in a 
notched bar test a new means is provided for examining the structure 


* Hadfield & Main, Impact Tests and their Standardization, Inst. Civ. Eng. 
ianocanp. L2(. 1920, 

+ Greaves and Jones, Temper-Brittleness of Nickel Chrome Steels, Iron & Steel 
Inst. Jour., Vol. CII, p. 171, 1920. 

t Rosenhain, Discussion on Mechanical Properties of Steel, Inst. Mech. Eng. 
Proc., p. 472, May, 1919. 

§ Rosenhain & Hanson, A Cause of Failure in Boiler Plates, Iron & Steel Inst. 
Jour., Vol. XCVII, p. 316, 1918. 
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of the material. It is well known that the appearance of a fractured 
tensile test bar is a valuable adjunct to the numerical data obtained 
from the test. Nevertheless, due to the fact that large deformation 
occurs before fracture, the appearance of the crystals is entirely 
masked. ‘This is otherwise in the notched bar test. Here the fracture 
is highly localized and an opportunity can be had of examining the 
crystalline state of the material. Any slight variation in the heat- 
treatment might only cause a slight reduction in the tensile test 
results and pass unnoticed. It is otherwise with the notched bar 
fractures because any slight change in the heat-treatment will be 
readily seen from the fractured ends of the broken test bar. It has 
been noted by the author that certain nickel chrome steels when 
properly heat-treated would give say 17% elongation on a 0.5 inch 
diameter test bar having a gauge length of 2 inches, when tested in 
tension, and would show a non-crystalline notched bar fracture, 
but if defectively treated the elongation would drop by 1 or 2% 
while the impact test bar would then show a decided crystalline 
center. Langenberg* in his work gave some interesting notched bar 
fractures. He also observed that a low carbon steel at 200°F. showed 
a notched bar fracture with a crystalline center. Nevertheless at 
250°F. the crystalline structure had entirely disappeared; the energy 
absorbed in fracture had meanwhile only increased from 800 ft. lbs. to 
840 ft. lbs. These points have been emphasized previously by the 
authort who feels that a very valuable tool is in this manner put into 
our hands for selecting materials. Although it is qualitative, and can 
only be applied strictly to tests on the same material, it is none the less 
valuable. 

112. Repeated Blow Tests.—General——Having dealt with those 
types of impact tests where fracture is carried out by a single blow we 
now come to the consideration of an entirely different form of test in 
which the characteristics of material, when subjected to the action of 
repeated blows, are examined. In this test the test bar is supported 
horizontally at two points and is subjected to blows from a hammer 
over a notch cut in the bar mid-way between the supports. The 
test piece is rotated 180° between successive blows which are continued 
until fracture occurs, the number of blows to cause failure being 
recorded. 


*Langenberg, Behavior of Certain Steels under Impact, Iron & Steel Inst. 
Jour., Vol. XII, 1923. 

+ See paper by the author: Impact Testing Methods, Trans. Amer. Soc. Steel 
Treaters, May, 1922. 
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In some cases,* however, the number of blows to begin the fracture 
are also noted. By a suitable arrangement the height of drop or 
weight of the hammer can be altered so that varying energies of blows 
can be obtained. Making a series of tests on different bars by altering 
the height of drop for each, and plotting the number of blows to 
fracture as abscissae and the height of drop or energy as ordinates, a 
curve can be obtained which gives useful information to the designer. 

Certain{ extensive investigations have been carried out on this 
method of testing. The conclusions were that with the conditions 
chosen, provided the number of blows was less than 500 for the par- 
ticular test bar employed, the results seemed to agree with those 
obtained from the single blow test, and when the number exceeded 
100,000 the results seemed to agree with those for fatigue conditions. 
It can therefore be concluded that this test gives impact and fatigue 
characteristics depending on the energy of the blow. 

Results.—In this paragraph the results obtained by the author on 
the Stanton type of machine are discussed. In this machine the weight 


05" .001" Rad 


Fia. 344.—Repeated impact test bar. 


of the hammer is 4.71 lbs. and the form of test bar used is shown in 
Fig. 344. The results given in Table LX were obtained from medium 
carbon steel,t for the rolled, annealed, and normalized conditions for 
hammer drops varying from 2 inches to 0.4 inch. It will be noted 
. that as the height of drop decreases, the life of the test bar, as deter- 
mined by the number of blows to fracture, increases. This is in 
accordance with the statement given in the preceding paragraph. 


* Miller and Leber, Beanspruchungshéhe, Korngrésse und Temperatur bei 
Ermiidungserscheinungen, Z. d. Ver. deutsch. Ing., Apr. 14, 1923. 

+ Stanton and Bairstow, Resistance of Materials to Impact, Inst. Mech. Eng. 
Proc., Nov., 1908. 

{See Table XXXYV, p. 372 for the corresponding tensile test results. 
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Taste LX.—Impact (REPEATED) PROPERTIES OF 0.37 CARBON STEEL (ROLLED) 


Height of drop in inches 
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Number of blows to fracture 


Rolled Annealed Normalized 
2 1,120 708 1,040 
1% 1,690 1,070 1,560 
Bal 3,750 2,770 4,170 
0.6 11,730 7,460 12,300 
0.4 28 , 650 65,900 32,140 


In Table LXI the results obtained for the same steel* in different 


heat-treated conditions are given. 


Tasie LXI.—Impact (REPEATED) PROPERTIES OF 0.37 CARBON STEEL, HARDENED 


IN WATER AT 850°C. (214 INcHES Dia. Bar) AND TEMPERED AS INDICATED 


Height of 
drop in 
inches 


Co oF = bb 
or 


6 
4 


Number of blows to fracture 


100°C. 450°C. 550°C. 
3,430 3,000 1,490 
7,730 4,370 3,890 
16,000 10,030 9,460 
48 , 500 32,200 29 , 660 
90,000 112,000 82,300 


*See table XX XVIII, p. 375 for the corresponding tensile test results. 
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In Table LXII the results obtained on a carbon-vanadium steel 
(C = 0.52, Va = 0.19) are given, and in Fig. 345 these results are 
shown plotted, while in Table LXIII those obtained from steel* castings 
are shown. 


Energy in Inch-Pounds 


Height of Drop in Inches 


0 15,000 30,000 45,000 60,000 75,000 90,000 
Number of Blows to fracture 


Fie. 345.— Curves of repeated impact test for carbon-vanadium steel (annealed and 
normalized). 


Tasie LXII.—Impact (REPEATED) PROPERTIES OF 0.52 CaRBon, 0.19 VANADIUM 
STEEL (ForGED) 


Number of blows to fracture 


Height of drop in inches 
Annealed at 870°C. Normalized at 870°C. 


2 1,230 1,140 
1% 2,290 2,780 
1 4,830 7,320 
0.6 17,900 37 ,950 
0.4 69 ,000 132,700 


eee ee eee 
*See Table XX XVII, p. 373 for the corresponding tensile results. 
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Tapie LXIII.—Impact (REPEATED) PROPERTIES OF 0.33 CARBON STEEL (CAST) 


Number of blows to fracture 
Height of drop in inches 
Cast Annealed Normalized 
2 676 980 2,000 
1% 1,743 1,277 2,481 
1 3,847 2,590 4,467 
0.6 11,000 17 ,500 17,500 
0.4 23,000 43,000 60,000 


Due to the fact that when the height of drop is large the test 
approximates single blow conditions, and when small, fatigue condi- 
tions, it is to be expected that an examination of the fractured ends of 


Fie. 346.—Photograph of Fig. 347.—Photograph Fie. 348.—Photograph of 
fractured repeated blowim- of fractured repeated blow fractured repeated blow im- 
pact test bar. impact test bar. pact test bar. 


test bars will show these conditions. Experimental results obtained 
by the author give confirmation to this statement; because in examin- 
ing Figs. 346 to 348 which represent photographs (234 diameters) of 
test bars of medium carbon steel annealed (see Table LX) for drops of 
2 inches, 1 inch, and 0.4 inch, respectively, it will be noted that each 
differs entirely from the others. For a 2 inch drop the fracture is 
almost entirely crystalline; whereas for the 1 inch drop this crystalline 
area takes the form of an ellipse surrounded by a differently orientated 
material. The area of the ellipse gradually decreases with decrease 
in drop until for the 0.4 value it has become almost a straight line. 
Miiller,* in his contribution to the subject, examined cross-sections 


* Miller and Leber, Beauspruchungshéhe, Korngrésse und Temperatur bei 
Ermiidungserscheinungen, Z. d. Ver. deutsch, Ing., Apr., 14, 1923. 
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of the test bars after these had been subjected to a given number of 
blows, and thereby determined the number to just cause commence- 
ment of breakdown. With our present knowledge, however, these 
fracture observations have only a qualitative value, being in this respect 
similar to those obtained from the single blow test previously discussed. 
This investigator realized this fully, because in the experiments 
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Fic. 349.—Curve of stress in a repeated blow impact test. 


mentioned the principal thought was to derive fundamental data, 
namely, the magnitude of the stresses occurring during impact, rather 
than the observing of fractures which gave supplementary information 
only. : 

In Fig. 349 is shown one of the curves reproduced from this work 
for a nickel-chrome steel. It will be noted that the limiting stress as 
obtained by impact is about half of the proportional limit. This 


44() APPLIED ELASTICITY 


comparatively low limiting stress can be explained by the fact that the 
stress concentration at bending was not taken into account in the 
stress calculation. The important point to note is that some idea of 
the stresses can be obtained, and it is believed that along these lines 
development must take place before the test can become fundamental. 
These remarks do not mean that the test is not a valuable one but 
rather that the results, in view of our limited knowledge, must be 
properly interpreted. In the next paragraph we shall come to a 
discussion of the test results in the light of our present knowledge. 

Discussion of Results —There are several points of interest to the 
designer in-the results of these tests. In the first place, as previously 
mentioned, from the ordinate of the curve (Fig. 345) some measure of 
the stress imposed on the material can be obtained, and if this measure- 
ment be made at a point towards the right hand side where the curve 
becomes approximately horizontal, then this value will represent in 
some measure the sresss which the material will withstand indefinitely. 
This point, as previously observed, was stated by Stanton, and 
although this will be more fully discussed in Chap. XVI, it appears 
proper to mention that the data given here proves this to be the case. 
A second point worthy of note is the fact that for intermediate heights 
of drop the annealed material (see Tables LX, LXII, and LXIII, and 
Fig. 345 for carbon-vanadium steel) always requires a smaller number 
of blows to fracture than the same material subjected to more rapid 
cooling. In all the materials examined by the author the only con- 
tradiction to the above was found in very low carbon steel castings. 
Annealing in this case raised the shock resisting properties for medium 
heights of drop. 

Further light may be thrown on these points when more informa- 
tion is available on the magnitudes of the stresses occurring during 
impact. In making the previous statement it will be observed that 
the comparison was made on the same material in ‘different states 
possessing more or less similarity in microstructure. This is very 
important because if different steels be compared on the basis of the 
number of blows to fracture for any single arbitrary drop without 
taking into consideration the region of the curve (see Fig. 345) to 
which this drop corresponds, very misleading conceptions may be 
obtained. For example, referring to Table LX, supposing we choose 
a drop of 0.4 inch, then on the basis of the number of blows to fracture, 
the annealed material will be more than 100% stronger than the rolled 
material. Of course the results do not imply this at all, but rather 
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that for a 0.4 inch drop on this material we are on the part of the curve 
which is approaching the asymptote, and any small irregularity will 
materially change the values obtained. A similar condition will be 
observed in the results given in Table LXII for the same drop. In 
the very interesting contribution made to the subject by Miller, * where 
the relative values of different steels subjected to different energies 
were discussed, he concluded that the order in which the materials 
were put remained approximately unchanged, although the energy 
of the blow was, within limits, modified. This of course is a coinci- 
dence and does not in any way whatsoever change the statements 
previously made. In certain other contributions to the literature it 
was concluded that there was no relation between the results of the 
repeated impact test and the fatigue test. Since these conclusions 
were made without having obtained the curve of repeated impact, as 
previously described, it appears that there is nothing contradictory 
to our previous statements. 

These remarks must not be taken as inferring that repeated impact 
tests undertaken at a single arbitrary drop are of no value. On the 
contrary, if the drop be chosen so that we are working on the portion 
of the curve of impact corresponding to a high energy value and low 
number of blows, they have a very decided value as a control test for 
the heat-treatment of a single material, the general impact charac- 
teristics of which have been previously determined. This value as a 
check on the heat-treatment of steel has in the author’s opinion not 
yet been fully appreciated. Another valuable characteristic of the 
repeated impact test is shown in the testing of heat-treated steels. 
It has been indicated by Mooret that for certain heat-treated steels 
as the tempering temperature is reduced below 400°F., there is little 
change in the tensile properties with further decrease in tempering 
temperature and from this it can be concluded that the tensile test is 
not sensitive enough to detect small changes. This does not appear 
to apply to repeated impact because it has been shown§ that for a 
nickel-chrome steel the material can withstand a maximum number 


* Miller and Leber, Beanspruchungshéhe, Korngrésse und Temperatur bei 
Ermudungserscheinungen. Z. d. Ver. deutsch. Ing., Apr. 14, 1923. 

+ Moore and Jasper, Investigation on Fatigue of Metals, Univ. of Illinois, Bull., 
No. 136, p. 56. 

t Moore and Jasper, Investigation on Fatigue of Metals, Univ. of Illinois Bull., 
No. 136, pp. 61 and 62. 

§ Hatfield, Mechanical Properties of Steel, Inst. Mech. Eng. Proc., May, 1918, 
p. 383, 
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of blows when it possesses an indentation hardness of 360, and further 
increase or decrease in the value of tempering temperature lowers the 
number of blows. From certain results obtained by the author on the 
steel of Table LXI, it appears that this is confirmed for carbon steels. 
With this steel, when it had been subjected to a more severe quenching 
effect, it was found that for the 1 inch drop the number of blows to 
fracture decreased from the 16,000 given in the table to 14,000. In 
other words, the decrease in ductility for decrease in tempering 
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Fig. 350.—Results of repeated impact tests at different temperatures. 


temperature is not compensated by an increase in the impact properties. 
The data available on this question is again meagre but the question 
seems to be worthy of further study. 

Effect of Temperature.—Very little information is available as to 
the effect of temperature on the characteristics of materials subjected 
to repeated blows. Miiller*in his work gives some data on the subject, 
and the curves given in Fig. 350 are reproduced from it. The striking 


* Miiller and Leber, Beanspruchungshéhe, Korngrésse und Temperatur bei 
Ermiidungserscheinungen, Z. d. Ver. deutsch. Ing., Apr. 14, 1928. 
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fact which is evident from these results is that a small increase in 
temperature, as has been seen for the tensile properties, may suffice 
to change in large measure the repeated impact properties. 

113. Significance of the Impact Test to the Designer.—F rom the 
consideration of impact tests it therefore appears that several impor- 
tant points are brought out for the designer. 

The results obtained from unnotched bars are in substantial agree- 
ment with those from the static tensile test although by such a test 
we are able to study the deformation of materials at high speed without 
recourse to notches or grooves. Further development therefore is to 
be expected with this form of test only so far as measurement of stresses 
is concerned. Its development as a commercial test is. not to be 
expected. 

On the other hand, the single blow notched bar test has been 
reviewed in more detail. This test in its present form gives results, 
which, while not being like those obtained from the tensile test capable 
of being directly applied in design are of great relative value in the 
control of materials. Particularly is this true as regards the ability 
of the test to show such phenomenon as notch brittleness or the 
assistance derived in heat-treatment control by the possibility which 
it gives of examining the fractures themselves. The tensile test is 
valuable not only because it is a fundamental test, but also because it 
is the repository of a great deal of information acquired from its 
extended use. There is no doubt that when the notched bar test 
has been further developed and sufficient data have been accumulated, 
its place in all our more important material specifications will also 
have to be considered. 

Similar with the repeated blow test, the results obtained are only 
of a relative nature. Nevertheless, in its present form the test does 
provide a very good method of controlling materials, and when pre- 
cautions are taken to associate the results for a single height of drop 
with the curve of repeated impact, the value is a very real one indeed. 
Miiller in his work suggested 12.5 kg.-em. and Rolls Royce used 9.4 
Ibs. ins. as the most suitable energy for this control. Then again 
we have seen that when the height of drop is sufficiently small the 
test becomes a fatigue test. This of course is again an important point, 
but the discussion of this will be made in more detail in Chap. XVI. 

In general, it is a safe conclusion that even in its present state of 
being able to provide relative data only, the notched bar test is a 


very valuable one to the designer and its development is important. 


CHAPTER XV 
HARDNESS 


114. Introduction.—The term hardness is extremely vague in its 
meaning. In his Hawksley lecture, Unwin* expressed the thought 
that physicists doubted the existence of a definable quality such as 
hardness. Be this as it may, the fact remains that the term is often 
loosely applied. For instance we have indentation hardness, cutting 
hardness, and abrasion hardness. Unless this fact be borne in mind, 
there is likely to be confusion. Manganese steel, as is well known, 
possesses abrasion hardness in great degree, yet according to indenta- 
tion methods it is relatively soft. This discrepancy apparently lies 
in the fact that our conceptions of hardness are not based on funda- 
mental data. Like the impact tests previously discussed, we have in 
our hardness tests an unknown stress distribution, and our measure- 
ment of hardness is based on the consequences of these stresses. In 
other words, hardness tests are only relative, and since it will always 
be impossible to measure the unknown stresses they are likely to remain 
relative. Comparison of relative test data must, on these grounds, 
always be accompanied by decided reservations. Of course this does 
not mean that the hardness of materials as determined by present 
methods has no real value. It has a very decided value to the designer 
for controlling his materials and in the following paragraphs we will 
come to a consideration of its importance. For this purpose the 
discussion will be divided into three distinct parts: 7ndentation tests, 
dynamic tests, and scratch tests, each being separately considered. 

115. Indentation Hardness.—Material Tested with Itself—A 
considerable amount of work has been done on the measurement of 
hardness of materials from the consideration of the volume of indenta- 
tion produced in a material by a piece of the same material being 
pressed into it. Reaumurf did work on the subject using right- 
angled prisms (see Fig. 351 (a)). The axes of the prisms were arranged 
at right angles and the relative hardness was measured by the depth 

* Unwin, Mechanical Properties of Material, Inst. of Mech. Eng. Proc., October, 
1918. 

{| Reaumur, “L’Art de Convertir,” 1722. 
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of the indentation. Foeppl* used the same method only he changed 
the form of the test bars from prisms to cylinders (see Fig. 351 (b)). 
He defined hardness as the pressure per unit area of flattened surface. 
Haighj{ has since made a contribution to the literature in which he used 
square prisms (see Fig. 351 (c)). 


| 


Reaumut Foeppl Haigh 
(a) (b) (c) 


Fig. 351. 


In this case, if P is the load in tons (1 ton = 2,240 lbs.) and X the 
width of the indentation along the edge as shown in Fig. 352, then 
prism hardness (PH) is defined as PH = P/X?. 

Using the ends of broken Izod notched bar test pieces, Haigh 
found that the prism hardness of annealed carbon steel increased from 


Fiag. 352.—Indentation in prism test bar. 


about 50 tons per sq. in. for 0.18 carbon content to 100 tons per sq. 
in. for 0.9 carbon content. He also found that in certain cases of 
hardened carbon steels fracture occurred in the process of testing, 
showing evidence of brittleness, the material which fractured not 


* Foeppl, Ann. Phy. Chem., Vol. I, pp. 103 to 108. 
+ Haigh, Prism Hardness, Instit. Mech. Eng. Proc., October, 1920. 
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necessarily showing the highest value of prism hardness. This 
evidence of brittleness may yet prove serviceable. The value in this 
method of hardness testing however seems to lie in the fact that it 
gives a uniform hardness scale in tons per sq. in. or in kg. per sq. em. 
and appears to be less dependent on the incidental test conditions than 
in other forms, as will be seen later. Furthermore, the test appears 
to possess the possibility of being readily extended to give data on the 
hardness of metals at elevated temperatures. 

Ball Method.—Hardness indentation tests were made towards the 
middle of last century, although it is at a comparatively recent date 
that they have come into general use. In 1856 the U. 8. Ordinance 
Department* published data on the hardness of metals, based on the 
volume of indentation produced by a pyramidal point under a load of 
10,000 lbs. It was not until 1901 when Brinell} published his work 
that the hardness of metals by indentation measurement commenced 
to receive attention from a practical standpoint. In the Brinell 
method, now extensively used, the hardness of a material is determined 
from the dimensions of the indentation produced by a steel ball being 
pressed into it under a given load. Brinell used the spherical area 
of the indentation as the basis, consequently if 

D = diameter of ball in millimeters, 
d = diameter of impression in millimeters, 
P = load applied in kilograms, 
h = depth of impression in millimeters, 
N» = hardness indentation number, 
then A = spherical area = tDh= 1.57D(D — ~/D? — 2), 
fe 
and N, = ri 
The load and diameter of ball specified by Brinell were: 
P = 3,000 kg. for hard material, 
P = 500 kg. for soft material, 
D = 10 mm. 


In Fig. 353 are given curves of indentation numbers for different 
steels according to the Steel Research Committee Reportt previously 
mentioned. These values are in general what may be expected. Due 
to the fact that such a test measures some property of the material 
analogous to flow, the question of time of duration of test might appear 


* U.S. Ordinance Dept., Report on Tests for Cannon, 1856. 
} Brinell, Methods of Testing Steel, Inter. Assoc. Test. Mat. Proc., 1901. 


{ Report of Steel Research Comm. Inst. of Automobile Eng. Proc., pp. 10, 27, 35, 
47, 1920. 


HARDNESS 447 


important. Main* has shown however that for steels there is no 
difference in hardness number whether the time be 10 seconds or 2 
minutes. In Table LXIV are given some of his results for steels, and 
it will be apparent that within the limits given the time effect is negli- 
gible. It should be noted that these remarks only apply to steels for 


with softer metals the case might be entirely different. 
500 


0.31 C. 3.27 Ni. 0.82 Cr. 


0,37 C. 3.6 Ni, 
Hardened in Oil, 860° 
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Freq. 353.—Indentation numbers for different steels quenched and tempered as 
indicated. 


Taste LXIV.—Time Errect on HARDNESS 


_ | 10 seconds | 30 seconds | 2 minutes 
i Pressure in 
Material ‘ 
kilograms F 
Indentation hardness numbers 

PCOS MEMO. io.0 fve. suas, a sniol a tete 014s 3, 000 86.6 86.6 86.6 
Ni-Cr steel annealed........... 3,000 217 |) Paley 215 
Ni-Cr steel hardened and tem- 

GEOG ole) ak ene ae 3,000 340 340 335 
Ni-Cr steel hardened and tem- 

CLEC PME er te Toren Stettler: touche ¢ 5,000 548 548 545 


a a el 
* Main, Discussion of Paper on Hardness Tests, Inst. Mech. Eng. Proc., p. 511, 
Oct., 1918. 
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It has now been found that the hardness number is affected by the 
diameter of the ball and also by the pressure, and that for strict 
comparisons fixed values of D and P must be adopted. The contribu- 
tion of Meyer* to this subject, in the light of the above statements, is a 
fundamental work. He concluded that the mean pressure per unit 
area was constant for the same material irrespective of the ball 
diameter, provided that d/D was kept constant. This means that 
the pressure per unit area was constant when indentations were 
geometrically similar 1.e., 


ad? 
It follows that for geometrical similarity P/D? must be constant for 
the same material. This therefore enables us to extend the test on a 
strictly comparable basis to materials whose thickness is insufficient 
to enable the standard load of 3,000 kgs. to be used. Bakery using 
this relation has carried out some tests using balls varying in diameter 
from 10mm. to1.19mm._ A few of his results are given in Table LXV. 


TaBLe LX V.—CompPaRISON OF BRINELL INDENTATION NUMBERS WITH DIFFERENT 
DIAMETER BALLs 


Steel a ane es ofbet Load in kilograms Brinell No. 
in millimeters 
I 
A 10 3,000 85 
7 1,470 85 
5 750 87 
1.19 AD 5 86 
B 10 3,000 159 
a 1,470 158 
5 750 163 
1.19 42.5 158 
G 10 3,000 306 
tl 1,470 308 
5 750 310 
VELO r 42.5 311 


It will be observed from these results that the accuracy obtained 
by using this relation is sufficiently good for practical purposes. 


* Meyer, Z. d. Ver. deutsch. Ing., p. 645, 1908. 
* Baker, Discussion of Batson’s Paper, Inst. Mech. Eng. Proc., Oct., 1918. 
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Batson* has since carried out tests with ball diameters up to 50.8 mm., 
and from these concluded that the law of comparison, P/D? = Ke, 
for use in accurate testing practice was sufficiently reliable. In the 
Table LX VI below are given the ball diameters required for different 
loads. 


Taste LXVI.—Sranparp Loap ror DirrERENT Sizes OF BALLS 


Standard 3,000 kilograms Standard 500 kilograms 
Diameter of ball Bape 
eae a Load in kilograms | Diameter of ball | Load in kilograms 

1 30 1 5 

2 120 2 20 

5 750 5 125 

10 3,000 10 500 

15 6,750 15 1,125 

20 12,000 20 2,000 


Although Meyers’ work has broadened the scope of the ball test, 
the geometrical dissimilarity for different materals still remains. 
Much attention has been given the subject in order to obviate this 
difficulty. A very good contribution on this subject was made by 
Devries.t He has shown that if the depth of the ball indentation 
below the original surface of the specimen be taken as the basis of 
spherical area computation, the hardness numbers derived from this 
become independent of the load. 
Batson{t has made use of this fact to 
indicate the difference in hardness 
obtained on four different materials 
by basing the hardness computations 
on the diameter and on the depth of 
the impression calculated from the original surface. 

Batson calculated his values as follows: N, = P/1tDh = P/31.416h, 
for a ball 10 mm. diameter, where h is as shown in Fig. 354. 

In Fig. 355 and 356 are given the curves obtained for the four 
materials for the two methods respectively. 


* Batson, Static Indentation Tests, Inst. Mech. Eng. Proc., p. 401, April, 1923. 

+ Devries, Methods of Hardness Measurement, Amer. Soc. Test. Mat. Proc., 
Welle D6 Ray vale 

t Batson, Static Indentation Tests, Inst. Mech. Eng. Proc., April, 1923. 


Fic. 354.—Ball impression. 
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Fig. 355.—Curves of hardness numbers (based on depth A) for different materials. 
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Ira. 356.—Curves of hardness numbers (based on diameter D) for different materials. 
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It will be noted from Fig. 355 as compared with Fig. 356, that the 
measurement of the depth A in this manner appears to make the test 
more uniform. 

Carrington* has now extended this work to other materials and 
finds there is a general agreement although certain exceptions were 
noted. 

It appears safe to conclude however that the area computed from 
the net depth will be more in accordance with the law of geometrical 
similarity than when computed from the diameter. The hardness 
number derived from the net depth therefore cannot be affected by 
load to the same degree and appears to be worthy of our consideration. 

Cone Method.—We have seen that hardness values deduced from 
the indentation of a ball are influenced by the magnitude of the load 
and the diameter of the ball. This variation is due to the fact that the 
indentations are geometrically dissimilar. In order to overcome this 
defect, Ludwick} recommended the use of a right angled cone instead 
of a ball. The indentations from the cone are geometrically similar, 
and hence the hardness numbers are to a large extent independent 
both of the load and indentation radius. 

Using the previous notation, if 

P = load applied in kgs., 
d = diam. of impression, 
N, = hardness number, 
then 
P 


ae ; 
Ne i ae 0.9 2 (approximately). 


2/2 

The hardness number in this case, due to the impressions being 
geometrically similar, are said to be independent of the load employed. 
There is a difficulty encountered however with hard materials, due to 
the point of the cone not being able to withstand the pressure. This 
led Unwint to suggest a truncated cone which, although giving 
dissimilar indentations, would still with moderate truncation be better 
than the ball test. In the contribution by Batson§ in which he 
discussed the results obtained from the cone test, he concluded that the 
hardness number calculated from the conical area of impression was 

* Carrington, Brinell Identations, Engineering, May 9, 1924. 

+ Ludwick, Hardness Tests, Inter. Assoc. Test. Mat. Proc., 1908. 


t Unwin, Ludwick Hardness Test, Inst. Mech. Eng. Proc., October, 1918. 
§ Batson, Static Indentation Tests, Inst. Mech. Eng. Proc., April, 1923. 
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approximately constant, but those obtained from the net depth of the 
impression varied with the load. This, as we have seen, is the opposite 
from what was obtained by him for the ball tests, and shows that it is 
impossible to fix a definite ratio between the results of the ball and of 
the cone for all materials. 

116. Dynamic Tests.—General.—So far, consideration has been 
made of static indentation tests. Much work has, however, been — 
done on dynamic methods, and we now come to a discussion of this 
phase of the subject. 

Martel* in 1895 communicated a very interesting paper to the 
literature. He used a pyramidal point as the indenting tool and 
allowed the fall of a ram to produce the necessary indentation. By 
so arranging the height of drop that the rebound was negligible he 
concluded that the work done by the ram was proportional to the 
volume of the indent and the hardness was therefore expressed as the 
work necessary to produce unit volume of indentation, or if 


P = weight of ram in kg., 
V = volume of indentation in cubic mm., 
F = height of fall in mm., 
PF 
H = hardness number = aia kg. per sq. mm. 


He further concluded that for equal energies of blow the volume of 
indentation was nearly the same when using indenting tools of slightly 
different form. Batson} has since extended this work by using a 
10 mm. diam. ball. He found that for materials having a range of 
Brinell numbers from 20 to 680 the ratio of the dynamic hardness 
number to the Brinell number was approximately 1.5; whereas Martel 
found it to be in the neighborhood of 1.25. 

Unwin, however, had previously shown that theoretically the 
Martel and Brinell numbers should agree, and in commenting on 
Batson’s work he indicated that time effect was the reason for the 
divergence from the theoretical value. The chief advantage in the 
use of such a method appears to be in the fact that it is applicable for 
the determination of indentation hardness values at high temperature. 
The time interval is so short that the heat does not affect the indenting 
tool. 

Scleroscope.—The best known form of dynamic hardness test is 
that made by means of the scleroscope. In this test the hardness is 


* Martel, Commission des Methods d’ Essais, Sect. A, p. 261 (Paris), 1895. 
+ Batson, Hardness Tests, Inst. Mech. Eng. Proc., p. 493, 1918. 
{ Unwin, Definition of Hardness, Engineering, p. 535, May, 17, 1918. 
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determined by the height of rebound of a small diamond pointed ham- 
mer about 34 inch long and 14 inch diam. When this falls freely on 
the material, the hardness of which is desired, the height of rebound is 
measured against a graduated scale suitably situated. A more or less 
proportional relation has been found to exist between the scleroscope 
number and the Brinell hardness number. The author has found that 
a Brinell hardness of 440 corresponds approximately to 75 scleroscope. 
Stanton has carried out extensive comparative tests of both methods 
of testing. It appears that any relation which does exist is however 
. not a constant one, but changes with the hardness of the material 
tested. The results from this method of testing are affected by the 
size of the test bar and also by the method of support. The sclero- 
scope is usually employed in cases where the static indentation method 
cannot be applied, such as the case hardened surfaces of cam-shafts. 
In this respect therefore it is of considerable value for the control of 
the heat-treatment of materials. It possesses the advantage also that 
it leaves no indentation. 

Pendulum Tester—Recently a new instrument* has been put into 
the hands of the engineer whereby another method is employed for 
measuring hardness by means of indentations. 

A ball one millimeter in diameter is used in this instrument, the 
latter being in the form of a pendulum such that the ball can be put 
into contact with the material, the hardness of which is desired. The 
pendulum is made to oscillate, the time required for a given number 
of oscillations being taken as the measure of the time hardness. In 
most cases the time of a single or double swing is sufficient for this 
determination, but in soft materials where the oscillations are rapid the 
time of 10 swings is taken. Calling the time hardness 7’, typical scale 
readings for different materials are given in Table LX VII, the diameter 
of ball being one millimeter. 

It appears that there is a simple relation between the time hard- 
ness number 7'and the Brinell hardness number H. The time hardness 
number, if above 3314, multiplied by 10 gives the Brinell hardness 
number. 

H = 10T where T > 3314. 


In cases where T is less than 3314 the relation becomes 
Ae Oot: 


* Pendulum Hardness Tester, p. 390, Engineer, April 13, 1923. For Theory of 
Instrument, see discussion by 8S. Timoshenko in Engineer, July 6, 1923, p. 21 also 
Sept. 7, 1923, p. 248 


454 . APPLIED ELASTICITY 


Taste LX VII.—PrnpuLuM Harpngess NUMBERS 


Material Time hardness (7) 
(GUESS hv acre aS en EM EOS ae OPERA Fn. Renner 97 
Wer hand! canbonesteel tage csaswic let e nina 93 
Hardcarbom stecl saaaco cee ec ee eer ee 88 
Memrperedshigh speed steele... saan ee soe eee 75 
Annealedthieh speedisteelen a9. erases eee 4 
Anmealedicar bon sbeeliancss mms aie eee ater eae 41 
LR Mole Negi so Aa ene Make Ot s Onto coos 4 14 
Caste bTassea a wus cery Scrtaon Cla terre ee 4 


In Fig. 357 are given the curves of Brinell indentation hardness and 
time hardness for a variety of materials on the basis of the above 
equations. 

It should be noted that the weight of the instrument is either two 
or four kilograms and therefore it can be used to determine the hard- 
ness of thin and fragile materials that otherwise could not be tested. 

The instrument is a new one and while there is not sufficient data 
at present to make definite conclusions as to its practicability, never- 
theless further work with such an instrument can conceivably yield 
valuable results. 

117. Scratch Tests.—The conception of hardness determination by 
means of the scratch test is not modern. In 1722 Reaumur* made 
tests of this nature by using a standard bar, the hardness of which 
increased from end to end. The metal under test was used as the 
tool for scratching the standard, and the position on the bar where a 
scratch was possible indicated the hardness. Mohsjf as the first to 
give, for mineralogists, a scratch hardness scale, tale being taken as the 
one extremity and diamond as the other. Turner did further work 
on the subject: he used a diamond suitably located in a lever which 
could be rotated over the surface of the specimen. He defined hard- 
ness as the smallest weight in grams on the diamond (computed from 
the position of a sliding weight) which would produce a visible scratch 
on the test bar. Martens$ further extended this and defined the 

* Reaumur, “L’Art de Convertix,”’ 1722. 

+ Mohs, “Grundriss der Mineralogie,”’ 1822. 

{ Turner, Birmingham Phil Soc. Proc., Vol. V, 1887. 


§ Martens, Sitzungsberichte des Vereines. Zur Beforderung des Gewerbfleisse, 
1888. 
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Fig. 357.—Relation between Brinell hardness and time hardness. 


456 APPLIED ELASTICITY 


hardness as the load in grams under which a conical diamond would 
produce a scratch .01 mm. wide. 

In recent years the subject of scratch hardness has been receiving 
more attention. Hadfield* contributed a paper on the subject in 
which he showed that there was a general relation between the Brinell 
indentation hardness and the scratch hardness, the Brinell indentation 
number being found equal to the ratio .02675/(width of scratch in 
mim.)* for the experiments made. A notable exception was found 
for very hard steels, where the Brinell value was very much lower than 
the scratch hardness. This led him to conclude that for material with 
an indentation hardness of 640 Brinell, the ball indentation test is of 
no value due to the flattening of the ball. 

A very comprehensive contribution was made to the literature by 
Hankins.+ In this case the diamond was fixed and the test bar was 
drawn across the face by means of a screw. Using three types of 
diamonds he found that in all cases a straight line law was obtained 
when the square of the width of the scratch was plotted against the 
load on the diamond. In Fig. 358 is given the relation obtained for 
various materials, varying from lead to hardened chromium steel 
when using the diamond shown in Fig. 359. It will be noted that all 
the lines tend to meet at a common point near to, but not coinciding 
with, the origin. 

Hankins suggested the following relation for defining scratch 
hardness: 

P = load on diamond 

w = width of scratch 

k = constant for material 


By! Sen 
eerreei 
q and p being the co-ordinates of the point of intersection. While 
the values p and q appear to be useful in determining the position of 
the lines, it can not be concluded that these lines represent any 
real physical meaning near to the point of intersection. The lines can 
only be used within the limits of the experiments and can not be 
extrapolated to zero width of scratch. 
The ratio of the scratch hardness to the Brinell indentation number 
has been plotted by the author in Fig. 360 from the results given in 


* Hadfield & Main, Brinell and Scratch Tests, Inst. Mech. Eng. Proc., p. 581, 
Oct., 1919. 

} Hankins, The Relation between Width of Scratch and Load on Diamond in 
Scratch Hardness Test, Inst. Mech. Eng. Proc., p. 423, April, 1923. 
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It will be noted that a minimum value for this ratio occurs 
in the region of 450 Brinell, and the upward trend of the curve towards 
the right hand probably indicates the breakdown of the ball test. 


the paper. 


(Width of Scratch)? 


Annealed Tool Steel 


————— | 


Load-Grams 


Fre. 358.—Relation between load and width of scratch. 


The value of k/H for copper does not lie on this line. Hankins, com- 
menting on this fact, mentioned Turner’s statement that hardened 
copper may show a greater hardness than low carbon steel yet no 
amount of cold rolling would enable copper to cut steel. On the other 


Fig. 359.—Diamond used in test. 


hand, this steel will always cut copper. From these results he con- 

cluded that the scratch test gives some property of the material 

slightly different from that obtained by the indentation test. O’Neil* 
* O'Neil, Inst. Mech. Eng. Proc., p. 479, April, 1923. 
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in discussing these results pointed out the similarity between the 
relation the load bears to the width of scratch and Meyers’ law. 
Because, if p and q be zero the relation becomes P = kw’, and cor- 
responds to Meyers’ data. There is no doubt that an extension of such 
work as this will be valuable to the engineer, particularly for those 
materials whose hardness lies above 640, where, as we have seen, the 
indentation test appears to fail. 
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Fra. 360.—Curve of Brinell and scratch hardness. 


118. Significance of Hardness Test to the Designer.—It will 
have been appreciated from the previous discussion that, with indenta- 
tion tests, there are arguments for both the ball and the cone method 
of conducting the test, and the final selection must depend on how 
much geometrical similarity in indentation, as obtained in the cone 
test, outweighs ease of replacement and uniformity of form in the 
ball test. Whatever method is selected will not, however, affect in 
any degree our argument that the indentation test as a relative test 
has become invaluable towards facilitating a better control of materials. _ 
By itself it means very little, its real place being as a subsidiary test to 
the tensile test; it has there a true meaning. It is known that if 

Pmax = ultimate stress in tons per sq. in. (1 ton = 2,240 lbs.) 

H = Brinell hardness number 
k = constant = 0.23 for steel, then pmax = kH. 


Since such a relation enables us to calculate the tensile strength of 
steels with a reasonable degree of accuracy, this is of great practical 
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significance to the engineer. Because, consider for an instant that 
it is necessary to know something regarding the physical properties of 
a piece of fractured material which is in itself insufficient for supplying 
the necessary test bars. Then if the Brinell hardness number be 
taken and data be available both on the chemical analysis of the 
material and the heat-treatment, then a fair approximation can be 
obtained regarding the ultimate stress in tension and from this some 
further information on the elastic and ductility properties are possible. 
It will therefore be seen that the test, although a relative one, loses 
none of its importance if the data which it provides is properly applied. 
As we have seen, the scleroscope has also its proper place in assisting 
in the control of materials. The other forms discussed however are 
only valuable in the fact that they are assisting us to determine the 
fundamentals of hardness. They are still in the process of develop- 
ment and even when more knowledge has been gained concerning them 
it is doubtful whether they will ever be able to displace the indentation 
test from its present position. 


CHAPTER XVI 
FATIGUE 


119. General.—In this chapter the characteristics of material 
under another form of dynamic test will be considered, namely those 
relating to conditions where the stress is continually alternating. 
Such characteristics are very important to the designer because it is 
well known that materials under these conditions can be made to fail 
under stresses considerably lower than the ultimate stress in tension. 
In this respect it does not matter whether the stress be made to vary 
between a maximum and zero or be completely reversed varying 
between a positive maximum and a negative maximum, the same 
statement will be true. For the purpose of our consideration we will 
suppose a compressive stress as a negative tensile stress, and the differ- 
ence between these stresses as the range of stress. Obviously, with this 
understanding, if a test bar be loaded as a beam such that the maxi- 
mum stress be p lb. per sq. inch and if, in this loaded condition, the 
bar be rotated such that the direction of the load remains fixed, then 
in each revolution the material will be subjected to a cyclic variation 
of stress varying from + lb. per sq. inch to —p lb. per sq. inch, 
giving a range of stress as 2p. Although much experimental work has 
been done on this subject it is only in the last few decades that an 
intensive study has been made. In 1864 Fairbrain* published the 
results of certain tests made on wrought iron girders and concluded 
that the safe stress for complete cyclic variation should not be greater 
than one third of the ultimate stress in tension. That is to say that a 
material having an ultimate stress of 90,000 lbs. per sq. inch could only 
be safe provided the stress varied within the limits of +30,000 lbs. per 
sq. inch and —30,000 Ibs. per sq. inch. This work was followed in 
1870 by that of Wohler.t These tests were very comprehensive, 
and while the results of later investigators have enlarged somewhat the 
state of the knowledge regarding the mechanism of fatigue, still the 

* Fairbrain, The Effect of Impact Vibratory Action on Wrought Iron Girders, 
Phil. Trans. Roy. Soc., 1864. 

} Wohler, Uber die Festigkeitversuche mit Eisen and Stahl, Z. f. Bauwesen, 
1870; and see also Hngineering, 1871. 

460 


FATIGUE 461 


original conclusions of Wéhler remain unchallenged. These stated 
that a stress below the ultimate stress would fracture material if 
repeated a sufficient number of times, that the range of stress together 
with the maximum stress determines the number of cycles to fracture, 
and that for a given maximum or minimum stress the number of cycles 
to fracture increases with diminishing of the range of stress, and at a 
certain stress called now the endurance limit the number will become 
infinite. Spangenberg* continued this work, and in 1874 published 
results obtained on the original machines of Wohler. Bauschingert 
in 1886 made a further fundamental contribution to the literature. 
The theory advanced by him, which extended further the work of 
Wohler, has attracted great attention. Since we may have to refer 
to this later on in the chapter it seems well that we should state here 
the chief points of this work. He concluded that by the action of 
gradually increasing cyclical stresses on low carbon steel, the propor- 
tional limit for compression could be lowered only provided the tensile 
stress exceeded the proportional limit in tension; and correspondingly 
the proportional limit in tension could be lowered only provided the 
compressive stress exceeded the proportional limit in compression, the 
proportional limits in tension and compression being usually different 
for such material. If the proportional limit in tension were lowered 
by a previous compression beyond the proportional limit, as explained 
above, it could again be raised by the action of gradually increasing 
cyclical tension and compression but would always have a considerably 
lower value than the previous proportional limit. He further con- 
cluded that if there were no artificial raising of the proportional limit 
then the endurance limit would coincide with the proportional limit. 
Furthermore that if the proportional limit were raised artificially by 
some previous stressing or by cold working effects then it will be 
lowered by the action of cyclical stresses to a certain limit which 
Bauschinger proposed to call the natural elastic limit of the material. 
This limit would have exactly the same value as that to which the 
proportional limit could be raised by the action of cyclical stresses, 
after having been previously lowered, as explained above by excess 
stresses of an opposite kind. 

It will be seen later that this work has been supported by the results 
of modern investigators to the consideration of which we will now come. 

* Spangenberg, Uber das Verhalten der Metalle, Z. f. Bawwesen, 1874. 

+ Bauschinger, Die Veranderungen der Elasticititsgrenze. Mitt. a. d. Mech. 
Tech. Labor (Miinchen) 1886. See also abstract in Dingl. Polyt. Jour., Vol. 266, 
1886. 
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120. Looping during Cyclical Stress.—The greatest step towards 
a better knowledge of the phenomenon of fatigue has been, in part at 
least, largely made by a study of the variation in looping as a test bar 
is fatigued. We have seen in chapter XIII that every material when 
loaded beyond a certain point and unloaded will show hysteresis 
effects on reloading and that this looping will depend on the composi- 
tion and state of this material. It can be assumed at once that these 
statements will also apply to materials where, instead of the stress 
varying between zero and a maximum in tension, this is varied from 


Tension 


Cyclical Set 


Stress-Pounds per Square Inch 


Compression 
—— 


H 


Fie. 361.—Hysteresis looping under cyclic stress variation. 


tension to compression. Experimental evidence has now shown this 
to be true. Bairstow,* by measuring the variations in strain, made a 
complete study of this looping for different ratios of tensile and 
compressive stresses. In Fig. 361 are shown some of the results 
obtained by him on low carbon steel. 

Commencing with a direct stress of 31,600 Ibs. per sq. in. the 
elastic line shown in Fig. 361 (a) was obtained. This shows no loop- 
ing, and at such stress values any looping that might occur, as we have 
seen, would be so small that it could be neglected. The machine was 


* Bairstow, Elastic Limits of Iron and Steel under Cyclic Variation of Stress, 
Phil. Trans. Roy. Soc., 1911. 
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then set in motion such that the cyclic variation of stress was at the 
rate of two per minute. After 18,730 cycles under these conditions 
the line for unloading no longer corresponded to that for loading, the 
material having experienced a cyclical set of approximately 11% of 
the original elastic extension. This of course assumes that this set 
produced by tension would be annihilated by compression and that 
the length of the test bar remains the same. The loop obtained is 
shown in Fig. 361 (b), AC being this cyclical set. An important point 
to note is that the lines BC and DA for the unloading remained 
parallel to the original elastic line Fig. 361 (a). The stress was then 
raised to 33,600 lbs. per sq. inch and the cyclic set immediately 
increased, having approximately 50% greater width after 23,200 
cycles than at 18,730 cycles, giving the loop shown in Fig. 361 (c). 
Increasing the stress to 45,500 lb. per sq. inch, the width of the loop 
increased greatly as shown in Fig. 361 (d), which was obtained after 
. 29,300 cycles. The increase in width for this condition was approxi- 
mately ten times greater than that for Fig. 361 (b). Even in this 
condition of large cyclic set the lines for unloading, FG and HE, 
remained parallel to the original elastic line. While the width of the 
loop increased with the stress there was found to be a definite range of 
stress where the width tended towards a limiting value, and subsequent 
stressing did not materially change the width even when this range of 
stress was sufficient to finally cause fracture. These results led Bair- 
stow to conclude that the width of the loop HG as in Fig. 361 (d) 
depended on the elastic extension being equal to the change in length 
from EH to F minus the elastic extension, and that the range between 
the natural elastic limits as defined by Bauschinger coincides with the 
range of stress which a material will withstand indefinitely. This 
work is therefore of great importance to the designer since it substan- 
tiates Bauschinger’s work, and emphasizes the fact that the elastic 
characteristics of material play a role in fatigue phenomena, a point 
which in some quarters appears to have been neglected. In chapter 
XIII, paragraph 107 a discussion was made of the work done by Dalby* 
on hysteresis effects where the stress was varied from zero to maximum 
in tension. This work has been considerably extended and we are now 
able to discuss it further. The published data on the subject supports 
the work of Bairstow in that the looping obtained is characteristic 
of the material, and the area of such loops tends towards a constant 
value. In Fig. 362 are shown loop characteristics for different 


* Dalby, ‘Strength and Structure of Metals,” 1923, 
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materials, according to Dalby. The areas are plotted as ordinates, 
and in this case the permanent set as abscissae. 

A further study of the effects of cyclic straining of materials was 
made by Mason.* In this case the stresses were produced by torsion 
of the test bar. By suitably arranging the machine so that the speed 
of alternation could be changed from 2 per minute to 200 per minute 
while the stress remained unchanged he obtained very interesting 
results. The material, after being fatigued, showed an increase in 
angular strain when frequency of alternation was decreased, and 
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Fig. 362.—Variation of loop area for different materials. 


showed a decrease when this frequency was increased. This change 
was explained on the basis of the fact that at the lower speed there 
is more time for the crystal slipping to operate, and consequently the 
strain increased. This is in line with what was said previously on 
page 420 in that at high speeds the friction will be large, and due to this 
fact the strain can be decreased. The fact that after running at 200 
cycles per minute the strain, previously decreased as explained above, 
commenced to increase was concluded by Mason to be due to the 
increased production of mobile material (see Chap. XIII) by the 
increased rate of slipping to-gether with the decrease in the time for 


* Mason, Speed Effect and Recovery in Slow Speed Alternating Stress Tests, 
Roy. Soc. Proc., p. 373, 1916. 
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hardening arising from the speed increase. It appears safe to conclude 
that, from these various contributions, a material possessing perfect 
elasticity will suffer no deterioration from stress changes lying within 
these limits of perfect elasticity. If a material be strained beyond 
these limits then a loop will be formed indicating that the material 
is under viscous flow arising from the internal stresses produced by the 
surrounding material. It will be clear from this reasoning that the 
endurance limit cannot be a fraction of the yield point, nor can it be a 
fraction of the ultimate stress, but will depend on the internal condition 
of the material. With this consideration we will come to the presenta- 
tion and discussion of some experimental data obtained. 

121. Changes in Crystals.—It has been observed (p. 414) that when 
a material such as low carbon steel is being stressed, definite changes 
can be seen in the crystals as the stressing proceeds. These changes, 
as we have seen, are due to slip* occurring on certain planes within 
the crystalline grains. This slip imparts plasticity to the crystal 
grain, and allows it to adapt itself to the new conditions imposed 
on it. As long as the stress is static then the appearance of these slip 
bands may not be the indication of a dangerous condition only evidenc- 
ing local yielding of the material. If, however, the stress be a cyclical 
one then, as has been clearly indicated by Ewing,t these bands can 
become the nucleus of the failure of the material, provided the straining 
is carried sufficiently far. It must be clearly understood that while, 
in the author’s opinion, the appearance of these bands must precede 
failure their appearance may occur at stresses considerably below the 
endurance limit. Ewing observed this in his work but concluded that 
it only required time to bring about failure at stress values correspond- 
ing to their first appearance. Further work has now been done by 
Gought who concludes that the appearance of slip bands can occur, 
on certain materials at least, at stresses well below their true endurance 
values. For a certain class of iron these slip bands were first observed 
at a reversed stress of 21,000 lb. per sq. inch, but the endurance value 
for this material only occurred after a stress of 28,600 Ib. per sq. inch 
was reached. It appears, therefore, that it is only when the straining 


* Ewing and Rosenhain, Crystalline Structure of Metals, Phil. Trans. Roy. Soc., 
Vol. 193, 1899. 

+ Ewing and Humfrey, Fractures of Metals under Repeated Stresses, Phil. 
Trans. Roy. Soc., 1903. 

t Gough and Hansen, Behaviour of Metals Subjected to Repeated Stresses, 
Roy. Soc. Proc., Vol. 104, Nov., 1923. Moore and Kommers, Univ. of Illinois Bull. 
No. 124. 
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is carried sufficiently far after the appearance of the first slip that 
failure will occur. Of course since the yielding of the material under 
this slipping action must be closely associated with the ductility of the 
material, it can be inferred that the difference of stresses between the 
first appearance of slip bands and the endurance limit will depend on 
the ductility possessed by the particular materials. So far, investiga- 
tions have only been made on ductile materials. Moore* appears to 
think that with harder materials there is no clear evidence that slip 
always precedes failure. This, of course, may be due to the fact that 
in material such as hardened steel the examination of slip bands is 
impossible or at least very difficult due to the fineness of the crystals. 
At present no definite experimental data are available to support the 
contention. 

We can, therefore, conclude that the appearance of slip bands in 
the crystals of materials is the direct result of the applied stresses. 
If this stressing is sufficiently increased the material will ultimately 
fail although the first appearance of these slip bands may not indicate 
a dangerous stress condition. While the endurance limits of certain 
materials occur at higher stress values than those relative to elastic 
conditions in tension there is evidence that the appearance of these 
slip bands does depend on the elastic properties and that the difference 
in stress value between their first appearance and fatigue depends not 
entirely on these properties but rather more on those of ductility. 
It therefore cannot be inferred that the breakdown by fatigue on the 
basis of this work is not connected in some manner with the elastic and 
plastic properties of the material. In other words, even from this new 
point of view, we cannot get far away from Bauschinger’s fundamental 
work. 

122. Cycles of Complete Stress Reversal.—Preliminary Statements. 
From the discussion in the preceding pages it will have been appreci- 
ated that fatigue stresses can either be imposed on the material by 
tension and compression produced either by direct method, or by 
bending, or by torsional shear. Here we are more concerned with 
the results obtained rather than the means adopted, but nevertheless 
a few words on the method will be necessary. In the results obtained 
by the author the cantilever type of machine in which the stress is 
produced by bending has been used, and, unless otherwise stated, the 
form of test bar employed is as shown in Fig. 363, operating at a 
speed of 1,300 revolutions per minute. 


* Moore and Jasper, Investigation of Fatigue of Metals, Univ. of Illinois Bull., 
No. 142, p. 22, 1924, 
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This test bar being similar in form to that used by another investi- 
gator* possesses the advantage that the maximum stress is not con- 
centrated at a given section but is approximately constant over a 
portion of the length, the variation in stress between AA’ and BB’ 
being of the order of 1%. In determining the endurance limit of 
steels by such a method, usually eight test bars of the same material 
are chosen. Commencing with the first bar the machine is set in 
motion and the load is so adjusted that the maximum stress is about 
0.7} of the ultimate stress in tension. The number of revolutions to 
fracture is recorded. The second test bar is then stressed at a lower 
value and the revolutious for fracture again recorded. This is con- 
tinued on successive bars until the stress is of such a value that after 
a chosen number of cycles of stress fracture does not occur. The 
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Fig. 363.—Cantilever form of fatigue test bar. 


values obtained in this manner are plotted as shown in Fig. 364 such 
that the ordinates represent stresses and the abscissae represent the 
corresponding number of cycles to fracture. It will be seen that the 
curve is of such a form that it seems to be asymptotic to a line drawn 
parallel to the horizontal base line, which means that the material would 
withstand the action of the stress, corresponding to this asymptote, 
indefinitely. Accepting this hypothesis, it is assumed that if the 
material is steel and it withstands 20 10° cyclest of stress without 
fracture, the asymptote is well determined and that the material 


* McAdam, Endurance of Steel under Repeated Stress, Chemical and Met. 
Engr., December 14, 1921. 

+ Norz.—For non-ferrous metals and cast iron the commencing stress will require 
to be less than 0.7 of the ultimate stress. 

+t Norn.—This is more conservative than certain other investigators such as 
Stanton and Reynolds who determined the endurance limit for fewer repetitions. 
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under such conditions would withstand an infinite number of cycles of 
stress. The stress value corresponding to the asymptote is called 
the endurance limit of the material for complete stress reversal. It 
will be seen later that, although 20 X 10° cycles is satisfactory for steel, 
the number must be materially increased for non-ferrous metals before 
satisfactory results can be expected. 
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Fig. 364.—Endurance curve for 0.37 carbon steel as annealed. 


B. Carbon Steel.—The results obtained for a medium carbon (0.37) 
steel in the rolled, annealed, and normalized conditions are shown in 
Table LX VIII.* For the purpose of discussion, the values for the ulti- 
mate strength in tension and also for the ratio k have been reproduced 
from Tables XX XV and XLVIII respectively. 


Taste LXVIII.—Fatiaur Proprrtiges oF 0.37 Carson STEEL (ROLLED) 


_Endurance Ultimate Ratio: 
eats limit, pounds strength, Endurance limit Ration 
per square pounds per —— 
inch square inch Ultimate strength 
ROU SG eett xcrdstorue cs 28 ,000 | 74,000 0.38 11 55 
Annealed..... Bic 29 ,000 70,000 0.42 1.03 
Normalized........ 29 , 3800 | 79,200 0.38 1.10 


As we have seen in Chap. XIII, page 405, the value k being the ratio 
of yield point to propotional limit appears to be indicative of the 


*See Table XX XV for Tensile Properties. 
See Table LX for Repeated Shock. 
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magnitude of the internal stress and it is included in the table for the 
purpose of our discussion. 

The first point to note from these results is that the endurance limit 
value is approximately the same as the proportional limit in tension. 
This is in general true for the majority of carbon steels although certain 
exceptions have been noted on other materials. Moore* found for 
instance that, for commercially pure iron, the proportional limit was 
16,000 lb. per sq. inch whereas the endurance limit under reversed 
bending was 26,000 lb. per sq. inch. Moore, in commenting on these 
values, felt that the homogeneity of structure had some influence on 
this result. This appears to be a reasonable conclusion because the 
same phenomenon has been observed when testing commercially pure 
nickel} where structural homogeneity is to be expected. In this case 
the endurance limit was found to be +29,000 lb. per sq. inch whereas 
the proportional limit in tension was only 12,800 lb. per sq. inch. 
The authort has also observed similar characteristics when testing 
this material, the values for the endurance limit being about +38,000 
Ib. per sq. inch and 16,000 lb. per sq. inch for the proportional limit. 
We therefore see that the endurance limit does not depend directly 
on the value of the proportional limit in tension, it is sometimes equal 
to or slightly less than the proportional limit, as in annealed carbon 
steels; it is sometimes in excess of the proportional limit, as in pure 
nickel and iron, and we shall see later in heat treated steels it is usually 
less, sometimes to a considerable degree, than the proportional limit. 

While the proportional limit has not a direct effect, it appears to 
have an indirect one on the endurance limit value. As we have seen 
(p. 460) from Fairbairn and Wohler’s work it appeared that the endur- 
ance limit was approximately one third of the ultimate stress in tension. 
This ratio is however not a constant one, as an examination of Table 
LXVIII will show. It appears to be influenced by the internal stress 
present in the material, and since, as we have seen, the value k seems 
to be an indication of the magnitude of this internal stress it is to be 
expected that a relatively high value for & will result in a low value for 
the ratio of endurance limit to ultimate strength. The results given 
in Table LX VIII show this to be the case. In Table LXIX are given 

* Moore and Kommers, Investigation of Fatigue of Metals, Univ. of Illinois, 
Bull. No. 124, 1921. 

+ Hankins, Properties of Commercially Pure Nickel, Aeronautical Res. Comm. 
Rep. No. 789, November, 1921. 

t See the Author’s Paper, The Elastic Limit in Tension, /nst. Mech. Eng. Proc., 


Dec., 1924. 
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values obtained by Moore* for a variety of carbon steels, a pure iron 
also being included. The values for k and those for the ratio of endur- 
‘ance limit to ultimate have been added by the author. 


TasLe LXIX.—Fatigue PRopERTIES OF ROLLED CARBON STEELS 


nes Uinteate Ratio: 
Garb pene Stat imit, pounds strength, Endurance limit Ratio k 
arbon conten ate per sahiate Eder ‘Dlbiaatewtrendth 
| 
.02 Received 26,000 42,400 0.61 als 
02 Normalized 42 ,000 98 ,000 0.42 1.05 
.93 Normalized 30,500 84,000 0.36 L.20 
1.20 Normalized 50,000 117,000 0.42 1.04 


Excluding the values for the pure iron where, as we have already 
observed, the endurance limit was in excess of the proportional limit, 
it will again be noted that a low value of & corresponds to a high value 
of the ratio of endurance limit to ultimate strength. While, therefore, 
the author feels, like other investigators, that the endurance limit is © 
related to the ultimate stress in tension, he also feels that the internal 
stress as given by k materially affects such a relation. Furthermore, 
since the value k depends on the elastic properties of the material, he 
concludes that these characteristics must also be considered when 
fatigue resisting properties are being considered. 

So far we have been discussing steels possessing more or less simi- 
larity in microstructure, namely pearlitic steels. We now come to 
another class of steels where the microstructure is entirely changed, 
namely heat-treated steels. As we haveseenin Chap. XII (p. 373), the 
heat-treatment imparts a refined structure to the material and it will 
now be seen that this refinement has a distinct bearing on the fatigue 
characteristics. For instance, referring to Table LX Xf} which repre- 


TasLe LX X.—Fatigue PROPERTIES OF 0.37 CARBON STEEL HARDENED IN WATER 
850°C. (2144 Incu Dia. Bar) anp TEMPERED 


Tempering Endurance Ultimate strength, Ratio: 
temperature limit, pounds per | pounds per square | Endurance limit Ratio k 
square inch inch Ultimate strength 
100°C. 52,000 116,000 0.45 1.18 
450°C. 50,000 114,000 0.44 1.14 
HOU. 51,000 105 ,000 0.49 1.06 


See ee ee eee 
* Moore and Kommers, Investigation of Fatigue of Metals, Univ. of Illinois, 


Bull. No. 124. 


{See Table XX XVIII for the corresponding tensile test results. 
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sents the fatigue results obtained for a 0.37 carbon steel, it will be 
observed that the ratio of endurance limit to ultimate stress is now 
higher than the ratio for the same steel normalized (see Table LX VII). 
Similar conclusions can be deduced from Moore’s* results, as an 
examination of Table LX XI, which represents some values obtained 
by him for several carbon steels will show. In this case each steel, in 
the particular heat treated condition chosen, shows higher values for 
this ratio than the same steel normalized. It appears, therefore, 


TaBLeE LXXI.—Faticur Properties or Various Carson StTEEts (Moore) 


Endurance Ultimate Ratio: 
ooh atio: 
Carbon State limit, strength, Endurance limit 
pounds per | pounds per = 
square inch | square inch Ultimate strength 
1.20 Normalized 50,000 116,900 43 
1.20 Sorbitic 92,000 179 ,900 sia! 
.93 Normalized 84,000 30, 500 .36 
.93 Sorbitic 115,000 56,000 48 
49 Normalized 33,000 91,500 36 
.49 Sorbitic 48 ,000 96 , 900 50 
387 Normalized 33,000 71,900 46 
37 Sorbitic 45,000 94,000 48 


that when we base endurance limit values on ultimate stress this fact 
also must be taken into consideration. 

Reasoning on the same basis as before, it can also be expected 
that when the tempering temperature is low the internal stress in the 
material will be higher than when it is tempered at a higher tempera- 
ture. The results in Table LX X indicate this to be the case because 
the minimum value of k corresponds to a maximum value of the ratio 
of endurance limit to ultimate strength. 

We have indicated previously that the endurance limit usually is 
equal to or less than the proportional limit in tension for annealed 
carbon steels. In general, with heat treated steels the endurance limit 
is less than the proportional limit value, and by a greater amount 
than for the same steel simply annealed. This is an important point 
for the designer because the increase which is obtained on the tensile 
test properties by heat-treatment may not be a measure of the increase 


* Moore and Jasper, Investigation of Fatigue of Metals, Univ. of Illinois, 
Bull. No. 136, 1923. 
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to be expected on the fatigue properties. Another point arising from 
these results is the influence of the ductility properties. Referring 
to the tensile test characteristics given in Table X X X VIII for the heat- 
treated medium carbon steel, it will be observed that there is a marked 
difference in the elongation and the reduction of area values with 
change in tempering temperature. Since the endurance values for 
this particular steel are substantially the same irrespective of these 
large differences in ductility it appears that the conclusions arrived 
at on p. 360, in that these ductility properties are only of value in cases 
of stress concentration, are amply justified. 

Alloy Steels—It has been shown in Chap. XII, par. 91, that alloy 
steels possess decided advantages over plain carbon steels as far as ten- 
sile characteristics are concerned. ‘This fact is probably still more true 
if the fatigue characteristics be chosen as the basis for comparison. In 
Table LX XII are given the fatigue values for a 314% nickel steel. 


Taste LX XII.—Faticur Properties or 346% Nicket STEEL 


Ultimate oe 
Endurance Ratio: _ 
State limit, pounds sete Endurance limit Ratio k 


per square inch | couare inch | Ultimate strength 


vollediarareirrs co sccm: 41,000 105 ,000 0.39 Ve 7 
INormalized sae) aseneer 44,000 104 ,000 0.42 LoS 
Normalized and drawn 47,500 95 ,000 0.50 1.07 


It will be noted that the endurance limit for a normalized and drawn 
material has now assumed the value of 0.5 of the ultimate strength, a 
phenomenon which, as we have seen, required a heat-treating operation 
in order that this condition might be brought about in a carbon steel. 
Similar results have also been noted by the author on steels where 
vanadium is the alloying element. In this case the carbon content 
was 0.5, the vanadium 0.19 and the manganese 0.81. In the annealed 
condition this gave an endurance limit of 45,000 Ibs. per sq. in. with 
an ultimate stress in tension of 96,000 lbs. per sq. in. 

Moore’s results confirm this, because for a 316% nickel steel 
quenched in oil at 1,450°F. and drawn at 1,200°F. virtually an annealed 
material, the endurance limit was 0.54 of the ultimate strength. It 
appears, therefore, that the addition of an alloying element, by assist- 
ing to refine the structure of the material, manifests its effect in mak- 
ing it more difficult for the cyclic varying stresses to cause breakdown, 
and thereby in raising the ratio of the endurance limit to ultimate 
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stress. Heat-treatment of the material unlike carbon steels does not 
appear to raise this ratio, and this may, in part at least, be due to the 
fact that with heat-treated alloy steels, unless tempered at sufficiently 
high temperatures, the internal stress as indicated by k is high. This 
appears to be borne out by reference to Fig. 365 which represents 
further data from Moore’s* work. In this case the ratio of endurance 
to ultimate is very low for tempering temperatures below 300°C. 


00 Sy 


Itimate St 
259,000 ay 


200,000 


Proportional Limit 


150,000 


100,000 


Stress-Pounds per Square Inch 


50,000 


0 “100° 200 300 400 500 600 650 
Drawing Temperature-Degrees C. 


Fig. 365.—Tensile and fatigue properties of 314 % nickel steel. 

Steel Castings—Very little published data is available on the 
fatigue properties of steel castings. Some knowledge of such charac- 
teristics is of course valuable to the designer, and it is proposed briefly 
to discuss certain values obtained. In those cases where no previous 
discussion has been made of a particular material, the tensile test 
results will also be given for comparison purposes. The first material 
to be examined is a low carbon steel (0.18 carbon; 0.82 manganese). 
This was tested by the author in two different states, the first being 
as cast and the second after being annealed in bar form approximately 
1 inch diameter at 900°C. and cooled in the furnace. In Table LX XIII 
are given the tensile test results and in Table LX XIV the fatigue test 
results. 


* Moore and Jasper, Investigation of Fatigue of Metals, Univ. of Illinois, 
Bull. 136, page 64, 1923. 
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Taste LX XIII.—Trnswe Properties or Low Carson STEEL (CaAsT AND 


ANNEALED) 
Stat Proportional Yield point, viene Elon- Reduce 
ate limit, pounds pounds per pee Der gation, %| tion. % 
per square inch square inch aiutte neh om 2 inches eas 
fees 22,000 28 ,000 | 60,000 33 | 49 
Annealed.......... | 28 , 500 32,000 | 63 ,000 34 | 61 


TasLte LXXIV.—Faticure Properties or Low Carson STEEL (CAsT AND 
ANNEALED) 
ENDURANCE LimI?, 


STATE Lzs. PER Sa. In. 
Cast 26,000 
Annealed 26,500 


Norre.—The points on fatigue test curves were almost as regular for steel cast- 
ings as for rolled or for forged steel. 

It will be noted that the annealing operation improved considerably 
the tensile properties but left the fatigue characteristics unchanged. 
This might seem to indicate that there is very little benefit to be derived 
from annealing such material as far as improvement in endurance 
limit is concerned. It should, however, be borne in mind that the 
repeated impact values were improved by the annealing operation. 

Coming now to steel castings of higher carbon content we find more 
striking advantages in subjecting the material to thermal operations. 
The analysis of this material was 0.3 carbon, 0.70 manganese. In 
coupon form, approximately 2 in. X 114 in. X 32 in. this material 
was annealed by being heated to 925°C. and cooled in the furnace; 
and was normalized by being heated to 925°C. and cooled in the air. 

In Table LX XV* are given the fatigue test values obtained for the 
three conditions mentioned above. It was previously noted on page 


Taste LXXV.—Fatiaur Propertines oF Mrpium Carson Street (0.33 C) 


(Cast) 
Ultimate strength, | Endurance limit, 
State Ratio k pounds per square} pounds per square 
inch ine 
(CES Rare action tas o oes it IE MORE 76,200 30, 500 
ANMNOAI OG rasa tahiee iiss eta ieee ees ileal 80,000 35,000 
INOPMAAIIZE Ciera. ee sale ce eee ee ae 1.14 85,000 35,000 


*See Table XX XVII for the tensile test values. 
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373 that the advantage to be gained by annealing and normalizing 
such material on the tensile test values was evident. This fact, as 
an examination of results in Table LX XV shows, is none the less true 
for the fatigue properties. 

Some results are also available on carbon vanadium castings, 
carbon —0.3, vanadium —0.18, manganese —0.78, the test bars being 
machined from coupons similar in dimensions to those described for 
the previous material. The annealing and normalizing operations 
were also carried out in a similar manner and at the same temperature. 
In Table LXXVI are given the tensile test values and in Table 
LXXVII the fatigue test values for the three states. 


Taste LXXVI.—TeEnsiur Proprertizs or CarBon-vANADIUM STEEL (Cast) 


Proportional Yield point, Ultimate stress, Bias Redes 

Stat limit, d d is pe ilon- | Reduce 

ae Beccquaieancllisaquarcanch’ ||| vequare inch | 200% | tions. % 

@iste...s.5.2...|. 22,500 37,000 80,800 23.6 | 29.6 
Annealed......... 32,000 40 ,000 80 ,000 27.5 | 43 

Normalized....... 50 , 500 52,500 89,000 26.4 46.7 


Taste LXXVII.—FaticuE PROPERTIES OF CARBON-VANADIUM STEEL (Cast) 


aac Ratio: 

State Hnduranee limit, pounds | _ Endurance limit” 

P a Ultimate strength 
(CH S535.c6 uo cep Ott enna enn eee | 39 ,000 | 48 
PNTEVO TCC rte dept tissue nd Bigtorenens 42,000 E52 
| 47 


These results lend confirmation to the previous statements that the 
addition of an alloying element raises considerably the ratio of endur- 
ance limit to ultimate strength. For the case given, this ratio is 
approximately .5. An examination of the tensile and fatigue charac- 
teristics of these steel castings* will show that the values appear to 
be as good as those obtained for forged material. It should be 
remembered, nevertheless, that with steel castings there must always 
be present the possibility of blow holes and unsound material. Slag 
inclusions of course are liable and do occur with forged material, 


*See author’s paper, Carbon and Carbon-vanadium Steel Castings, T’rans, 
Amer. Soc, Steel Treating, Feb., 1924, 
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but the expectancy is of a higher order with steel castings. Further- 
more we have seen that an annealing or normalizing operation is 
vitally necessary with a casting, and it must be borne in mind that the 
benefits which we have indicated were obtained on relatively small 
coupon test bars. Where the masses of cast material are large, these 
beneficial effects might not be so pronounced, in which case the cast 
material could conceivably be decidedly inferior to a rolled or forged 
material. 

It seems, therefore, on this basis that the designer must approach 
the subject. After all it is on the least favorable conditions that all 
designs must be contemplated, and these for a cast material diverge 
more from the average than for a rolled or forged material. 

Cold Worked Material.—Very little information is available on the 
effects of cold work on the fatigue properties of materials. In tests 
made by Moore* it appeared that a cold worked 0.2 carbon steel 
showed a higher endurance limit than the same material annealed. 
This was not confirmed however by later results} which he published, - 
where it was shown that overstressing by simple tension in the case of 
0.49 carbon steel reduced the endurance limit 23%. Other workerst 
do not appear to confirm these results because in some cases it has been 
found that the endurance limit bears the same relation to the ultimate 
strength whether the material be cold worked or subsequently tem- 
pered. While sufficient data is lacking on this subject, it appears 
that overstressing by simple tension lowers the endurance limit. 
Therefore, the statement that the endurance limit is not affected by 
cold work appears sound; because, as shown fully in Chap. XIII, the 
material in a cold worked state is in such a condition that it can be 
altered by subjecting it to reversal of stress and to temperatures 
lower than that necessary for metallurgical changes to occur. The 
point for the designer to note is that, pending further evidence, the 
advantages gained by cold working on the elastic properties in tension 
should not be taken as an inference that the endurance limit values 
will have been correspondingly raised. 

Non-ferrous.—Very little work has been done on the fatigue testing 
of non-ferrous metals. From the results published, however, it 
appears that the endurance limit of such metals is not so easily deter- 


* Moore and Kommers, An Investigation of Fatigue of Metals, Univ. of Illinois, 
Bull. 124, p. 55, 1921. 

} Moore and Jasper, An Investigation of Fatigue of Metals, Univ. of Illinois, 
Bull. 136, p. 66, 1928. 

t Aitchison, ‘‘ Engineering Steels,’’ p. 280, 1921. 
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mined as that of steel, and whereas 20 X 10° cycles of stress may 
suffice for steel for this determination, a much higher number appears 
to be necessary for non-ferrous metals. On certain results obtained by 
Moore* on manganese bronze, electron metal, and duralumin, he 
concluded that it might be necessary to run 200 X 10° cycles of stress 
before the endurance limit could be determined. In a more recent 
contribution to the literaturet it appears from preliminary results 
that it is even doubtful whether such materials as annealed copper, 
annealed brass, or annealed bronze have an endurance limit. When 
this is taken in conjunction with the fact that Haight obtained, as 
will be seen later in Fig. 368, very peculiar results on brass, it appears 
that insufficient data is at present available in order to make definite 
conclusions possible. Further development of fatigue testing of non- 
ferrous metals is therefore of prime importance. 

123. Cycle of Stress Variation.—In the previous paragraph con- 
sideration has been given to those conditions of stressing where 
complete reversal is obtained. We now come to a discussion of those 
characteristics of materials under cyclic varying stresses other than 
those obtaining when the stresses are completly reversed. 

In Wohler’s original conclusions it has been noted that the range 
of stress together with the maximum stress determined the failure of 
the material. In the bending tests previously discussed, the stresses 
varying from a positive maximum to a negative maximum gave the 
maximum possible range of stress variation. According to the con- 
clusions of Wohler, confirmed later by Bauschinger, it can be expected 
that, if the test bar be loaded such that the compressive stress can be 
decreased while the tensile stress is increased, any decrease in com- 
pressive stress will immediately result in an increase of endurance 
limit. In other words the results when plotted will give a general 
relation such as shown in Fig. 366. Any material stressed in such a 
manner that the maximum stress imposed on the material falls within 
the shaded area will withstand an infinite number of stress reversals 
without failure. From these conceptions it can be assumed that the 
range of stress, of which ac represents the maximum value, not only 
wil! decrease as the tensile stress is increased but also will decrease if 
the maximum stress instead of being a tensile one becomes a compres- 


*R. Moore, Resistance of Manganese Bronze, Electron Metal and Duralumin 
to Alternating Stresses, Amer. Soc. Test Mat. Proc., 1923. 

+ H. F. Moore and T. M. Jasper, An Investigation into Fatigue or Metals, 
Univ. of Illinois, Bull. 142, 1924. 

t Haigh, The Fatigue of Brass, Inst. Met. Jour., Sept., 1917. 
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Fia. 366.—Curve of repeated stress showing the change in safe range. 


60,000 


Endurance Limi 


§ 40,000 
n 
is] 
oO 
a BR Minimum 
Ss) Stress 
gs Minimum Str 
; AOR ini Stress 
= 
w 
2 
ion 
YD 
i=) 
of 
A 0 
42} 
c 
3 
jo} 
o, 
2 
& § 20,000 
AB 
g 
a, 
| 
° 
0} 


40,000 


60,000 


Fia. 367.—Curve of repeated stress for low carbon steel. 
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sive one. Some results, however, show that the lines da and ec are 
approximately parallel. More recent tests* seem to indicate that 
different materials behave in different ways with changes in the 
ranges of cyclic stresses. For example, in Fig. 367 is shown the results 
obtained on low carbon steel. It will be noted that these results are 
in agreement with the general statements of Wohler. Coming now 
to the results shown in Fig. 368 for naval brass,} it will be observed 
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Fig. 368.—Curve of repeated stress for brass. 


that these lie approximately on a straight line, and that the range of 
stress increases with increase of compressive stress. Further data 
must be required before we can afford to get very far away from the 
fundamental conclusions regarding the fatigue range. 

The important point for the designer to observe in these results is 
the fact that material can be made to fail under the action of uni- 


* Haigh, Stress Distribution in Engineering Materials, Brit. Assoc. Rep., 1915. 
+ Haigh, The Fatigue of Brass, Inst. Met. Jour., Sept., 1917. 
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directional stresses at values less than the ultimate stress in tension. 
In many structures this stress variation might conceivably arise due 
to temperature changes, and if the member in question be subjected 
say to a tensile load assumed to be static, such changes may set up 
a condition which might lead to failure in view of the fact that as the 
maximum stress is increased the safe range is rapidly decreased. 

124. Effect of Form.—While the importance of providing machine 
parts subjected to reversal of stress with adequate fillets has been 
probably well known for a long time, it appears that in certain quarters 
it is not yet fully appreciated. It is therefore proposed-to emphasize, 
by the presentation of available data on the subject, the importance 
to the designer of the avoidance, as far as is possible, of excessive stress 
concentration due to such rapid changes in section. 

Stanton* worked on the subject and experimented with three forms 
of test bars; namely, one having a Whitworth thread (.375 in. diam.), 
another having a minimum diameter of .295 in. and neck radius of 
.062 in., and the third having the same minimum diameter but instead 
of the radius, having a square shoulder. The stress, as we have 
previously noted, was tensile and compressive. His results showed 
that for low carbon steel the stress at the endurance limit computed 
by the common formulae was reduced 30% by the thread, 30% by 
the .062 inch radius, and approximately 45% by the square shoulder. 
These endurance values are therefore far below the maximum possible 
if no concentration of stress is present. Edent made tests also on 
V-grooved specimens and found a reduction of approximately 25% 


TaBLE LX XVIII.—Errect or CHANGE IN SECTION ON FATIGUE PROPERTIES OF 
Mepium Carson (0.49 C) Sreen 


Minimum diam- Endurance limit, Reduction in 
Radius of fillet in inches | eter of test bar in p/d pounds per square} endurance limit, 
inches inch % 

9.85 IPRS) 36 49 ,000 
1.0 200 30 47 ,500 3 

S26 HES 1 44,500 9 
0 275 0 24,000 51 
Venouche eae 209 0 19 ,000 61 


* Stanton and Bairstow, On Resistance of Iron and Steel to Reversals of Stress, 
Inst. Civ. Eng. Proc., 1906. 

+ Eden, Rose, and Cunningham, The Endurance of Metals, Inst. Mech. Eng. 
Procy 1Oine 
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for low carbon steel. Moore* has since extended the work on medium 
carbon steels for different forms of test bars. In Table LX XVIII are 
given the results obtained on heat-treated medium carbon steel. 
Some results obtained by the author in co-operation with S. Timo- 
shenko on medium carbon steel (C 0.33, Mn 0.65) after annealing at 
850°C. and cooling in the furnace are given in Tables LX XIX and 
LXXX. In this case the test bars were of the cantilever type as 
shown in Fig. 369, the standard form of bar for obtaining the endurance 
limit exclusive of stress concentration being as shown in Fig. 363. 


Fig. 369.—Special form of fatigue test bar. 


Taste LX XIX.—Tensitze Test Properties oF Meprum Carson (0.33) STEEL 


Proportional Yield point, Ultimate strength, 
limit, pounds pounds per square | pounds per square Elongation, % Reduction, % 
per square inch inch inch 
40 ,600 41,500 73,000 30.0 OF 


TaBLeE LX XX.—EFFECT OF CHANGE IN SECTION ON FATIGUE PROPERTIES OF 
Mepium Carson (0.33) STEEL 


a en ~ INGORE Ja he ogee Hedee nen in 
adius o et in inches : p/a imit, pounds endurance 
diameter of bar per square inch limit, % 
SAMOA, LOND. = aie. core Pee 32,000 
15 0.6 4 29,900 ot 
05 0.6 M2 21,000 31 


From these and previous results it will be appreciated that the 
endurance limit undergoes a very big reduction when the ratio of 


* Moore and Kommers, An Investigation of Fatigue of Metals, Univ. of Illinois, 
Bull. 124, 1921. 
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p/d has a value less than 0.25; this reduction for a very square shoulder 
may become as much as 50% for the’class of steel considered, while for 
harder steels it can conceivably be much higher. The fact that this 
is no greater is undoubtedly due to the ability which the material has 
of being able to adapt itself to the new conditions. It has been shown 
(Part I, paragraphs 2 and 19 B) that in certain cases the maximum 
stress produced by a rapid change in section may be two or three times 
as high as the average stress on the section,* and the fact that this 
stress concentration does not affect the endurance limit in the same 
ratio is due entirely as mentioned on p. 360 to the ductility properties 
of the material. In view of the fact that the endurance limit has been 
shown to depend on the other properties shown by the tensile test 
rather than on the ductility properties, the importance of these latter 
values is liable to be neglected. Therefore, where changes in section 
are necessary on members subjected to cyclical stresses it is not enough 
to ensure that the endurance value be sufficiently high, but precaution 
must be taken to ensure that the ductility properties are sufficiently 
great to allow local yielding of the material under the concentrated 
stresses and thereby enable a redistribution of the stresses in the best 
possible manner. 

125. Effect of Surface Finish.—So far a discussion has been made 
of the characteristics of materials when subjected to alternating 
stresses without reference having been made to the influence of any 
of the secondary effects such as surface finish, speed, or geometrical 
form. Since it is to be expected that this influence must have a bear- 
ing on the subject, it is proposed to come in this paragraph to a study of 
the effects of surface finish on the endurance limit, leaving to a subse- 
quent paragraph the consideration of speed and form effects. 

Possibly the first contribution to the subject of the effect of sur- 
face finish was that made by Eden, Rose, and Cunningham.t They 
showed that the endurance limit of low carbon steel is materially reduced 
if the surface is scratched with an ordinary needle. These results also 
showed that a ground finish did not give maximum resistance, a very 
important fact to which we will return later. Moore{t has since 
made a study of the subject of surface finish, and since he endeavored 
to standardize the various methods of producing these finishes, his 


* Wilson and Haigh, Influence of Rivet Holes on Steel Structures, Brit. Assoc., 
Rep., Sec. A, Sept., 1922. See Abstract in Engineering, Sept. 8, 1922. 
} Eden, Rose, and Cunningham, Inst. Mech. Eng. Proc., Oct., 1911. 


{ Moore and Kommers, An Investigation of Fatigue of Metals, Univ. of Illinois 
Bull, 124, p. 108. 
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results are valuable. The finish he classified as standard was that 
obtained by final polishing with No. 0 and No. 00 emery cloth. In 
Table LX XXI are given the results obtained on a medium carbon 
(0.49 C) steel in the sorbitic state, and also on a low carbon (0.02 C) 
material for different degrees of finish. 


Taste LX XXI.—Errect or Surrace FinisH on ENDURANCE Limits or STEELS 


ENDURANCE Limit 
IN POUNDS PER 


MaArEeRIAL Frinisu Square INcH 
.49 Carbon Standard 49 ,000 
.49 Carbon Rough 50,000 
.49 Carbon Ground 45 ,000 
.49 Carbon Smooth turned 43,000 
.49 Carbon Rough turned 41,500 
.02 Carbon Standard 26,000 
.02 Carbon Smooth turned 24,000 
.02 Carbon Rough turned 23,000 


It will be noted from these results that there is a decided drop in 
the endurance limit value; this drop for the 0.49 carbon material in 
the rough turned condition is in the neighborhood of 18%. Another 
point evident from these results is that the ground finish is not the 
strongest, being about 10% weaker than the standard finish. This, 
as we have seen, is in accordance with the results of Eden. A further 
very interesting contribution to the subject was that made by 
Thomas.* In Table LX XXII are given the results obtained by this 
investigator who used a medium carbon (0.33) steel. 


TaBLE LX XXII.—Errect or SuRFACE FINISH ON THE ENDURANCE LIMIT OF 


STEEL 
EstTIMATED REDUCTION IN 

Types oF FINISH EnpuRANCE Limit, % 
DERG 6 BS Goce Caner eee ea 12 
oye @ LHI acne equi BSR ROE ee coi een REE een ace ete 18 to 20 
‘Laetipine] THIS ae Sa: Gro eee ECR Renee Peco eee 14 
SEREOUA IO e Beeb atous | chs cS AI OR ae ee eee 716 

SiG. BS Gintieaeyy seer Bece ao A RROLONe coca a Caren Oe eae oe 6 

SCM IMCIMNOT Vacs ais ers ste cre: anys Oy hie Aten SHOALS Fu 4 

Sign. (©) GaNIKGLAY 35. Seco orc ti ORE eae kg ERD ERE OE ERI 2to 3 
“Tin: CATROOITING IDI Jairo tos atc eaten Oe 2 to 3 
BTEC MOTING MPR EE ener aerate cyci enone Sine a/c subaness Gls 4 

ECHOLS IGE SCLAL CHES ea tl yl c eo se pte ett Gane han ie sto 16 


These values were put forward as a rough indication yet they agree 
m general with previous results. Again, the ground finish is not the 


*Thomas, Effect of Scratches and of Finish on the Fatigue Strength of Steel, 
Hingineering, p. 449, Oct. 12, 1923. 
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strongest material. ‘The author has carried this work a little further 
and from his results has concluded that the final polishing of a material 
can be carried to too great a degree. In Figs. 370 to 372 are shown 
photographs of 100 diameters of three finishes namely 000 emery and 
oil, fine emery and oil, and grinding respectively. It will be noted that 
the surface shown in Fig. 371 is entirely different from that of the 
standard finish in Fig. 370. This is felt to be due to oxydation arising 
from the heat developed by the intensive polishing pressure. While 
exhaustive tests have not so far been made, a reduction of endurance 
limit was observed. These results, in general, indicate that there is 
one finish which gives most favorable results. The ground finish shown 
in Fig. 372 shows very strikingly the discontinuity in the lines due 
undoubtedly to chattering effects of the grinding wheel. This in the 
author’s opinion is why previous investigators have found that the 
ground finish is not the best for maximum resistance. 

The conclusions to be drawn from these considerations are that 
surface finish on machine members is of importance and must be taken 
into consideration in design. 

126. Effect of Speed.—In this paragraph the effect of speed of 
stress reversal on the value of the endurance limit will be considered. 
The tests made by Wohler* were carried out at a very slow speed of 
reversal, namely 60 per minute. It was not until a comparative recent 
date, however, that a real study of this speed effect was made. In 
1902 Reynoldsf contributed to the literature of the subject an interest- 
ing paper. In these tests the stress was alternating tension and com- 
pression and the speed of alternation was carried as high as 2,500 per 
minute. These results appeared to show that the high speed had a 
great effect on the endurance limit. The value obtained for low 
carbon steel was 13,400 Ibs. per sq. inch, while the result obtained on 
an approximately similar material by Wohler was 26,800 lbs. per sq. 
inch. Roset made a further contribution for intermediate speeds, 
and showed that although low carbon steel in the untreated state and 
with a ground finish gave an endurance limit of 22,000 lbs. per sq. inch 
when speed of reversal was 280 per minute, yet when this speed was 
increased to 1,300 per minute the endurance value was unaltered. 


* Wohler, Uber die Festigkeitversuche mit Hisen und Stahl, Z. f. Bauwesen, 


1870. ; 
+ Reynolds and Smith, A Throw Testing Machine for Reversals of Stress, 


Phil. Trans. Roy. Soc., Vol. 199, 1902. 
t Eden, Rose, and Cunningham, The Endurance of Metals, Inst. Mech. Eng. 


Proc., 1911, 
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Moore* has recently found that on five different steels tested by him 
varying from low carbon to high carbon there was no difference in the 
endurance limit when the speed was changed from 200 reversalst{ 
per minute to 5,000 reversals per minute. This as we have seen is in 
contradiction to the results of Reynolds, but since the latter investi- 
gator used a machine in which the stresses were produced by a recipro- 
cating weight while Moore used a machine having a negligible inertia 
effect, the chances are that the machine defects in the inertia type 
would serve to explain these discrepancies. On the other hand, 
Hopkinson{ made tests on low carbon steel in tension and compression 
at. a speed of 7,000 cycles per minute. He found that the endurance 
limit was increased 10% with this increased speed, but his tests do not 
appear to be comprehensive enough for us to draw definite conclusions. 
It has been shown (Chap. XIV, page 420) that, according to Plank, 
when the velocity is high the internal friction of the material has a 
great effect in assisting the material to resist deformation; the higher 
endurance limit found by Hopkinson may on these grounds be 
explained. This investigator, although he did not conceive the 
friction effect, believed that as the time per cycle was diminished the 
effect produced might diminish in greater proportion. While, 
therefore, the question of the effects of speed is still more or less unde- 
termined, it appears safe to conclude that for ordinary speeds of test- 
ing which are usually less than 2,000 cycles per minute there is no great 
effect produced by a change in speed. In order to obtain strictly 
comparable results, however, a constant speed of operation is desirable. 

127. Effect of Temperature.—Very little work has been done on 
the effects of high temperature on the fatigue characteristics of metals. 
Batson§ made some tests on medium carbon steel at 250°C. and found 
the endurance limit decreased to +37,000 lbs. per sq. inch, being 
+47,000 lbs. per sq. inch at 20°C. Lea|| however found that low 
carbon steel’ at 390°C. had an endurance limit at least 16% higher 
than that at 16°C. No conclusions can, however, be drawn from such 


* Moore and Jasper, An Investigation of the Fatigue of Metals, Univ. of 
Illinois, Bull. 136, p. 59. 


+ Notr.—The idea of recovery from overstrain at such a low speed must not be 
excluded. 
{ Hopkinson, The Endurance of Metals under Alternating Stresses of High 


Frequency, Roy. Soc. Proc., Vol. 86, 1912. See also paper by Jenkin, Report of 
British Assn., (Toronto), 1924. 


§ Batson and Hyde, ‘Mechanical Testing,” Vol. 1, p. 339, 1922. 
|| Lea, Effect of Repetition of Stresses, Engineering, Feb. 16, 1923. 
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tests.* In a previous chapter the importance of the tensile character- 
istics at high temperatures wasemphasized. This is no less true for the 
fatigue characteristics and it is to be hoped that in the near future this 
phase of the subject will receive much more attention than in the past. 

128. Short Time Methods.—From the results given in the preced- 
ing paragraphs it will be clearly understood that the determination 
of the endurance limit by the ordinary methods described is a very 
long process. In the machines, for instance, used by the author the 
speed is 1,300 R.P.M., and since 20 X 10° cycles is taken as the limit- 
ing value, the time required for the making of one test for such a 
number of reversals is at least 11 days, and as we have seen several 
other tests are necessary. Due to this fact the development of 
short time methods is of practical importance. These short time 
methods fall into three classes as: 

A. Strain method 

B. Rise of temperature method 

C. Repeated blow method 
which will now be considered in sequence. — 

Strain Method.—We have already seen that, according to 
Bauschinger,t when the cycle of stress is from zero to a maximum, if 
the maximum stress is gradually raised higher than the proportional 
limit, then the proportional limit will increase with the number of 
cycles but will not go beyond a certain limit. If the cyclic stress be 
lower than this limit then fracture will not take place. This led 
Bauschinger to conclude that this could be made the basis of a short 
time test, by establishing through a comparatively small number of 
cycles the limit to which a material could be stressed to maintain an 
infinite number of cycles. 

The development of this idea of a strain method for determining the 
endurance limit was due to Gough.{ He experimented with torsion 
tests and, in addition to applying the rise of temperature method 
previously discussed, he arranged mirrors on the test bar so that the 
strain imposed on the bar could be read from the movement of a spot 
of light on a scale after reflection at the mirror. Observations made 
in this manner showed that at a given value of stress the amplitude 
of the motion of this spot of light suddenly increased. The stress 
corresponding to this sudden yielding of the material was found to 

* Nore.—See Rep. of Brit. Assoc., 1924 for further data by Lea. 

+ Bauschinger, Dingler’s Poly. Journal, Vol. 266, 1886. 

t Gough, Some experiments on the Fatigue of Material, Aeronautical Res. 
Comm., Rep. No. 743, 1922. 


488 APPLIED ELASTICITY 


correspond also to the endurance limit of the material. He concluded 
that in most cases the break in the curve was more clearly shown than 
that obtained by the thermal method. In Fig. 373 is shown a curve 
obtained by him for a 0.65 carbon steel, this data being obtained at 
the same time as the thermal data shown later in Fig. 376. It will 
be observed that the break in the curve is very sharp. In the report 
results obtained from a variety of steels are given, to which further 
reference can be made. Gough* also appplied this strain method 
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Fig. 373.—Curve of stress and strain for torsion fatigue of 0.65 carbon steel. 


to those cases where the material was subjected to reversed bending 
stresses. He fitted the mirror in the end of the rotating test bar and, 
by so arranging the lamp filament (see Fig. 374 for author’s modified 
form) so that it could be moved along a scale until it coincided with 
the cross wires in a telescope, accurate measurements of the deflection 
of the test bar corresponding to a given load could be obtained. By 
gradually increasing the load on the test bar and taking scale readings 
for each increment a point was reached at which the deflection suddenly 
increased. The stress corresponding to this load was found to be in 


* Gough, Some Experiments on the Fatigue of Metals, Aeronautical Res. 
Comm., Rep. No. 748, 1922. See also Batson and Hyde, “Mechanical Testing,” 
Vol. 1, p. 258, 1922. 
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good agreement, for the materials examined, with the endurance 
limit as found by long time tests. Another very important point 
brought out was that the value of endurance limit found in this manner 
on solid specimens agreed well with the results obtained for hollow 
specimens. This point is very important since it eliminates the 
necessity of machining hollow specimens. This method has also been 
applied by Lea,* who made tests on several carbon steels. The results 
led this investigator to conclude that this method of determining the 
endurance limit is one which requires great care; he pointed out that 
the material should not be overstressed and then retested. 


11'-3" 


Fixed Telescope 
Load SS 


Mirror ~ 
Rotating Test Bar i 


Graduated Scale 


Pointolite 


Fia. 374.—Arrangement of apparatus for determining endurance limit by deflection 
method. 


A considerable amount of investigation work has been done by the 
author on this type of testing. The apparatus employed being an 
adaptation of that used by Gough is shown in diagrammatic form in 
Fig. 374. In Fig. 375 are shown the curves obtained for 0.37 carbon 
steel annealed and heat-treated respectively. For purposes of com- 
parison the endurance limit obtained by the long time method is 
shown at A in each diagram. The short time method is therefore in 
good agreement with the long time tests. Referring to these figures 
it will be noted that the proportional limit in tension marked by B 
is in excess of the endurance limit obtained either by the short or long 
time methods. This fact seems to be important because, in work 
done by the author on a variety of steels, provided the proportional 
limit is less than the value of stress obtained by the short time method, 


*Lea, The Effects of Repetition Stresses on Materials, Engineering, Feb. 23, 
1923. 
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then the results given by this latter method are not in good agreement 
with the results of the long time tests and may give entirely misleading 
results. This was mentioned by the author* previously, and in a 
recent contribution het} discusses this fact in more detail. 

It appears therefore advisable to apply this method with a great 
deal of caution especially in the cases of new and more or less unknown 
materials. There is no doubt that such a short time method as this 
has advantages over the rise in temperature method, but this does not 
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Fria, 375.—Stress-deflection curves for medium carbon steel. 


justify us, at this stage in its development, in applying it blindly to 
all materials. 

Rise in Temperature Method.—The rise in temperature method is 
based on the fact that when a material is repeatedly stressed beyond 
a certain limit, definite thermal phenomena appear which can be 
measured. The work done on the material by the repeated application 
of stress appears in the form of heat energy and by studying the change 
in temperature of the test bar under stress, data on the effect of this 

* See the author’s Discussion of McAdam’s Paper on Fatigue, Amer. Soc. Test. 
Mat. Proc., 1923. 

} See the author’s Paper: Inst. Mech. Eng. Proc., Dec., 1924. 
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stress can be readily observed. In order to determine the endurance 
limit all that is necessary is to so arrange the test bar that accurate 
temperature measurements can be made corresponding to any stress 
value commencing from zero. Usually these temperatures are 
measured for the plane of maximum stress. If, starting from zero, 
these measurements are made allowing sufficient time between readings 
to have temperature equilibrium, which time must be constant, then 
on plotting stress as ordinate and temperature as abscissae it will be 
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Fig. 376.—Curve of stress and temperature rise for torsion fatigue of 0.65 carbon steel. 


found that the temperature increases with increase in stress up to a 
certain value, when the increase becomes much more rapid. The 
stress corresponding to this point has been called the endurance limit 
of the material. Stromeyer* was the first to use this method for 
endurance limit determination. He experimented with torsion fatigue 
tests and measured the temperature of the specimen by two thermom- 
eters, one placed at the inlet and the other at the outlet of a water 
jacket surrounding the test bar the jacket allowing water to pass 
* Stromeyer, Determination of Fatigue Limits, Roy. Soc. Proc., p. 114, 1914. 
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slowly along the surface of the bar. He concluded that the torsional 
endurance limit occurred at that temperature corresponding to a given 
rise in temperature. Gough* has since extended this method by 
employing more delicate temperature measuring apparatus. Instead 
of the thermometers he used thermocouples and obtained in this 
manner greater accuracy in temperature measurements. In Fig. 376 
is shown a curve for medium carbon steel reproduced from his results. 
It will be noted that the break in the curve is well defined and that the 
endurance limit occurs at a stress of 26,500 lbs. per sq. inch, whereas 
the endurance limit obtained by the long time tests was also 26,500 
Ibs. per sq. inch; so the agreement is very close. The results were 
also in good coincidence with those found by the strain method previ- 
ously described. Putnamy has also contributed to the literature of 
the subject, having made tests on many different steels. In Fig. 
377 are shown curves reproduced from their work for material varying 
from iron to 1.2 carbon steel. In this case the speed of the machine 
was 1,000 R.P.M., and for the first three curves the period between 
successive readings was 30 seconds, but this of course will depend both 
on dimensions and material. It was found for instance that this 
period was too short for the heat-treated steels and a period of 2minutes 
was adopted for such. The author feels that this question of time 
interval between successive readings is important and must be con- 
sidered. The endurance limit in these tests was taken as that point 
where the curve showed a sharp break. The author has added in Fig. 
377 horizontal lines marked A representing the endurance limit as 
determined from the long time tests and it will be seen that there is 
agreement between the two methods. It will also be observed how- 
ever that the curves do show a break at points considerably below that 
chosen as the endurance limit. These workers felt that this point 
might be the real endurance limit of the material. The fact remains 
that such a method as this requires very accurate temperature deter- 
mination otherwise grave errors may arise. This test, used as a check 
test, has useful application but in our present state of knowledge it 
would be dangerous to let this test entirely displace the long time tests. 

Repeated Blow Tests—It has been previously mentioned under 
repeated impact tests page 410) that the results obtained from 


* Gough, Some Experiments on the Fatigue of Materials, Aeronautical Res. 
Comm. Rep., No. 748, 1922. 

} Putnam and Harsch, Rise of Temperature Method of Determining Endur- 
ance, Univ. of Illinois, Bull. No. 124, p. 119, 1921. Putnam’s work was appar- 
ently prior to that of Gough. 
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Fic. 377.—Curves of stress and temperature rise for bending fatigue of carbon steels, 
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such tests can be closely associated with the fatigue properties. 
As we previously noted, Stanton* discussed this question in detail 
and, when using a test bar form as shown in Fig. 378, he concluded 
that when the number of blows to fracture exceeded 100,000,t 
the conditions represented by this height of drop approximated to 
fatigue conditions. In other words, the ordinate at that point 
represented to some scale the endurance limit of the material. I, 
therefore, these heights are available for different materials not differ- 
ing widely in microstructure, and the endurance limit has been 
determined by long time methods for one material, then a good approx- 
imation for the endurance limits of the others can be obtained from 
the ratio of the heights obtained from the curve of repeated impact. 
The author, using the Stanton type of machine, has carried out many 


Fic. 378.—Sketch of Stanton test bar. 


tests on this phase of the subject. Ashas been seenin Chap. XIV, the 
test bar used is shown in Fig. 344 which, as previously mentioned, is a 
modification of the original one of Stanton. In Table LX XXIII are 
given the results obtained for a 0.387 carbon steel in the rolled, the 
annealed, and the normalized conditions. Choosing as the basis 
the height of drop corresponding to 80,000 blows, the values in the 
second column were obtained from the respective curves of repeated 
impact. The endurance values given in the third column were taken 
from Table LX VIII and represent the endurance limits obtained by 
the long time methods. In the last column are given the endurance 
limits calculated on the basis of the material in the rolled condition, 
in which case 28,000 lbs. per sq. inch obtained from the fatigue test 
corresponds to 0.26 drop obtained from the repeated impact test. 
The error, it will be noted, by this calculation is within that obtained 

* Stanton, Resistance of Material to Impact, Inst. Mech. Eng. Proc., Nov., 1908. 

} Norr.—On this basis, the repeated blow test can scarcely be classified as a 


short time test, but since it requires shorter time than the ordinary tests it is 
included here. 
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Taste LX XXIII.—Repratep SHock anv Fatigun Properties oF 0.37 CARBON 


STEEL 
: Endurance limit, pounds per square inch* 
State Height of drop for 
80,000 blows 
By experience Calculated 

ROUGHER PER Cuatoas se coo: 0.26 28 , 000 28 ,000 
PATIO ALE Cee creo ays obs ons 0.25 28 , 600 27,000 
INormalizedes: f-..20 +> 0-27 29 , 300 29 ,000 


* Notr.—It was assumed in these calculated values that the asymptote of the repeated impact 
test curve was reached at 80,000 blows and that this corresponded to 28,000 lbs. per sq. in., as 
obtained from the fatigue test. The other endurance limit values were then calculated on this basis. 
in usual experiments. In Table LX XXIV are given the results for a 
carbon-vanadium forged material for two states, the first being 
obtained after the steel had been normalized in bar form (65 in. dia.) 
by being heated to 870°C. and cooled in air, and the second after 
being annealed at 870°C. and cooled in the furnace. 


TaBLeE LX XXIV.—REpPEATED SHOCK AND FATIGUE PROPERTIES OF 0.52 CARBON 
0.19 VANADIUM STEEL 


Endurance limit, pounds per square inch 
Height of drop for 


State 80,000 blows, inches 
By experiment Calculated 
INORMALIZEd Giclees see ae 0.46 54,000 54,500 
PAIN ALE Clin toretesets Stee s) Fok ore 0.38 45 ,000 45,000 


The results shown in Table LX XXV are for the 0.37 carbon steel 
of Table LXXXIII after heat-treatment. Further data on other 
material has been published by the author.* Probably sufficient has 


Taste LXXXV.—REPEATED SHOCK AND FATIGUE PROPERTIES OF 0.37 CARBON 
Srmp, HarpENED IN WaTeER 850°C. (214 Incu DIAMETER) AND TEMPERED 


Endurance limit, pounds per square inch 


Height of drop for 


Tempering temperature 80,000 blows, inches 
By experiment Calculated 
100°C. 43 52,000 52,200 
450°C. .42 50,000 51,000 
550°C. 42 51,000 51,000 


* See the author’s Paper—Static and Dynamic Tests for Steel, Trans. Amer. 
Soc. Steel Treaters, Oct., 1923. 


496 APPLIED ELASTICITY 


been said of this method to enable us to conclude that the application 
of the data given by the repeated shock test enables us to predetermine 
the endurance limit of the material provided the above mentioned 
procedure is adopted. This will make the running of long time endur- 
ance tests unnecessary in all cases, and hence gives a comparatively 
short time method. The results therefore are of practical importance 
to the designer, and the discussion of this test is fully justified. 

129. Significance to the Designer.—The importance of the fatigue 
test characteristics to the designer cannot be too strongly emphasized. 
Like the tensile test, the fatigue test provides him with fundamental 
data which can be used directly in design. As we have seen the static 
tensile test may be able to give a good indication of the fatigue charac- 
teristics, nevertheless it appears that more evidence must be forth- 
coming before the tensile test can always be used as the only guide, 
unless for the common grade carbon steels on which much data is now 
available. With special steels, cold worked steels, and non-ferrous 
metals there is little or no data, and fundamental tests must be made if 
a rational design is to result therefrom. 

Fatigue tests also are valuable in that they enable a picture to be 
made of the effects of stress concentration. By their further applica- 
tion in conjunction with stress analysis to a study of fillets, keyways, 
and holes we will yet be able to obtain a true measure of the value of 
ductility. 

The test as it stands at present has the decided drawback that it 
requires long periods of time to accomplish; nevertheless it is to be 
hoped that the discussion of short time tests may be further developed 
so that this difficulty can be overcome. 

That the importance of this form of dynamic testing has been 
appreciated by engineers in general is evident from the amount of 
activity in this line of testing. That this importance will tend to 
increase, once the significance of test has been truly appreciated, is 
the only logical conclusion to make by those who are interested in the 
advancement of better and more economical designs. 


CHAPTER XVII 
THEORY OF STRENGTHS 


130. General.—Szmple Stress.—In the design of members to with- 
stand the action of simple stresses such as tension, compression or 
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shear there is no difficulty in arriving at suitable dimensions. The 
state of stress in any single element whether this be tension, compres- 
sion, or shear, shown in Fig. 379 
can be reproduced experimentally, 
and all necessary data such as 
proportional limit, yield point, or 
ultimate strength can be obtained 
from the stress strain diagram as 
shown in Fig. 380, from which 
the dimensions necessary can be 
calculated. 

Combined Stress——For the gen- 
eral case of state of stress represented 
by three principal BUresses oe shown Fic. 381.—State of combined stress. 
in Fig. 381 the determination of 
values such as proportional limit, yield point, or ultimate strength 


cannot be determined by a single test, and since it is impossible to 
497 
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make experiments to suit all the varieties of relations between the 
principal stresses met with in service, it is therefore necessary to inquire 
into fundamental facts underlying failure.* This can only be done by 
conducting tests on certain general cases and from these tests develop- 
ing a theory or theories and applying these conclusions to all conditions. 
The problem before us in this chapter is therefore to discuss these 
various theories which have been developed from time to time by 
various investigators, and so place before the designer as clear a 
conception as the subject will allow. 

131. Variety and Scope of Theories.—From the consideration 
given in the first part of the book to the subject of combined stresses 
(see paragraph 3, page 11) it will have been appreciated that the 
form of the final design to withstand the action of such stresses will 
depend in large measure on the manner in which it is assumed the 
structure will fail. This may be either due to a given value of the — 
maximum tensile stress, or a given value of the maximum strain, or a 
given value of the maximum shear stress, from which conceptions the 
four well known theories for such failures have their genesis. 

Before we begin to consider in detail these various theories it 
seems advisable to specify what is meant by failure. This raises 
some slight difficulty because, from previous considerations, it has 
been seen that there are two classes of materials, one, such as low carbon 
steel, which possesses a proportional limit and yield point and the other, 
such as cast iron or copper, which does not. (Guest in his work on 
low carbon steel takes the yield point as the criterion of failure and it 
is proposed here for such material to take the point of failure as that 
point where permanent set begins, namely the proportional limit, and 
for such material as cast iron, the ultimate stress to fracture. 

132. Maximum Stress Theory.—The maximum stress theory 
assumes that regardless what the ratio of the stresses acting on mutu- 
ally perpendicular planes may be, whether these stresses are like or 
unlike, failure will occur when, and only when, one of the stresses 
reaches the value corresponding to the limiting stress in tension or 
compression as the case may be. It takes no account of the fact that 
the material may be strengthened or weakened due to the action of the 
two other principal stresses acting at right angles to the one considered. 

*Nors.—By failure as will be seen later is meant the proportional limit for ductile 
materials such as low carbon steel, and the ultimate stress for material such as 
cast iron, 


t Guest, Strength of Materials under Combined Stress, Philosophical M agazine, 
July, 1900. 
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In other words, referring to Fig. 381 which represents three like stresses 
acting on mutually perpendicular planes, if p, > p, > pz and if the 
stress just to cause failure under simple tension or compression be p, 
then failure will occur only when p, > p. In Fig. 382 is givena repre- 
sentation of this theory, according to Becker.* If a tensile stress 
OB or a compressive stress OD be applied to a material then if these 
represent the limiting stresses to just cause failure and if a further 
tensile stress such as OH be applied at right angles to the direc- 
tion of the previous stresses provided that OZ is less than OA, this 
second stress will not contribute to failure. 
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Fig. 382.—Representation of maximum stress,theory, 


If such a theory were strictly true then all materials would be 
expected to fracture in a direction at right angles to the maximum 
stress.t| But reverting again to simple tension we know that while a 
brittle material such as cast iron will so fracture as shown in Fig. 383, 
ductile materials such as low carbon steel do not show such charac- 
teristics. For example we have the appearance of Lueders lines 
on the surface of such material (page 358). These lines as we 
have seen are inclined at 45° approximately to the axis of stress and 

* Becker, The Strength and Stiffness of Steel under Bi-axial Loading, Bulletin 


No. 85, University of Illinois. 
+ Norr.—By fracture is meant the breakdown of the material. If we speak of 


permanent set, it can be assumed that this will occur in the weakest plane per- 
pendicular to the maximum stress. 
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indicate, at this stage at least, the predominating effect of tangential 
stresses. We have further evidence in the fractured ends of tensile 
test pieces from such ductile material. The fracture plane is not at 
right angles to the stress as in the previous case but is inclined to it at 
an angle giving rise to the cup type of fracture shown in Fig. 384 (a). 

In many cases the type of fracture obtained on ductile materials is 
represented by a truncated cone as in Fig. 384 while for brittle 
material the fracture plane will, as we have seen in Fig. 383, be at 
right angles to the axis of stress. Taking again the ultimate stress 
instead of the proportional limit as the point of failure it will be found 
that test bars of low carbon steel, tested in torsion, will fracture in a 
plane at right angles to the axis, i.e., in the plane of maximum shearing 
stress. 


Fire. 383.—Fractured end of east iron Fig. 384.—Fractured ends of low carbon 
test bar, steel. 


The strongest factor contradicting this theory is, however, the well 
known fact that homogeneous materials withstand hydrostatic pres- 
sures in excess of their simple breaking stress values. This could not 
be so were the theory to be rigidly true. On these two points, there- 
fore, the theory, while apparently true for such a material as cast iron, 
cannot be generally applied. 

133. Maximum Strain Theory.—The maximum strain theory (or 
St. Venant theory) holds that when the state of stress in any single 
element is given by two or three principal stresses the strength is 
increased if the stresses are like in sign, and that the maximum strain 
due to such stresses is the criterion of failure. This conception appears 
to take into consideration the forces existing between the molecules 
composing the crystals since these must, in large measure, determine 
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the extent to which strain in one direction will result in strain in a 
direction at right angles. Referring again to Fig. 381 which represents 
the stresses acting, and taking 


1 : ; 
— = Poisson’s ratio, 
m 


H = Modulus of elasticity, 
e = Strain in direction x corresponding to a simple tension 7p, 
p = Limiting stress to cause failure in simple tension, 
then the limiting value of e 
ON PRIS RS AAR a _ 
will be 


Aaa 
eH 


and in order that failure must 
not take place, 


Pe i) = 
a mE Py + Pe) Zee, apres GUAR 


or 


1 a 
Pz — PACE + pz) < Pp 


Compression 


In Fig. 385 is given the 
graphical representation of 
this theory according to 
Becker. OA and OB repre- Fig. 385.— Representation of maximum strain 
sent the limiting stresses in theory. 
tension, and OC and OD those for compression. A tensile stress of 
magnitude OH would require a tensile stress equal to OF acting at 
right angles to cause failure. For two equal tensile stresses, failure 
would not occur until a stress value corresponding to OG be reached. 

This theory is not supported by experimental results, because, as 
shown by the known experiments of Wehage,* the strength of a 
material in one direction is not increased by a tension in a direction 
at right angles. 

134. Maximum Shear Theory.—The maximum shear or Coulomb 
theory holds that when a material is subjected to the action of two or 
three stresses on mutually perpendicular planes, failure will occur 
only when the maximum tangential stress reaches a certain limiting 
value. 

Referring to Fig. 381, if 

Dz > Py > Pay 
* Wehage, Mitteilungen d. Techn. Versuchsanstalten, (Berlin), p. 89, 1888. 
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the maximum value of the tangential stress will be 
i 
9 (Ps =e 


(see p. 16) the intermediate stress having no effect; and in order that 
failure will not occur, 


1 — P 
9 (Pa = Deine 9? 


where p denotes the limiting stress in simple tension, or 
Pmax . Pmin = oe 

Bearing in mind the fact that 
the intermediate stresses have no 
effect, then a graphical repre- 
sentation may be given of these 
shear stresses. 

In Fig. 386 is again shown 
this representation according to 
Becker. For the case of two ten- 
sile stresses the intermediate 
stress is evidently the lesser of 
these stresses, and for such con- 
ditions we have maximum shear 


; 4 stress 
Fig. 386.—Representation of maximum shear 0 
theory. Po Vee? 


giving pz = p = limiting stress in tension, and this will be represented 
by a rectangle OAKB, which corresponds to the maximum stress 
condition. If the two stresses be tension and compression then the 
intermediate stress will be zero, and the maximum shearing stress will 
be determined by the lines AD and BC, inclined at 45°, due to the fact 
that 

16(p2 — Dz) = constant = p;. 

Referring to Fig. 386, a tensile stress, represented by ON, combined 
with a compression stress, represented by OM, will cause yielding of 
the material. 

This theory seems for ductile materials to be in better coincidence 
with experimental fact than the other two theories previously discussed. 
A very important contribution was made in support of this theory by 
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Guest.* His experiments were all made on ductile materials, low 
carbon steel, copper, and brass. While the tests on the non-ferrous 
metals were insufficient to enable definite conclusions to be made, the 
tests on steel substantiated the theory in that the maximum tangential 
stress appeared to be the cause of failure. 

It will have been understood from the previous statements that 
it is presupposed the proportional limit in tension and compression 
are the same. We know that this is only approximately true for such 
ductile materials as low carbon steel and for these materials the maxi- 
mum shear theory can be used. With a material like cast iron where 
the properties in tension and compression are vastly different some 
allowance for these facts is necessary. Such is provided by the Mohr 
theory and to the consideration of this we will now come. 

135. Mohr Theory.—We now come to a theory which, as an exten- 
sion of the maximum shear theory, appears to have received too little 
attention in English engineering text books, namely the Mohr theory. 

As we have seen the maximum shear theory presupposes that the 
limiting stress in tension and compression are alike. As is generally 
known this is approximately true only for steels. Any theory which 
makes allowance for this difference is"therefore more valuable since it 
can be generally applied. Such is the Mohr theory, being in reality 
an extension of the maximum shear_theory. 

As has been discussed in (paragraph 5, page 16) the state of stress 
at a point in a body can be represented by the Mohr circles as shown in 
Tig. 387. In the case as shown 

Da > Py > Pz. 

The theory of Mohr is based onthe following statement: 

If a point be taken in a stressed body, then an infinite number of 
planes can be traced through it, such that these. will have the same 
normal stress. From all these planes the weakest will be that which 
has the maximum tangential stress. Supposing all planes with 
normal stress equal to p be taken as shown in Fig. 387, the shearing 
stress will vary from B to A and the maximum shear stress will cor- 
respond to point A. This means that from all the planes having the 
same normal stress the maximum shear will act on that going through 
the intermediate stress, i.e., considering the condition of safety at this 
point, it is necessary only to consider the outer Mohr’s circle. This 

* Guest, Strength of Materials under Combined Stress, Philosophical Magazine, 


July, 1900. 
+ Mohr, Die Elastizitatsgrenze und den Burch eines Materials, Zeit. d. Ver. 


Deut. Ing., p. 1530, 1900. 
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is equivalent to saying that the intermediate stress has no effect on 
the condition of failure. Due to the fact that the limiting stress may 
be different for different ratios of pz and p, the corresponding Mohr’s 
circles may have different radii. This therefore leads to a general 
diagram as shown in Fig. 388 for the Mohr theory. In this diagram 
the curve such as AB represents the enveloping curve for all possible 
circles representing different limiting states of stress. Every circle 
tangent to this envelope will give one of the possible limiting states 
of stress, and by drawing this circle the radius will then be the limiting 
shear stress and the points of intersection of the circle with the axis 


Fig. 387.—Graphical representation of three mutually perpendicular stresses. 


of abscissae will then represent the corresponding maximum principal 
stresses. On the other hand when the conditions of failure for tension 
and compression are alike, limiting circles become equal and the Mohr 
theory becomes the maximum shear theory as shown in Fig. 389 
provided that the enveloping curve is assumed for such conditions to 
be a straight line. Since this theory is general in its application 
it is to be recommended in preference to those already mentioned. 

136. Other Theories.—In addition to the theories already discussed 
there are certain other ones which must be mentioned. 

Becker,* due to certain experimental work which he carried out, 
concluded that neither the maximum strain theory nor the maximum 


* Becker, The Strength and Stiffness of Steel under Bi-axial Loading, Bulletin 
No. 85 of University of Illinois. 
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shear theory were true, but that a combination of both agreed with 
his experimental results. The strength at the yield point follows the 
maximum strain theory until the shearing stress reaches the value of 


Tension 


Fia. 388.—Graphical representation of Mohr theory. 


the shearing yield point, after which failure occurs according to the 
maximum shear theory. Reyto* suggested a further modification 
of the maximum shear theory which took into consideration znternal 
friction. This theory would appear to explain why the Lueders’ lines 


Pure Shear Tension 


Fiq. 389.—Particular case of Mohr theory—maximum stress theory. 
/ 


in tension and compression have different inclinations to the axis of 
stress. If the friction angle is zero the internal friction theory becomes 
the maximums shear theory. 

* Reyto, ‘Die Innere Reibung,” 1897. 
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Still a further theory was put forward by Beltrami* which has now 
been discussed by Haigh.+ In this, account is taken of the maximum 
resilience stored in the material under stress and failure is explained 
as the critical amount of energy stored per unit volume. Quantities of 
work are done on the metal in a strictly reversible manner; this may 
be expressed in terms of the applied stresses and elastic constants. 
If W is the work done, then if the material be isotropic, 


pan 1 2 2 DN ees 1 
W = aR P= pg? Ds) mE PsP + Pye + DzPz) 
or 


Me 
C? = Dai Dy ope m peu + pypz + DaPs). 


where C = a constant. This rela- 
tion on being plotted gives an 
ellipsoid shown in Fig. 390 where it 
is drawn superimposed on that for 
the maximum strain theory. 

It appears from this repre- 
sentation that the maximum strain 
theory overestimates the critical 
stress value when the two stresses 
are equal and like. In general it 
will be observed that none of these 
modifications get very far away 

Frc. 390.—Graphical representation of from the maximum shear theory, 
Haigh theory. and do not appear to change the 
basis of the conclusions already made regarding it. 

137. Limitations.—In the consideration given to these various 
theories it has been assumed that the material is homogeneous and 
isotropic. In reality it is not so and a word of caution is therefore 
necessary in order that these limitations may be observed. 

According to the maximum shear theory it is to be expected that 
the proportional limit in torsion will be 50% of that in tension. If 
solid test bars are being employed in torsion, then, due to the stress 
varying over the cross section, it is difficult to detect deviation from 
the proportionality law, and consequently the indicated proportional 
limit in torsion will usually be higher than 50% of that in tension. 


* Beltrami, Rendiconti, p. 704, 1885; Math. Annalen, p. 94, 1903. 
Girtler, Wien Berichte, Vol. 116, 1907. 
t Haigh, The Strain Energy Function and the Elastic Limit, Rep. of Brit. 
Assoc. for Advancement of Science, p. 324, 1921. 
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From tests made by the author, it is evident that lack of homo- 
geneity of material may lower considerably this ratio from the 50% 
according to the maximum shear theory. In one case this ratio was 
observed to be 40%, the material on being examined microscopically 
showing decided nonhomogeneity in structure. 

The point we are emphasizing is that there is the possibility of 
considerable variation arising in a particular design depending on the 
theory adopted as a criterion of failure, but that these variations may 
be no greater and may even be less than those arising from non- 
homogeneity in the material itself. It is therefore very necessary, in 
applying such theories as have been discussed, to know just how far 
the material is homogeneous and in this respect the microscope can 
be of great value to the engineer. 

138. Conclusions.—In concluding this discussion of the strength 
theory it is proposed to take certain cases* of simple and complex 
loading and apply the theories to their solution. By this means the 
divergence in the results obtained can be seen at once. In the con- 
sideration of numerical examples we will only be concerned with the 
first four theories discussed namely maximum stress, maximum strain, 
maximum shear and Mohr theories. 

Simple Torsion.—In the case of simple torsion it has been shown 
(paragraph 8, page 26) that the material is in a state of pure shear and 
that this is equivalent (page 14) to tension in one direction combined 
with compression in a direction at right angles. Ifp.,and p, represent 
these stresses respectively and using the adopted notation, then 

16M, 
= d 


and 


De = (Py) = 2p2 = as : 

In order to show the variation which can be expected according 
' to the theory adopted, the three theories will be applied in this case. 

Maximum Shear Theory.—This theory implies that the difference 
between the principal stresses must not be larger than the working 
stress} in simple tension. Accordingly, if p be the value of this working 
stress, then 

d3 Es 32M; 
Tp 

* Roth, Die Festigkeitstheorien, Zeit. f. Mathematik und Physik, Volume 48, 
p. 285, 1902. 

+ Note-—See Chapter XVIII for a discussion of working stresses. 
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3 /10M, Sea fam 
d = eee a3 2154/4 
Pp Pp 


Maximum Strain Theory.—This theory requires that the maximum 
strain corresponding to the combined stresses must not be greater 
than that due to the working stress in simple tension. Therefore 


Pz I1lpysP 


and 


HE fie 2 
Dz Nee 
EH (1 7 7) pots 
De =— > 
l= 
m 
or 
losis sp 
= 
wd hae A 
m 
and taking Le 0.3 
m 
p= 85M: 
p 


65M, | M, 
d = (ous = 1.864) 
p p 


where p is the value of the working stress. 

Maximum Stress Theory.—This theory requires that the maximum 
principal stress shall not be greater than the working stress in simple 
tension therefore: 


16M, — 
Peas ae: He, 
d3 5M, 
- 
a= [5M 
Pp 
erie. 
Dp 


It will be noted, from these considerations, that the diameter 
depends on the theory selected for the design. Taking the maximum 
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shear theory as the basis this variation in diameter due to the three 
theories is shown in Table LXX XVI below. 


Taste LXXXVI.—RetativE VALUES FROM DirreRENT THEORIES (Torston) 
Maximum SHEAR Maximum Srrain Maximum Srress 


1 0.87 0.79 
Bending and Twist.—For the case of a member subjected to the 


action of bending and twisting we have seen (paragraph 50 page 184) 
that the principal stresses are given by 


16 a 
De = (Ms + V Me # MY) 
ad? 
1 = a 
p= (Ms = \/ My oe 
aa? 


Maximum Shear Theory.—In this case the maximum shear stress 
will be given by 14 (pz — p,), therefore, 


16 ee 
DN) ee QVM, + M2) = p 
or 


d= ie VMe + MP 
Maximum Strain Theory.—From this theory we have 
Pe By _ 16_ a 1) /e 
E mE End’ [an( ) te (1 Zi 2) VM + Mi | 
and taking 1/m = .3 


ay ae Mee) =? 
Pie Ve?) a 


ds - (35M, + .65\/M2 + MP) 


Vil 


i ae (35M, + .65\/ Me + Me 


Maximum Stress Theory.—Since p, is greater than p, from this 
theory we have 


p. =, (My + VM + MA) = p 
is = (M+ /Me + MD 
ae A (M, + /Me + MP) 
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In this case the discrepancy between the values obtained for (d) 


by each theory will depend on the relation of M; to Mb». 


In Table 


LXXXVII below are given the relative values of each for three 
different values of M; to M,. 


Taste LXXXVII.—REeE ATIVE VALUES FROM DIFFERENT THEORIES (TORSION AND 


BENDING) 
Maximum shear, } Maximum strain, | Maximum stress, 
theory theory theory 
Mirae Vineness ae 1 .96 95 
Whe = CAVES suo nok de 1 .93 .90 
M,=0.... 1 .87 19 


It will be seen that in the case of pure torsion the design made 
according to the maximum strain theory would be 13 % weaker and that 
made according to the maximum stress would be 21% weaker than the 
one obtained by the maximum shear theory. 

Thick Cylinder——The case of a thick cylinder of internal and 
external radii r and #& respectively subjected to an internal pressure 
q lbs./sq. in. will now be considered. 

At a point on the inner circumference where the tension is maximum 


Ly me os 
f R2 + 2 
vee TR. SBS 
Maximum Shear Theory 
R? +r? _ 
Da Pe = Ope 5 + 1) <p 
or 
i 
Ria oe 


Maximum Strain Theory 
Pe Pony, Lf eee 
E mE E\tR?—7 * m/ > B 
or (p — q/m)(R? — r?) = q(R? + r?) and taking 1/m = 0.3 
o= i? (p +.79) 
w) ee... 
Ss p — 1.39 


aya 
p —1:3¢ 


R 


vil 
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Maximum Stress Theory 


As before the discrepancy between the values obtained will depend 
on the ratio which p bears to q. If this ratio be p = 3q, then R has 
the values for the three theories respectively as follows 

LOreO Sor: Oran: 

Application of Mohr Theory to Simple Torsion.—It will now be 
necessary to give an example of a more complex case, where the limiting 
stress for the material in tension and compression are entirely different. 
In such cases the maximum shear theory cannot be used, and therefore 
the Mohr theory must be applied. In order to simplify the applica- 
tion the assumption is made that the theory between the limits of 
simple tension and simple compression can be represented with suffici- 
ent accuracy by a straight line DC, drawn as indicated in Fig. 391, 
as tangent to the two limiting circles mentioned above. 


le 
IF 


Fra. 391.—Graphical representation of special case of Mohr theory. 


The problem in this case is to determine the limiting value of the 
stress p; under pure shear represented by HG provided the limiting 
tensile and compressive stresses be p; and pz respectively. 


il bak ea! Di + Peo ; 
EF = FD = FC = DC = 5 ABoos$ = 5 ("> ™ ) cos $ (a) 
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and 
op, = EG = EF cos ¢ (b) 
from (a) and (b) 
1 ; NAB? — AK? V/ pips 
pi = | (pi + 2) cos? ¢ and cos ¢ = AB = aCe, 
4p ps 

nA +) + p2)? | 

pe IT 

“ Pi ae Pe (¢) 


Provided the limiting stresses in tension and compression be known 
the limiting pure shear stress can easily be determined. 

As an application of this theory the case of cast iron will be con- 
sidered. According to results given by Bach* if p,; = breaking stress 
in tension in lbs. per sq. inch p, = breaking stress in compression in 
Ibs. per sq. inch then po = 4p; 
from (c) therefore 


pi = 45P1 
and 
breaking stress in pure shear pz 
: ———— — = = 0.8 
breaking stress in tension Pi 


This value is in good agreement with that given by Bach* for the 
strength of hollow test bars and therefore the simplification of the 
Mohr theory on the lines we have discussed seems to be justifiable. 

* Bach, “Elastizitaét und Festigkeit,”’ 7th Edition, p. 362. 


CHAPTER XVIII 
WORKING STRESSES 


139. Introduction.—In the initial chapters of this volume con- 
sideration was given, in more or less complete detail, to the theoretical 
side of design, while in the latter chapters the characteristics of the 
materials commonly employed in constructional work have been dis- 
cussed. Coming, as we do, in this chapter to a consideration of 
working stresses, it will be shown how these two phases of the subject 
are inseparably connected, each being part of a complete whole. 

The selection of working stresses is of the utmost importance to 
the engineer, and if the design is to be sound, it is essential that we 
have very clear ideas regarding them. It can be said that there are 
at least four factors to be considered, each of which influence the 
choice of working stresses, namely accuracy of formulae, characteristics 
of materials, dimensions of members, and lastly, estemation of forces. 

It is not the intention to give here working stresses for different 
branches of design, since it is generally accepted that this choice must 
more or less depend on the feeling of the engineer. Modern practice 
has accumulated much empirical data on the basis of previous experi- 
ence, and while it is necessary to sometimes criticize some of this data, 
it is not the author’s intention to depreciate their value. ‘The employ- 
ment of such information in conjunction with the results of analysis 
seems however to be a sound policy toward the proper selection of 
working stresses, and that is the course which is strongly advocated 
here. 

The thought is to give, therefore, in this chapter, on the basis of 
the theory discussed in the first part of this volume and on the physical 
characteristics given in the second part, some fundamental ideas 
which, it is felt, must form a guide for engineers who, as previously 
stated, must always decide the question of working stresses. 

In developing the various factors which control the selection of 
working stresses we will first discuss the role of analysis in the solution 
of technical problems. This we consider as fundamentally necessary 
if proper and logical development has to be made. The question 
then arises as to the accuracy of the formulae derived. We believe 
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that in many cases these formulae represent in an accurate manner the 
actual conditions, although it is also our opinion that there are others 
which do not accurately represent the actual conditions. In the vari- 
ous chapters in the first part of this work, therefore, not only, is discus- 
sion of the accuracy of formulae made but also criticism is given of the 
actual basis on which these were developed. Consequently, it is 
felt that in this volume there is sufficient information to develop the 
basis for sound criticism of any particular analysis. Coming now to 
a consideration of the properties of materials we again find that these 
play a very important role in the selection of working stresses. In 
the latter chapters an idea of the characteristics of some materials 
have been given. From such discussion, a knowledge of the elastic 
properties of material so very important to the designer can be 
obtained. The question however must always be present as to how 
far such characteristics represent the material as a whole. This 
factor of reliability is a very important point since on this entirely 
depends how far the values obtained in the laboratory can be in general 
applied. It seems, only by a proper selection of control tests in con- 
junction with the fundamental data, that the necessary assurance 
can be provided for the designer. Of course, as we have seen, the 
properties of material undergo very radical changes when the material 
is subjected to high temperature, and therefore, for material under 
such conditions, the working stresses must be chosen not on the charac- 
teristics at normal temperature but on those corresponding to the work- 
ing temperature. As regards the question of dimensions of the various 
members, there should be no difficulty because, although they control 
the final working stress, they are easily determined. In many 
members, however, the original dimensions are liable to undergo 
considerable change due to the effects of corrosion, or abrasion, and 
in such cases these factors must have a place in the designer’s 
consideration. 

Having emphasized these various points there only remains the 
question of the magnitude of the forces acting. Due to the fact that 
it is usually difficult to determine the magnitudes of such forces 
acting on a structure, an additional reason arises for diminishing these 
working stresses. There are of course, in addition, other cases where 
very high stresses may occur without even the action of external 
forces. In constructional work these may be caused by statically 
indeterminate systems, due either to a variation in temperature or 
due to inaccuracy in assembly. The same can be said possibly in 
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greater measure as regards the stresses in machine parts produced by 
non-uniform heating or the residual stresses produced by quenching 
or by casting. In many cases it is impossible to determine the magni- 
tude of those stresses and in those cases the only precaution consists in 
a lowering of the working stresses. 

From all these considerations it follows that the working stress 
must be adopted so that it is much less than the stress at which failure 
of the material is to be expected. In selecting working stresses 
a factor of safety is therefore employed which is defined as the factor by 
which the working stress must be multiplied to give the stress which 
will result in failure. Due to the reasons which make it necessary, 
the term factor of ignorance has very aptly been applied to this term. 
Since this is by far the most important phase of the subject, it is 
proposed in the remaining part of the chapter to develop some of these 
working stresses for different conditions, depending on the manner in 
which the forces act, always with the fundamental thought in view, 
that once these forces have been chosen and a design agreed on, then 
the structure must be so designed that all parts have as near as pos- 
sible equal strength. 

140. Static Loading.—In the discussion of working stresses for 
static conditions there are two distinct types to be considered, namely, 
that in which the member is subjected to simple stress, and that in 
which it is subjected to combined stresses. 

Simple Stress—In the case of simple stress which may be either 
tension or compression a further subdivision is necessary depending, 
as we have seen, on the characteristics of the material employed. 
One group will include such material as steel possessing distinct elastic 
properties, i.e., as proportional limit and yield point, and the other 
will include materials such as cast iron and concrete, which do not 
possess these characteristics. These two groups will now be separately 
considered. 

With regard to the former there is no great difficulty because from 
the various discussions which have been made in this work, it will 
have been appreciated, that it is necessary to base working stress 
values on the elastic properties. Therefore for such cases if: 

Dw» = working stress in lbs. per sq. inch 


» = proportional limit in simple tension, compression or shear 
n = factor of safety 
then 
a 
Pw = a 
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In general, n is usually taken as 2, and, under these conditions, 
provided the requirements concerning accuracy of formulae, charac- 
teristics of material, dimensions of members, and estimation of forces 
have been satisfied, a conservative design will be the result. It is 
necessary to observe, however, that in cases where the most unfavorable 
loading has been selected, the factor m can be decreased and may have 
an intermediate value between 2 and unity. For conditions where, 
due to holes or notches, high local stress concentration occurs, this 
coefficient » may have this lower value because, since the conditions 
considered are static, such stress concentration is not detrimental 
provided the material be sufficiently ductile. Such reduction near 
to the unity value, however, must require the exercise of great judg- 
ment on the part of the designer. On the other hand for cast iron 
or concrete some other basis must be chosen for the selection of work- 
ing stresses. For the lack of a better method this is usually taken as 
a factor of the ultimate stress. In order to make some allowance for 
the change from the proportional limit to the ultimate stress as the 
basis, a value of n is adopted which can usually have a value between 
4 and 8. In the cases where the factors previously mentioned such 
as accuracy of formulae, etc. have been well determined, the lower 
limit may be taken. 

Combined Stress.—For the case of combined stress a complete 
discussion has been made in the previous chapter. Adopting the 
maximum shear theory as the criterion of failure for ductile materials, 
and the Mohr theory for such materials as cast iron, there will be no 
difficulty in making a satisfactory design. In other words, we have 
shown in that chapter the limiting stresses for characteristic types of 
loading and in such cases we have as before 
een 
ey 
where p is now the limiting stress prescribed by the maximum shear or 
Mohr theories respectively. The reservations regarding the value of 
n are similar to those discussed in the previous paragraph. It may 
have a value of 2 for a conservative design provided the conditions 
previously discussed have been satisfied. Similarly it may, in cases 
of stress concentration, have the value approaching unity. 

141. Dynamic Loading.—General.—In this paragraph we come to a 
consideration of those cases where the member is subjected to changing 
stress conditions, arising either from complete cyclical variation of 
stress as occurs in piston rods or locomotive axles, or from stress 
variation from zero to a maximum. 


Pw 
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Reversal of Stress.—As we have seen in the chapter on fatigue these 
cyclical stresses may be either completely reversed, or may vary be- 
tween amaximumandminimum. Considering first the case of complete 
stress reversal, there is no difficulty in arriving at a satisfactory design 
because the results of experiment for many materials, as we have seen, 
are directly available to the designer. In the latter part of this chapter, 
values of endurance limits so found for some materials are tabulated. 

Before the results of such a wide variety of materials were available, 
various empirical relations were established between the tensile test 
results and fatigue test results, so that in the absence of actual experi- 
mental values for the endurance limits, an estimation of such could 
be made from the tensile test data. The object in compiling such 
empirical relations was probably due to the fact, that as we have seen, 
the determination of endurance values take a very long time. The 
author feels that due to the amount of actual data now available on 
complete stress reversal the use of such relation for these cases where 
data is available is no longer justified. Since, however, there is very 
little data available on endurance limit values for those cases other 
than complete stress reversal some theory is necessary and it is pro- 
posed at this time to discuss these theories. The best known one is 
that of Gerber.* Based on the results of Wohler’s tests he concluded 
that if 

pe = endurance limit lbs. per sq. inch 
r = range of stress lbs. per sq. inch 
k = constant depending on the material 
Mmax = ultimate stress in tension lbs. per sq. inch 


then 


- 
{he = 9 ae VP max ra krDrnax 
This equation on being plotted on a base of minimum stress gives 


a curve shown in Fig. 367. For the case under consideration, of com- 


_ Pmax 


plete stress reversal r = 2p, and p. = Oh 


The values given by Unwin} for k vary from 1.5 for ductile steels 
to 2 for harder steels. From our previous discussion on the subject 
it will have been appreciated that k depends on the elastic properties 
and also on the microstructure and while the use of such a relation 
may, in the absence of actual experimental data, be permissible, it is 


*Gerber, Z. f. Baukunde, (Miinchen), 1874. 
+ Unwin, “Testing of Materials of Construction,” Third Edition, p. 389, 1910. 
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not in general, in the state of our present knowledge, to be recom- 
mended since much test data is now available. Another empirical 
relation has been suggested by Goodman* in which 


Pav 
Pe = Pmax 2 


but since this does not consider the conditions of the material it is 
doubtful if its application can be justified. 

Using the value of the endurance limit so found then if 

pe = endurance limit in lbs. per sq. inch 
Dw = working stress in lbs. per sq. inch 
n = factor of safety 

De 

Po =" 

With regard to the choice of a value for n it is necessary to observe 
that the endurance limit is more like the static ultimate stress than 
the proportional limit because to exceed the proportional limit will 
only mean the occurrence of permanent set. As we have seen however 
the exceeding of the endurance limit will mean fracture of the material. 
Furthermore stress concentration is always present, more or less, in 
actual designs and while this is not detrimental for static conditions 
it always lowers the endurance limit value. Due to these points the 
factor of safety cannot be chosen on the same basis as for static loading. 

For cases where all the conditions such as, accuracy of formulae, 
etc. and where stress concentration is not present in great degree n 
can have a value 3. Therefore 


1 
Pw = aPe 

Oo 
As we have seen, stress concentration becomes very important in 
dynamic conditions. The effect of notches, sharp fillets or holes is to 
materially reduce the endurance limit of the material and should the 
endurance values be obtained from tables as previously discussed, it is 
important to observe that these do not include stress concentration 
effects. The only way to determine these reduction factors is to make 
tests on geometrically similar models as discussed in paragraph 124 
page 480, or to take values from available published data. Since, 
however, there is not at present sufficient of this available it is neces- 
sary to propose some value. On the basis of the results of Stodolat 


* Goodman, ‘Mechanics Applied to Engineering,”’ 1908. 
} Stodola & Schiile, Hohlkehlenschirfe und Dauerbiegung. Schweiz, Bauz., 
p. 145, 1918. 
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and Stanton* for ductile materials a safe limit can be reached if the 
working stresses for such material be reduced 30%. The value of n will 
therefore be taken as 4 for conditions of stress concentration. It 
must be noted, however, that for the case of harder material there is no 
data available and for this the reduction in working stress must be of a 
higher order. This means that for such types of structures the stress 
concentration must be avoided as far as possible and, if this is impos- 
sible, a more detailed study of the effect of such concentration becomes 
necessary. Since as we have seen the factor of surface finish may 
lower still further the endurance limit it is our opinion that these 
values of 3 and 4 for normal, and stress concentration conditions, 
respectively, are not in any sense, conservative, like the value 2 for 
static loading, and can only be reduced after very serious considera- 
tion on the part of the designer. 

Variation of Stress.—So far consideration has been given to the 
cases where the member is subjected to complete stress reversal. 
There are many cases in service where the stress is not completely 
reversed but is subject to variation only. For such cases as we have 
seen, due to the absence of experimental data, reliance has to be 
made on theory alone and Gerbers seems to be the best. According 
to this if the stress varies from zero to a maximum, and k be taken as 
1.5 then if p = ultimate stress lbs. per sq. in. and p, = endurance limit 
in lbs. per sq. in. (0 to max.) then p, is about 2/3p. In other words 
the endurance limit for stress varying from zero to a maximum is twice 
that for complete stress reversal. Using the values previously given as 
3 for normal conditions and 4 for stress concentration, satisfactory 
designs can be made. It must be clearly understood, however, that 
the values of the working stress, calculated on this basis, may become 
higher than that for static conditions. In this case the working stress 
for static conditions must be taken. 

Combined Stress.—As we have seen for ductile materials subjected 
to combined static stresses, application of the maximum shear theory 
for failure appears to be justifiable. Although very little data is 
available on the subject of combined dynamic stresses there are certain 
results available from which we can infer that the maximum shear 
theory can also be applied for those dynamic cases. Masonj has 
shown that the endurance limit of low carbon steel in alternating 
torsion is half the value of the endurance limit in bending. In other 

* Stanton and Bairstow, On Resistance of Iron and Steel to Reversals of Stress, 


Inst. Civ. Ing. Proc., 1906. 
+ Mason, Alternating Stress Experiments, Inst. Mech. Eng. Proc., p. 121, 1917. 
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words the safe range of shear stress is sensibly the same whether the 
stress be induced by bending or twisting. Batson* in the discussion 
of this paper added confirmation for higher carbon steels. On this 
basis, therefore, it can be inferred that for ductile material, the maxi- 
mum shear theory can be applied in order to determine the limiting 
stress for members subjected to the action of combined dynamic 
stresses. ‘The working stress p. will therefore be determined as before 
by value of p/n where p is the value of the limiting shear stress, being in 
other words the value of the endurance limit for torsional shear condi- 
tions. As discussed previously for fatigue conditions, the value of n 
will be 3 where stress concentration is not present in great degree. 
For cases where such concentration obtains a value of 4 will be adopted. 

142. Other Types of Loading.—Buckling.—In all previous con- 
siderations, it has been assumed that the structure is in the condition 
of elastic stability. - If this is not the case then it is necessary to lower 
the working stresses still further. 

Such cases of elastic instability arise when one or two dimensions 
of a member are small in comparison with the others, such as, for 
example in the compression of thin plates and thin struts. 

In the analytical part some formulae were given for determining 
the critical values of the loads at which sidewise buckling of the 
member will occur. This critical load must be considered as the ulti- 
mate stress for failure, therefore, the working stress must be based not 
on the proportional limit nor on the ultimate stress but on the critical 
load. Some data regarding the choice of such working stresses are 
given in Chaps. VII and IX. 

Vibrations.—Just as we have referred to the statical stability of 
compression members it is necessary also to speak of the dynamical 
stability of moving parts of machines. 

For example, it is well known that under conditions of resonance, 
vibration alone may completely destroy a machine. The determina- 
tion of the critical speed in such cases is very necessary and the 
question of flexzbility becomes of prime importance. Due to the fact 
that the critical speed depends on the flexibility of the system, it is 
clear that in such cases the problem is not one of stress but one of 
flexibility. In order to exclude the possibility of large vibrations the 
working speed must not approach near to the critical speed and a 
ratio of working speed to critical speed of 1: 1144 must be considered 
as the upper limit for working conditions. Some problems of vibra- 


* Batson, Inst. Mech. Eng. Proc., p. 182, 1917. 
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tion and critical speeds have been considered in Chap. XI and such data, 
it is felt, will materially assist the designer. 

Impact.—Lastly, there is the question of effects produced by 
impact. The satisfactory design which takes into consideration such 
effects is difficult and, it is felt, a proper method of computing the forces 
caused by such impacts can alone help to properly choose the working 
stresses for these cases. Methods of calculating impact stresses are 
given in Chap. XI, par. 81 and there, it is shown, that provided the 
mass of the falling weight be large in comparison with the mass of the 
structure, the accuracy of the calculations can be considered as satis- 
factory. So that, if the other elements such as accuracy of formula, 
reliability of material, etc. be known, the same coefficient can be 
used for single blow impact as for static loading. If the blows be 
repeated then the coefficient for dynamic loading must be taken. 
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TaBLE XC.—TENSILE PRopPERTIES OF WIRE 


Ultimate 
stress, 
Number | Material State eee UO SEM eer Remarks 
per % ity 
square 
inch 
1 Copper Annealed 36,000 | 35 on 10in. aq .46 in. diameter. 
2 Copper Annealed 40, 000 20 on 10 in. 7 .003 in. diameter. 
3 Copper Hard-drawn 49, 000 ST. df .46 in, diameter. 
4 Copper Hard-drawn 60, 000 88 on 60 in. if .04 diameter. 
5 Steel Hard-drawn | 360,000 | ......... 7 .029 in. diameter. 
6 Steel Hard-drawn | 290,000 | ......... 7 .063 in. diameter. 
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APPLIED ELASTICITY 


TasBLe XCII.—Faticue* PROPERTIES OF CARBON STEELS 


Endurance 
Number Material State lite pounds Authority Remarks 
per square 
inch 
1 .02 C Normalized + 26,000 1 Bar 1 in. diameter. 
.03 Mn 
2 BOEKG, Annealed at 850°C: + 29,000 2 Bar 214 in. diameter. 
.55 Mn 
3 cHOHOK Normalized at 850°C. + 29,300 2 Bar 214 in. diameter. 
.55 Mn 
4 ROT Heat-treated +51,000 2 Bar 2}4 in. diameter. 
.55 Mn Water 850° C. 
Temp. 550°C. 
5 49 C Normalized at 910°C. + 33,000 1 Bar 1576 in. square. 
.46 Mn 
6 49 C Heat-treated +64,000 il Bar 1546 in. square. 
.46 Mn Oil at 790°C. 
Temp. at 430°C. 
7 .93 C Annealed at 870°C. +30,500 1 Bar 2 X 3 in. 
.388 Mn 
8 .93 C Heat-treated + 56,000 1 Bar 2 X 4% in. 
.388 Mn Oil at 790°C. 


Temp. at 650°C. 


* Notr.—For Tensile Test Results See Corresponding Number in Table LXXXVII. 
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Taste XCIII.—Faricur* Proprrtizs or ALLOY STEELS 


Endurance 
limit, atthe 
Number Material State pounds si oF Remarks 
per square ARE 
inch 
1 .385 © Rolled + 41,000 2 Plate 3 ft. 6in. X 2 ft. 
-.45 Mn 3.4 Ni 0 X 3in, 
2 .35 C Normalized at 840°C. | +44,000 2 Plate 3 ft.6in. X 2 ft. 
.45 Mn 3.4 Ni OX 3in. 
3 S10) Normalized at 840°C. | +47,500 2 Plate 3 ft. 6in. X 2 ft. 
.45 Mn 3.4 Ni Temp. at 730°C. OX 3in. 
4 .35 C Heat-treated +52,000 2 Plate 3 ft. 6in. X 2 ft. 
.45 Mn 3.4 Ni Water at 800°C. OX 3in. 
Temp. at 600°C. 
5 .41C Annealed at 780°C. +54,000 1 Bar 1 in. square. 
.75 Mn 8.4 Ni 
6 41 C Heat-treated + 64,000 1 Bar 1 in. square, 
.75 Mn 3.4 Ni Oil at 830°C. 
Temp. at 590°C. 
a 24 C .37 Mn | Annealed at 780°C. + 49,000 1 Bar 2ins < Lim: 
3.3 Ni .87 Cr 
8 .24C .37 Mn | Heat-treated + 68,000 1 Bark2cinno loins 
3.3 Ni .87 Cr | Oil at 830°C. 
Oil at 370°C. 
9 .30 C .56 Mn | Air-hardened + 102,000 3 Bar 116 in. diameter, 
4.8 Ni 1.4 Cr From 800°C. 
10 .380 C .56 Mn | Air-hardened + 80,000 3 Bar 14 in. diameter. 
4.3 Ni 1.4Cr From 800°C. 
Temp. 600°C. 
ltl .42C .57 Mn | Heat-treated +109 ,000 4 
2.41 Si 3.0 Ni Oil 860°C. 
.24 Zr Temp. at 370°C. 


ee 


* Notr.—For Tensile Test Results See Corresponding Number in Table LXXXVIII, 
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Taste XCIV.—Faticue* PROPERTIES OF STEEL CASTINGS 


Endur- 
ance ; 
Number Material State a, Author- Remarks 
pounds per] ity 
square 
inch 

1 .18C Cast + 26,000 2 Bar lin. OG deine 
-82 Mn .36 Si 14 in. 

2 .18C Annealed at 900°C. + 26 ,500 2 Bar 1 in. X FP inaex 
.82 Mn .36 Si 14 in. 

3 5B Cast + 30,500 2 Bar 2}4 in. X 114 in. 
.74 Mn .32 Si < $2): 

4 352.6 Annealed at 925°C. +35,000 2 Bar 234 in. X 1)4 in. 
.74 Mn .32 Si X< 32 in. 

5 Ae PAK: Normalized at 925°C. | +35,000 2 Bar 2}4 in. X 114 in. 
74 Mn 32) Si . X 32 in, 

6 02 € Cast +39,000 2 Bar 214 in. X 1}4 in. 
.77 Mn .18 V <32iin: 

7 .32 © Annealed at 925°C. +42,000 2 Bar 2}4 in. X 1)4 in. 
.77 Mn .18 V > 32 in: 

8 SEG) Normalized at 925°C.| +42,000 2 Bar 24% in. X 114 in. 
.77 Mn .18 V X 32 in. 


* Norr.—For Tensile Test Results See Corresponding Number in Table LXXXIX, 
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TaBLeE XCV.—Faticur* Propmrties or MisceLLANEOUS MATERIALS 
ee A EES ie PR a eS i ae 


Endur- 
ance 
Number Material State limit, Author- Remarks 
pounds per| ity 
square 
inch 
1 Manganese Bronze | Cast +15,000 5 Bar 5g in. diameter. 
56.8 Cu 1.5 Fe .20 Mn 
Rem. Zn 
2 Electron Metal Rolled +17,000 5 Bar 2 in. diameter. 
.41 Cu .25 Fe 4.4 Zn 
Rem, Mg 
3 Duralumin Heat-treated +12,000 5 Bar 34 in. diameter 
3.2 Cu .70 Mg Rem. | Water 500°C. 
Al 
4 Duralumin Annealed 370°C. +10,800 5 Bar 34 in. diameter. 
3.2 Cu .70 Mg Rem. 
Al 
5 Aluminum Alloy Hot rolled +19,500 6 
3.0 Cu 20.0 Zn Rem. 
Al 
8 Brass Hard-drawn Less than 4 Bar .4 diameter. 
61.0 Cu 38.3 Zn + 20,000 
9 Copper Drawn Less than 4 Bar .4 diameter. 
99 75 .24 0 +17,500 


* Norp.—For Tensile Test Results See Corresponding Number in Table XCI, 
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Alloy steel, effect of heat-treatment on 
fatigue test results of, 473 

effect of heat-treatment on impact 
test results of, 430 

effect of heat-treatment on tensile 
test results of, 377 

fatigue tests on, 472 

hardness tests on, 447 

high temperature impact tests on, 427 

high temperature tensile tests on, 387 

hysteresis in, 408 

impact tests on, 430 

overstrain of, 395 
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Beams on three supports, 110 


one end built-in, the other simply 
supported, 99 

principal stresses in, 67 

shearing stresses in, 63 

simply supported, 71 

stresses in, Chap. III, 50 

with built-in ends, 102, 105 

with overhanging ends, 87 


Bending, and direct stresses, Chap. VII, 


153 
and twist, combined, Chap. VIII, 183 
beyond elastic limit,"54, 57 
moment, 59 
of bars on elastic foundation, Chap. 
VI, 133 


Alloys, light, 379 
Amorphous, theory, 414 
Amplitude, of vibrations, 330 
Approximate method of determining 
critical load, 169 of frames, 105, 124, 125, 169, 243 
of figuring frequency of vibrations, of T beam, 56 
318 of thin plates, Chap. X, 260 
Arches, buckling of circular, 247 of thin strips, 52 
Assembly stresses in built-up cylinders, potential energy of, 53 
254 principle of superposition for, 77 
pure, 50 
B theory of, Chaps. III, IV, V, VI 
Buckling, approximate theory of, 169 
of a circular ring, 246 
of bars of variable cross-section, 175 
of built-up sections, 294 
of circular arch, 247 
of circular tubes, 248 
of compression member, 165 
of effect of shearing force on, 176 
of latticed struts, 176 
of pillar uniformly loaded, 171 
of rectangular frame, 169 
of rectangular plates, 291 
of tubular sections, 166 


of bi-metallic strip, 58 

of continuous beams, 112 

of crankshafts, 188 

of curved bars, Chap. IX, 216 


Ball, hardness, 446 
Balls and rollers, 21 
Barba’s Law, 362 
Bars, curved, Chap. IX, 216 
on elastic foundations, Chap. VI, 133 
Beams, Chaps. III, IV, V, VI 
cantilever, 74 
continuous, 112 
deflection of, Chap. IV, 71 
normal stresses in, 62 
of variable cross-section, 68, 90, 105 
on elastic foundation, 133 
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Cantilever, beam, 74 
deflection of, 81, 86, 88, 90, 93 
Carbon steel, effect of annealing and 
normalizing on tensile properties 
of, 372 
effect of carbon on the tensile proper- 
ties of, 371 
effect of heat-treatment on tensile 
properties of, 375 
fatigue tests on, 468 
hardness tests on, 447 
high temperature impact tests on, 427 
high temperature tensile tests on, 383 
impact tests on, 428, 436 
limitation of, 376 
overstrain of, 392 
structure of, 374 
tensile tests on, 371 
Castings, steel (see Steel castings). 
Cast iron, compression tests on, 367 
effect of high temperature on the 
tensile strength of, 391 
fracture of, 368, 500 
tensile tests on, 500 
Castigliano, theorem of, 119 
Chemical analysis and tensile tests 
results, 371 
Circular hole, in rotating discs, 305 
in tension member, 9, 237 
in twisted shafts, 48 
with a bead, 239 
Circular plate, loaded in the center, 279 
symmetrically loaded, 273 
uniformly loaded with clamped edge, 


276 
uniformly loaded with supported 
edge, 277 


with concentric loading, 281 
with a hole at the center, 284 
Circular ring, bending by two opposite 
forces, 232 
buckling of, 245 
deflection curve of, 229 
stresses in rotating, 297, 300 
Clapeyron’s theorem of three moments, 
113 
Cold work effects, 396, 476 
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Collapse of tubes under external pres- 
sure, 248 
Column empirical formulae, 167 
Rankin formula, 168 
theory, 164 
Combined bending and direct stresses, 
Chap. VII, 153 
bending and twist, 183 
stresses, 11 
stresses represented by Mohr’s circle, 
13 
Compound cylinders, 253, 254 
Compression, eccentric, 153 
of balls and rollers, 23 
of prismatical bars, 1 
Compression, failure of cast iron, 369 
failure of concrete, 370 
failure of steel, 366 
failure of wood, 370 
of brittle material, 367 
of ductile material, 366 
Compression test, Chap. XII, 365 
stages of the, 367 
Concrete, compression of, 370 
Cone hardness, 451 


‘Conical, spring, 32 


tank, 19 
Continuous beam, 112 
with the supports not on the same 
level, 113 
Contraction lateral, 2 
Crankshaft, bending in the plane of 
the throw, 190 
bending in the plane perpendicular 
to the throw, 193 
multi-throw, 199 
multi-throw under bending, 207 
multi-throw under twist, 204 
single throw, 188 
twist of simply supported throw, 195 
twist of throw clamped at journals, 
198 
Critical load, 155 
determination by energy method, 169 
Critical pressure for a circular ring, 245 
compressive stress, 165 
Critical speed, 300 
of rotating shafts, 319 
Curvature of beams, 51, 71 
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Curved bars, bending stresses in, 218 
deflection of, 226 
neutral axis in, 223 
of circular cross-section, 222 
of rectangular cross-section, 220 
of trapezoidal cross-section, 222 
T and I cross-sections, 223, 226 
theory of bending, Chap. IX, 216 
with circular axis, 229 
with small initial curvature, 230 
Curved tubes, of circular cross-section, 
255 
of rectangular cross-section, 258 
theory of bending, 255 
Cylinder, built-up, 253, 254 
deformation of, 252 
shrink fit pressure in, 253 
stresses in, 251 
thick, theory of, 249 
Cylinder, thin, 19 
Cylindrical boiler, 19 
Cylindrical tube, buckling under ex- 
ternal pressure, 245 
deformation symmetrical about the 
axis, 148 
thermal stresses in, 146 
with reinforcing rings, 145 


D 


Damping, proportional to velocity, 324 
constant, 327 

Deflection curve, approximate expres- 

sions, 156, 163, 164 
as funicular polygon, 82 
of a bar on elastic foundation, 133 
of abar withsmallinitial curvature, 230 
of a circular ring, 229 
represented by a trigonometrical 
series, 129 

Deflection of beams, Chap. IV, 71 
cantilever, 74, 81, 86, 88 
due to impact, 346 
due to shearing force, 94 
from bending moment diagram, 84 
graphical determination of, 82 
of variable cross-section, 90 
on elastic foundation, Chap. VI, 133 
under direct and bending load, Chap. 

VII, 153 
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Deflection of beams uniformly loaded, 78 
with overhanging ends, 87 
with supported ends, 71, 89 
Deflection of helical springs, 31, 32, 
209, 214 
of leaf-type spring, 92 
Deflection of plates, circular having 
central hole, 284 
circular with clamped edge, 277 
circular with supported edge, 279 
rectangular, 288 
Deflection of rails, 141, 336 
Diagrams of bending moment, 60, 61 
of shearing force, 60, 61 
Discs, rotating, constant thickness, 301 
varying thickness, 306 
Ductility and fillets, 361 
Dynamical effect of 
Impact). 


loading (see 
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Eccentric longitudinal loading, 153 
Elastic after effects, 401 
Elastic limit, definition of, 357 
determination of, 357 
Elastic properties, effect of speed and 
temperature on the, 383 
effect of speed on the, 381 
effect of temperature on, of alloy 
steel, 387, 388 
effect of temperature on, of carbon 
steel, 383, 386 
effect of temperature on, of non- 
ferrous metal, 389 
of alloy steel, 377 
of carbon steel, 372 
tables of, 522, 523, 524 
Elastic stage of tensile test, 356 
Elastic strain, energy of twist, 29 
of bending, 53, 117 
Elasticity, 360 
effect of temperature on modulus of, 
384, 388, 389 
modulus of, 1, 361 
Elliptical cross-section, shaft of, 33 
ring, 244 
Elliptical hole in tension member, 9 
in twist, 43 
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Elongation in simple tension, 2, 352 
definition of, 362 
effect of high temperature on the 
values of 386, 387, 388 
measurement of, 362 
of cylindrical bars, 362 
of rectangular bars, 363 
under combined stress, 12, 17 
value, influence of position of frac- 
ture on the, 364 
Endurance limit, definition of, 468 
Energy method in column theory, 169 
Energy, potential, of bending, 53, 117 
of twist, 29 
Equation of three moments, 113 
Euler’s column formulae, 164 
limitations, 165 
Exponential law, 368 
Extensometer, Ewing, 355 
Martens, 355 


F 


Factor of safety, 168, 515 
Fatigue, Chap. XVI, 460 
hysteresis and, 462 
phenomenon of, 465 
properties, of carbon steel, 528 
alloy steel, 529 
non-ferrous metal, 531 
steel castings, 530 
tests on carbon steel, 468 
cold worked material, 476 
effect of form of test bar on, 480 
effect of speed on, 485 
effect of surface finish on, 482 
effect of temperature on, 486 
non-ferrous metal, 476 
on alloy steel, 472 
on steel castings, 473 
short time, by impact method, 492 
short time, by strain method, 487 
short time, by temperature 
method, 490 
significance of, 496 
with complete stress reversal, 466 
with variation of stress, 477 
Flattening of the section of thin tube, 
256 
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Flexural rigidity, 53 
Flywheel rim, stress in, 234 
Forced vibrations, 328 
amplitude of, 330 
Frames, 105, 124 
buckling of rectangular, 169 
symmetrically loaded, 106 
under uniform pressure, 243 
unsymmetrically loaded, 108 
Frequency of vibrations, 312 
Funicular curve, equation of, 83 


G 


Geiss theory, 403 
Generalized force, 118 
Graphical representation of combined 
stress, 13 
determination of deflection curve, 82 
Grapho-analytical method of calcu- 
lating deflections, 84 
Grooves, in bending, 70 
in tension member, 9 
in twist, 42 


H 


Haigh theory, 506 

Hardness, Chap. XV, 444 
ball method of determining, 446 
cone method of determining, 451 
impact method of determining, 452 
indentation, 444 
pendulum method of determining, 453 
prism method of determining, 444 
scratch method of determining, 454 
test, significance of, 458 

time effect on, 447 

Helical springs, close-coiled, 30, 31 
open-coiled, 209 

Hole, circular, in tension member, 9, 237 
circular or elliptical, in twisted shaft, 

43 

elliptical tension member, 9 
reinforced, 239 

Holes and grooves in bending, 70 

Hollow shaft, 30 

Hook, stress in, 225 

Hooke’s law, 2, 356 


INDEX 


Hydrodynamical analogy in torsion, 42 
Hysteresis looping in metals, 406 
in crystals, 409 


I 
Imaginary loading in the theory of 
bending, 83 
Impact, effect of the mass of the struc- 
ture, 348 


Impact hardness, 452 

Impact in bending, 345 

Impact in tension, 344 

Impact in twist, 347 

Impact test, Chap, XIV, 418 
effect of dimensions of test bar in 

the, 424 

effect of heat-treatment in, 429 
form of test bar for, 422-435 
fractures in, 433, 438 
friction effect in the, 420 
notch brittleness in the, 433 
notched bar, 421 
Tepeated blow, 434 
Significance of, 443 
single blow, 427 
speed effects in, 425 
stress measurement in the, 419 
temperature effects in, 426, 442 
unnotched bar, 418 

Inertia, moment of, 52 

Influence line, 128 

Internal stress, 404, 411 


L 


Lame’s theory of thick cylinders, 249 
Lateral contraction, 2 
Lateral loads on struts, 156 

on tie rods, 159 
Least work, theorem of, 123 
Line of influence, 128 
Local stress, due to 

force, 62 

due to shearing force, 66 

Long columns, 164 


M 


Membrane analogy in torsion, 44 
Middle plane of a plate, 269 
Modes of vibration, 312 


concentrated 


, 
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Modulus of elasticity, 1, 360 
of foundation, 133 
of rigidity, 15 
of section, 52 
Mohr circle, 13, 504 
theory, 503 
Moment, bending, 59 
of inertia, 52 


N 


Natural vibration, 312 
Neutral axis, 50 
in curved bars, 224, 225 
Neutral surface, 50, 269 
Non-ferrous alloy, effect of temperature 
on the tensile results of, 389 
fatigue tests of, 476 
hysteresis in, 409 
tensile tests on, 379 


O 


Overstrain, discussion of, 392 
in high carbon steel, 395 
in low carbon steel, 392 
recovery after, 393 


P 


Parabolic law, 368 

Pendulum test, 453 

Period of vibration, 314 

Photo-elastic method, 9 

Pillars, 164 

Pipes, circular, 143 
bending of, 255 
buckling of, 248 
reinforced, 144 

Piston, ring, 240 
bending of, 287 

Plastic stage of tensile test, 356 

Plate, bending into a cylindrical surface, 

260 

buckling of, 291 
circular, loaded in the center, 279 
circular, symmetrically loaded, 273 
circular, with a central hole, 284 
circular, with concentric loading, 281 
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Plate, rectangular, 288 
Plate, uniformly loaded, with clamped 
edge, 276 
Plate, uniformly loaded, with 
ported edge, 277 
Poisson’s ratio, 2 
Potential energy of deformation, 29, 53, 
Ia? 
Principal axes of inertia, 53 
flexural rigidity, 53 
planes of flexure, 53 
stresses in beams, 67 
stresses in shafts, 184 
Principle of superposition in bending. 
tie Led 
of least work, 123 
Proof stress, 360 
Proportional limit, definition of, 357 
determination of, 357 


sup- 


Q 
Quenching effects, 400 
R 


Railroad track stresses, 141 
dynamical, 334 
Rankine’s formula for struts, 168 
Reciprocal theorem, 126 
Rectangular plates, 288 
bucking of, 291 
Reduction of area, definition of, 364 
effect of high temperature on the 
value of, 386, 387, 388 
measurement of, 364 
Redundant fastening, 118 
reactive element, 98, 118 
Resistance to shock, 344 
Rigidity, modulus of, 15 
Rings, circular, bending by two oppo- 
site forces, 232 
circular, buckling of, 245 
elliptical, 244 
stresses in rotating ring, 297, 3800 
symmetrical, submitted to uniform 
pressure, 242 
with parallel sides and semi-circular 
ends, 244 


INDEX 


Rollers and balls, 21 

Rotating discs, 301 
of variable thickness, 306 
solid, 304 
with a hole in the center, 302 


s 


Scleroscope, 452 
Scratch hardness, 454 
Shafts, of circular cross-section, 26 
of non-circular cross-section, 32 
of tubular sections, 47 
of variable cross-section, 35 
under bending and twist, 183 
Shear, pure, 14 
in beams, 63 
Shear theory, 498 
application to thick cylinders, 254, 
510 
to bending and twisting of shafts, 
184, 509 
Shearing forces in bending, 60 
effect on the deflection of, 94 
Shells, 17 
Shocks, resistance to, 344 
Shrink-fit stresses, 254 
Simple bending, 50 
Spherical shell, thin, 20 
Spring, helical close-coiled, 30 
helical open-coiled, 209 
leaf-type, 92 
Square plates, 288 
shafts, 33 
Stability, elastic, 170, 520 
Steel castings, fatigue tests on, 473 
tensile tests on, 373 
Strain method of fatigue testing, 487 
Stress strain relations, 12, 17, 356 
energy, 117 
Stresses, combined, 11, 497 
concentration of, 9, 40, 48, 44, 70, 480 
due to change of temperature, 2, 3, 4, 
5, 58, 102, 146, 272 
oblique, 2 
' principal, 67, 183 
shear, 14, 507 
shearing in bending, 63 
simple, 1, 497 


INDEX 


Struts, approximate solution, 161 
laterally loaded, 156 
with eccentric load, 153 


av 


Temperature effects on the elastic prop- 
erties of non-ferrous metal, 389 
on the elastic properties of steel, 
383 
on the fatigue properties of steel, 486 
on the impact properties of steel, 426, 
429, 442 
on the strength of cast iron, 391 
on the strength properties of non- 
ferrous metals, 389 
on the strength properties of steel, 
388 
Temperature stresses, 2, 3, 4, 5, 58, 102, 
146, 272 
Tensile failure of cast iron, 500 
of steel, 500 
Tensile tests, at high temperature, 383 
effect of carbon on the results of the, 
3871 
effect of speed and temperature on 
the results of the, 382 
effect of speed on the results of the, 
380 
effect of temperature on the results 
of the, 383 
on alloy steel, 376, 523 
on carbon steel, 371, 522 
on cold worked steel, 397 
on non-ferrous metal, 379, 526 
on steel castings, 373, 524 
on wire, 525 
significance of the, 365 
stages of the, 356 
Tension, Chap. XII, 353 
Test bar proportions in tensile test, 362, 
372 
fatigue test, 467 
in compression test, 367 
in impact test, 424 
Theory of strengths, Chap. XVIII, 397 
application to bending and twist, 509 
application of Mohr theory, 511 
application to simple tension, 507 
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Theory of strengths, application to 
thick cylinder, 510 
limitations of the, 506 
maximum strain, 500 
maximum stress, 498 
Mohr, 503 
other, 504 
shear, 501 
Theorem of three moments, 113 
of least work, 123 
reciprocal, 126 
Thick cylinder, 249 
Thin cylinders, 19, 148, 245 
curved tubes, 255 
Thrust on columns, 164 
Tie rods laterally loaded, 159 
Time effect, 401 
Torque moment, 26 
Torsion, Chap. II, 26 
beyond elastic limit, 28 
hydrodynamical analogy in, 42 
of shafts of circular section, 26 
of non-circular section, 32 
of tubular section, 47 
of variable cross-section, 35 
potential energy of, 29 
Torsional rigidity, 34 
vibrations, 337 
Twisting moment, 26 


U 


Ultimate strength, definition of, 361 
effect of high temperature on, 388 
in shear, 29 
measurement of, 361 
relation between hardness and, 458 
significance of, 362 


Vv 


Vessels subjected to internal pressure, 
Lee 
Vibrations of elastic systems, 312 
Vibrations, approximate method of 
figuring frequency of, 318 
damped, 324 
forced, 328 
of bridges and ships, 324 
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Vibrations of elastic systems of rails, 
334 

of a system with one degree of free- 
dom, 313 

of a wedge, 323 

Rayleigh-Ritz method of figuring 
frequency of, 322 

torsional, 337 


W 


Whirling (critical speed) of shafts, 319 
Working stress for buckling, 520 
dynamic loading, 516 


Working stress for impact, 521 


static loading, 515 
vibration, 520 


Working stresses, Chap. XVIII, 513 


Y 


Yield point, arbitrary, 359 


definition of, 359 

determination of, 359 

effect of high temperature on, 384 
phenomenon, 359 

upper and lower, 359 
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